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Preface 


My objective in this book is to present an elementary introduction to the theory of 
the Hilbert transform and a selection of applications where this transform is applied. 
The treatment is directed primarily at mathematically well prepared upper division 
undergraduates in physics and related sciences, as well as engineering, and first-year 
graduate students in these areas. Undergraduate students with a major in applied 
mathematics will find material of interest in this work. 

I have attempted to make the treatment self-contained. To that end, I have collected 
a number of topics for review in Chapter 2. A reader with a good undergraduate 
mathematics background could possibly skip over much of this chapter. For others, 
it might serve as a highly condensed review of material used later in the text. The 
principal background mathematics assumed of the reader is a solid foundation in basic 
calculus, including introductory differential equations, a course in linear and abstract 
algebra, some exposure to operator theory basics, and an introductory knowledge of 
complex variables. Readers with a few deficiencies in these areas will find a number of 
recommendations for further reading at the end of Chapter 2. Some of the applications 
discussed require the reader to be familiar with basic electrodynamics. 

A focus of the book is on problem solving rather than on proving theorems. The- 
orems are, for the most part, not stated or proved in the most general form possible. 
The end-notes will typically provide additional reference sources of more detailed 
discussions about the various theorems presented. I have not attempted to sketch the 
proof of every theorem stated, but for the key results connected to the Hilbert trans- 
form, at minimum an outline of the essential elements is usually presented. Consistent 
with the problem-solving emphasis is that all the different techniques that I know for 
evaluating Hilbert transforms are displayed in the book. 

I take the opportunity to introduce special functions in a number of settings. I do 
this for two reasons. Special functions occur widely in problems of great importance 
in many areas of physics and engineering, and, accordingly, it is essential that students 
gain exposure to this important area of mathematics. Since many Hilbert transforms 
evaluate to special functions, it is imperative that the reader know when to stop doing 
algebraic manipulations. I have incorporated several mathematical topics for which 
few or no applications are known to the writer. The selection process was governed 
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in part by the potential that I thought a particular area might have in problem solving, 
and I have done this with the full knowledge that crystal-ball reading is an art rather 
than a science! 

The exercises are intended as a means for the reader to test his/her comprehension 
of the material in each chapter. The vast majority of the problems are by design routine 
applications of ideas discussed in the text. A small percentage of the problems are 
likely to be fairly challenging for an undergraduate reader, and a few problems could 
be labeled rather difficult. Most readers will have no trouble deciding when they have 
encountered an example of this latter group. 

I have compiled an extensive table of Hilbert transforms of common mathematical 
functions. I hope this table will be useful in three ways. First, it serves as the answer 
key for a number of exercises that are placed throughout the text. Since many addi- 
tional Hilbert transform pairs can be established by differentiation, or by appropriate 
multiplicative operations, etc., this table can be used to generate a great number of 
exercises, much to the delight of the reader. Second, I hope it will provide a useful 
reference source for those looking for the Hilbert transform of a particular function. 
Finally, for those searching for a particular Hilbert transform not present in the table, 
finding related transforms may give an idea on how to approach the evaluation, and 
give some clues as to whether a closed form expression in terms of standard functions 
is likely to be possible. In several sections the table includes a few specific cases fol- 
lowed by the general formula. This has been done to allow the reader to access the 
Hilbert transform of some of the simpler special cases as quickly as possible, rather 
than reducing a more complicated general formula. 

The mini atlas of functions and the associated Hilbert transforms given in 
Appendix 2 is intended to provide a visual representation for a selection of Hilbert 
transform pairs. I hope this will be valuable for students in the applied sciences and 
engineering. 

The reference list is rather extensive, but is not intended to be exhaustive. There 
are far too many published articles on Hilbert transforms to provide a complete set of 
references. I have attempted to give a generous number of references to applications. 
Many citations are given to the classical mathematical papers on the topics of the 
book, and for the serious student these works can be read with great profit. The Notes 
section at the end of each chapter gives a guide as to where to start reading for further 
information on topics discussed in the chapter. Elaborations and further details on 
the proofs of different theorems will often be located in the references cited in the 
end-notes. 

My final task is to thank those who have helped. Logan Ausman, Dr. Matt 
Feldmann, Geir Helleloid, Dr. Kai-Erik Peiponen, Dr. Ignacio Porras, Dr. Jarkko 
Saarinen, and Corey Schuster read various chapters and made a number of useful 
suggestions to improve the presentation. Dr. Walter Reid and Dr. Jim Walker gave 
me some helpful comments on a preliminary draft of the first three chapters. Julia 
Boryskina and Hristina Ninova assisted with the translation of a number of technical 
papers. Several other students did translations and I offer a collective thanks to them. 
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Julia also provided assistance in the construction of the atlas of Hilbert transforms and 
with a number of the figures. Ali Elgindi did some numerical checking on the table 
of Hilbert transforms and Julia also did a few preliminary tests. Thanks are extended 
to Irene Pizzie for her efforts to improve the presentation. 

The author would greatly appreciate if readers would bring to his attention any 
errors that escaped detection. The URL http://www.chem.uwec.edu/king/forward is 
the web address where corrections will be posted. It is the author’s intention to 
maintain this site actively. 


Symbols 


The first occurrence or a definition is indicated by a section reference or an equa- 
tion number. HT is an abbreviation for the tables of Hilbert transforms given in the 
Appendixes (Table A.1). 


sum of the components of the multi-index a; §15.5 
argument of a complex number; Eq. (2.69) 
the A, condition for 1 < p < ov; Eq. (7.377), §7.12 


boundary of a bounded domain Q; §3.1 

Boas transform operator; §16.4 

generalization of the Boas transform operator; Eq. (16.84) 
magnetic induction; §17.9 

generalization of the Boas transform operator; Eq. (16.80) 

beta function (Euler’s integral of the first kind); Eq. (5.112), HT-01 
class of functions that have bounded variation on the interval 

La, b]; §4.25 


designation for a contour (usually closed); §2.8.1. 

a positive (often unspecified) constant; in derivations such a constant 
need not be the same at each occurrence, even though the same symbol 
is employed. 

SI unit for charge, the coulomb, §19.1 

the set of complex numbers; §2.10 

symmetry operation such that rotation by 27/n leaves the system 
invariant; §21.3 

infinitely differentiable function for all points of R; §2.15.2 

class of functions that are infinitely differentiable with compact 
support; §2.15.2 

class of functions that are continuously differentiable up to 

order k; §2.15.2 
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Cf 

C@) 
chirp(x) 
Ci(x) 
ci(x) 
cie(a, B) 
Cie(q, B) 
Cly (x) 
Ch x) 


Symbols 


class of functions that are continuously differentiable up to order & and 
have compact support; §2.15.2. 

positive constant depending on the parameter p; often not the same at 
each occurrence in the sequence of steps of a proof 

Hartley cas function; Eq. (5.59) 

Cauchy transform of the function f; Eq. (3.19) 

Fresnel cosine integral; Eq. (14.171), HT-01 

chirp function, Exercise 18.13 

cosine integral; Eq. (8.78), HT-01 

cosine integral; HT-01 

cosine-exponential integral; HT-01 

cosine-exponential integral; HT-01 

Clausen function; HT-01 

Gegenbauer polynomials (ultraspherical polynomials); §9.1, 

Eq. (11.298), HT-01 


electric displacement; §19.1 

space of all C™ functions with compact support; §2.15.2, §10.2 
space of all distributions on D; §10.2 

space of distributions with support on the right of some point; §10.2 
space of test functions; §10.2 

space of distributions; §10.2 

space of distributions; Eq. (17.240) 

Dawson’s integral; Eq. (5.32) 

Dirichlet kernel; Eq. (6.56) 

ultraspherical function of the second kind; Eq. (11.299) 


electronic charge 

identity element; §2.10, Eq. (2.150) 

energy of a signal; Eq. (18.1) 

one-dimensional Euclidean space 

one-dimensional Euclidean space; §2.11.1 

n-dimensional Euclidean space; §2.11.1 

class of entire functions of exponential type; §2.8.7, §7.4 
space of all C® functions with arbitrary support on R; §10.2 
envelope function; Eq. (18.76) 

space of distributions having compact support; §10.2 
exponential integral; Eq. (5.98) 

eigenvalues of the unperturbed Hamiltonian; §22.4, Eq. (22.57) 
exponential integral; Eq. (14.200), HT-01 

electric field; §17.9 

incident electric field; Eq. (20.3) 

reflected electric field; Eq. (20.3) 


Fn(0) 
1F'1 (a; B; x) 
2F} (a, b; c;z) 


(n) 
Gop, lp (t1,t2,... 
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left circularly polarized electric wave; Eq. (21.16) 
right circularly polarized electric wave; Eq. (21.17) 
exponential integral function; Eq. (5.101), HT-01 
error function; Eq. (5.27), HT-01 

complementary error function; Eq. (5.141) 
Weber’s function; HT-01 


Lorentz force; Eq. (21.50). 

function (at no particular specified point); §1.2 

function f evaluated at the point x; §1.2 

oscillator strength; §19.2 

element of a discrete sequence; §13.2, §13.6 

discrete sequence; §13.6 

even function; Eq. (4.8) 

odd function; Eq. (4.9) 

limit approaching c from c + 0; Eq. (2.22) 

limit approaching c from c — 0; Eq. (2.23) 

fourier transform of the function f; §2.6, Eq. (2.46) 
n-dimensional Fourier transform of the function f/; §15.6 

inverse Fourier transform of the function f; §2.6, Eq. (2.47) 
Fourier cosine transform of the function /; Eq. (5.41) 

Fourier sine transform of the function f; Eq. (5.40) 

N-point DFT operator; §13.4 

fractional Fourier transform; §18.10, Eq. (18.147) 

discrete fractional Fourier transform; §18.13, Eq. (18.240) 
Fourier transform of the function f; §2.6 

conjugate series of f; Eq. (6.118); alternative notation for Hf; §6.1 
derivative of the function f 

function f evaluated at an interior point to a contour; Eq. (3.152) 
function f evaluated at an exterior point to a contour; Eq. (3.153) 
Fejér kernel; Eq. (6.63) 

Kummer’s confluent hypergeometric function; Eq. (5.30), HT-01 
hypergeometric function (or Gauss’ hypergeometric 

function); HT-01 

external force; §17.9 

radiative reaction force; §17.9 

scattering amplitude at 9 = 0; Eq. (19.309) 

scattering factor; §23.4 

the greatest integer < x 


Hilbert transform of the Gaussian function; §4.7. The abbreviation 
G(1,x) = G(x) is employed; §9.3 

oy tn) 

tensor components of the nth-order response function; §22.1 
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h Planck’s constant divided by 27 

el Hilbert transform operator on R; Eqs. (1.2) and (1.4) 
H Hilbert transform operator for the disc; Eq. (3.202) 
H magnetic field; Eq. (19.7) 

H, Hilbert transform operator for period 2t; Eq. (3.286) 


Hf Hilbert transform of the function /; §1.2 

(Af) (x) Hilbert transform of the function f on the real line evaluated 
at the point x; Eq. (1.2) 

ALf Hilbert transform of the even function f on R*; Eq. (4.11) 


Ay f Hilbert transform of the odd function f on Rt; Eq. (4.12) 

Mf one-sided Hilbert transform of the function f; Eq. (8.18) 

Af Hilbert’s integral of the function f; Eq. (7.33) 

Anf n-dimensional Hilbert transform of the function /; 
Eq. (15.26) 

Hy f general n-dimensional Hilbert transform of the function f in 
E”; Eq. (15.2) 

Fenef general n-dimensional truncated Hilbert transform of the 
function f in E”; Eq. (15.7) 

Hint Hilbert transform of the function f(x1,%2,...,X%,---,Xn) In 
the variable x;; Eq. (15.36) 

Ho! inverse Hilbert transform operator; Eq. (4.26) 

Ht adjoint of the Hilbert transform operator; Eq. (4.194) 

Ay fractional Hilbert transform operator; Eqs. (18.209) and 
(18.216) 

KH Hamiltonian for an electronic system; §22.4, Eq. (22.54) 

HO unperturbed Hamiltonian for an electronic system; §22.4, 
Eq. (22.57) 

KH space of test functions; §10.14 

w inner product space; §2.10.1 

# Hilbert space; §2.10 

Af n-dimensional Hilbert transform of the function /, for 


n > 2; Eq. (15.26) 
M(f,g)(x) _ bilinear Hilbert transform; §16.5 
H,(f,g)(x) _ bilinear singular integral operator; Eq. (16.85) 


Ai, (x) Hermite polynomials; §9.3, Eq. (9.39), HT-01 

H(x) Heaviside step function; Eqs. (10.54) and (18.116) 
H(@) response function for a linear system; Eq. (13.1), §18.2 
Hy (@) fractional Hilbert filter; §18.9, Eq. (18.142) 

H?(D) Hardy space for the unit disc; §2.10.2 

HP Hardy space for the upper half complex plane; §2.10.2 
H, response function at the frequency v; Eq. (13.3) 

A f truncated Hilbert transform; Eq. (3.3) 


Hef truncated Hilbert transform; Eq. (4.507) 


Hm, 
ANing 
Ar f 
Arf 
Haf 
H,! 
HS@), HE@) 


cU 


AY @) 
A? (2) 


hy (x) 
hy 


H,,(z) 

Ap{f [n}} 
{Asp f} (x) 
Ao{ fin} 


(@p,,x){a] 
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maximal Hilbert transform function; Eq. (7.280) 

maximal Hilbert transform function; Eq. (7.282) 
Hilbert—Stieltjes transform of the function F’; Eq. (4.551) 
Kober’s extension of the Hilbert transform operator; §16.3 
Redheffer’s extension of the Hilbert transform operator; §16.2 
vectorial Hilbert transform operator; Eq. (16.100) 

truncated directional Hilbert transform operator; Eq. (16.103) 
directional Hilbert transform operator; Eq. (16.104) 

helical Hilbert transform operator; Eq. (16.131) 

directional maximal Hilbert transform operator; Eq. (16.105) 
maximal helical Hilbert transform operator; Eq. (16.132) 
double maximal helical Hilbert transform operator; Eq. (16.136) 
Hilbert transform of f along the curve T°; Eq. (16.109) 
modified Hilbert transform of f along the curve I’; Eq. (16.113) 
Hartley transform of a function f; Eq. (5.58) 

inverse Hartley transform operator; Eq. (5.60) 


Bessel functions of the third kind (Hankel functions of the first 
kind and second kind, respectively); §9.9 

spherical Bessel functions of the third kind; Eq. (9.131) (spherical 
Hankel functions of the first kind) 

spherical Bessel functions of the third kind; Eq. (9.132) (spherical 
Hankel functions of the second kind) 

Hermite—Gaussian functions; Eq. (18.179) 

discrete Hermite—Gaussian vector functions; Eqs. (18.254) and 
(18.255) 

Struve’s function; Eq. (9.77), HT-01 

discrete Hilbert transform of the sequence {f[n]}; Eq. (13.127) 
semi-discrete Hilbert transform of the sequence { f[]}; 

Eq. (13.133) 

alternative definition of the discrete Hilbert transform; 

Eq. (13.158) 

discrete fractional Hilbert transform; Eq. (18.269) 


imaginary unit (engineers typically use /); §2.8 

identity operator; §4.4 

interval; §7.9 

length of an interval; §7.9 

modified Bessel function of the first kind; HT-01 

input (time-dependent in general) to a system; §17.1-17.2 
if and only if 

imaginary part of a complex function 

infimum, the greatest lower bound of a set; §2.8 


Symbols 
index of a function; Eq. (11.179) 


SI unit of energy, the joule; §19.1 

Bessel function of the first kind; §9.6, HT-01 

Anger’s function; §9.12, HT-01 

spherical Bessel function of the first kind; Eq. (9.115) 


wave number; Eq. (19.87) 

wave vector; §20.7 

Kernel function; §1.2, Eq. (1.3) 
Calderén—Zygmund kernel function; §15.1 
modified Bessel function of the third kind; HT-01 


length of an interval J; §2.11.1 

Laplace transform of the function f; Eq. (5.91) 

bilateral (or two-sided) Laplace transform of the function f; Eq. (5.92) 
class of functions that are Lebesgue integrable on a given interval; §2.11.1 
class of functions that are Lebesgue integrable on the interval 

(a, b); 2.11.1 

class of functions that are Lebesgue integrable on every subinterval of a 
given interval; Eq. (4.121) 

class of functions that are Lebesgue square integrable on a given 
interval; §2.11.1 

class of functions f such that | f|? is Lebesgue integrable on a given 
interval; §2.11.1 

class of functions f such that | f|? is Lebesgue integrable on the real 
line; §2.11.1 

§13.11 

§13.11 

class of essentially bounded functions; §2.11.1 

class of periodic functions f such that | f|? is Lebesgue integrable on the 
interval (0, 277). Tye has a similar meaning for periodic functions with 
period 2r. 

class of functions f such that |x|“| f(x)|? is Lebesgue integrable on a 
particular interval; Eq. (7.186) 

class of jz-measurable functions; §7.12 

Laguerre polynomials; §9.4, Eq. (9.60) 

modified Struve function; HT-01 

polylogarithm function; HT-01 

dilogarithm function; HT-01 

Lipschitz condition of order m; §2.3 

logarithm to the base e; the alternative notation In is also common usage 
maximum of {log| /|, 0}; Eq. (7.74) 
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M magnetization; Eq. (20.111) 

mod z modulus of a complex number; Eq. (2.68) 
m(E) measure of the set £; §2.11.1 

Mf Hardy—Littlewood maximal function; §7.9 
Mf Mellin transform of f; Eq. (5.102) 

M! inverse Mellin transform operator; Eq. (5.107) 
m SI unit for length, the meter; §19.1 


m{g(A)} distribution function of g; §4.25, §7.2, Eqs. (4.556), (7.55) 
my,y(@) — relative multiplier connecting X (w) and Y(w); Eq. (18.60) 


N set of positive integers; 1,2,3,... 

N complex refractive index; Eq. (19.90) 

NE nonlinear complex refractive index; §22.13 

N number of molecules per unit volume; §19.2 

n(@) angular frequency-dependent refractive index; Eq. (19.91) 

nX“(w,E) nonlinear refractive index; §22.13, Eq. (22.238) 

N+(@) complex refractive indices for circularly polarized modes; §21.3, 
Eq. (21.47) 


n+(@) real parts of Ni (w); Eqs. (21.79) and (21.80) 


0 linear operator on a vector space; §2.10 

oT adjoint operator to 0; §2.10 

oo! inverse of an operator 0; §2.10 

O() Bachmann order notation, of the order of; Eq. (2.1) 

o() Landau order notation, of the order of; Eq. (2.6) 

Oo space of distributions that decrease rapidly at infinity; §10.2 
Pe Cauchy principal value; §2.4, Eq. (2.18) 


P(r,@) Poisson kernel for the disc; Eq. (3.49) 
P(x,y) Poisson kernel for the half plane; Eq. (3.31) 


P; Poisson operator; §7.10, Eq. (7.290) 

Py projection operator; Eq. (4.352) 

P_ projection operator; Eq. (4.353) 

Pf(x~!)  pseudofunction; §10.1 

P(x) electric polarization of a medium; Eq. (19.1) 

P,(x) one of the orthogonal polynomials; §9.1 

Pix) Legendre polynomials; §9.2, Eqs. (9.10) and (9.27) 
P(x) associated Legendre function of the first kind; HT-01 
pio (x) Jacobi polynomials; §9.1 

ST space of periodic testing functions of period 7; §10.2 
Sr space of periodic distributions of period 7; §10.2 
aoe distribution; §10.1 


rect(x) 
Res{g(Z)}z=zy 


Sf 
Sa 
sen 
gr-l 
S(z) 
S(E) 
S(@) 


s(t) 
Shi(z) 
Si(x) 


Symbols 
distribution; §10.1 


conjugate Poisson kernel for the disc; Eq. (3.50) 
conjugate Poisson kernel for the half plane; Eq. (3.32) 
conjugate Poisson operator; §7.10, Eq. (7.291) 
Legendre function of the second kind; Eq. (11.263) 
associated Legendre function of the second kind; HT-01 
Jacobi function of the second kind; HT-01 


reflection operator; Eq. (4.73) 

radius for a semicircular contour 

Radon transform; §5.10, Eqs. (5.152) and (5.155) 
residue corresponding to the pole at z = z;; §2.8.5 
Riesz transform of the function f; §15.12 

real line; the set of real numbers 

positive real axis interval; §3.4 

Euclidean plane 

n-dimensional Euclidean space; §2.15.2 

simply connected region; §2.8.1 

radius for a semicircular contour 

Riesz constant; §4.20, Eqs. (4.382) and (4.384) 
generalized or complex reflectivity; Eq. (20.1) 
generalized reflectivity for circularly polarized modes; Eq. (21.132) 
reflectivity amplitude; Eq. (20.1) 

response (time-dependent) from a system; §17.1, §17.2 
rotational strength; Eq. (21.233) 

reflectivity; Eq. (20.2) 

polar form of the complex number z 

real part of a complex number 

reactangular pulse function; §18.7.3 

residue at the pole z = zo of the function g; §2.8.5, Eq. (2.93) 


Stieltjes transform of the function f; Eqs. (5.77), and (8.6) 
dilation operator (homothetic operator); Eqs. (4.70) and (15.68) 
signum function (sign function); Eqs. (1.14) and (18.120) 
locus of points x € R” for which |x| = 1; §16.6 

Fresnel sine integral; Eq. (14.172), HT-01 

S-function (S-matrix); §17.12 

Fourier transform of a signal s(¢) in the frequency domain; 
§18.1, Eq. (18.2) 

signal in the time domain; §18.1 

hyperbolic sine integral function; Eq. (14.201), HT-01 
sine integral; Eq. (8.79), HT-01 
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si(x) integral; Eq. (9.170), HT-01 
sie (a, 6) sine-exponential integral; HT-01 
sinc x sinc function; Eq. (4.260), HT-01 


sup supremum, the least upper bound 

supp support of the function; §2.15.2 

T finite Hilbert transform operator; chap. 11, Eq. (11.2) 

T used to denote a distribution; §2.15.2 

Tab finite Hilbert transform operator on the interval (a, b); Eq. (12.98) 
T(x) Chebyshev polynomials of the first kind; §9.1, HT-01 

T circle group; §3.10 

Tr trace; §22.4, Eq. (22.63) 


U, (x) Chebyshev polynomials of the second kind; §9.1, HT-01 


u[n] unit step sequence; Eq. (13.91) 

V total variation of a function; Eq. (4.554) 

Vv SI unit for potential, the volt; §19.1 

w(x) weight function; §9.1 

W (x) weight function; §14.4 

Wi weight points in a quadrature scheme; Eq. (14.15) 

wm Sobolev space; §10.2 

Xj any value in the interval [x;—1,x;]; §2.11 

Xj sampling points in a quadrature scheme; Eq. (14.15) 

|x| norm of x in £”; §15.1 

x vector cross product 

x direct product; §10.6. Also used for Cartesian product of Euclidean 
spaces; §15.13 

x(t) time-dependent particle displacement; §17.2, §17.9 

X (Zz) Z transform (one-sided or two-sided); Eqs. (13.38) and (13.39) 

Yy(z) Bessel function of the second kind (Weber’s function, Neumann’s 
function); §9.6, 9.8, HT-01 

Vy (Zz) spherical Bessel function of the second kind; Eq. (9.116) 

Z complex variable, z = x + iy; Eq. (2.67) 

Z complex conjugate of z 

z* complex conjugate of z 

Z] inverse point (or image point) of z; Eq. (3.35) 

Z, set of integers 0,+1,+2,... 

Zt set of non-negative integers 0,1,2,... 


Z{xn} Z transform of the sequence {x,}; §13.6, Eq. (13.38) 


XXXIV Symbols 

LZ space of test functions whose Fourier transforms belong to D; §10.2 
Ze space of ultradistributions; § 10.2 

Zi space of Fourier transforms of test functions belonging to .“; 


§10.14 
Z;(@) surface impedance function; Eq. (20.129) 


Greek Letters 

a polarizability § 19.1, Eq. (19.6) 

a(w) absorption coefficient of a medium; Eq. (19.92) 

BQ) Catalan’s constant (0.915 965 594 177219015 1...); HT-01 

y Euler’s constant (0.577 215 6649...) 

r contour in the complex plane (frequently used to signify a non-closed 
contour) 

T(z) gamma function; Eq. (4.118), HT-01 

I'(a, z) incomplete gamma function; Eq. (8.38), HT-01 

Dinan damping constant for a transition between the levels m and n; §22.4, 
Eq. (22.71) 

d(x) Dirac delta distribution; §2.15, §10.3, Eq. (10.1) 

6[n] unit sample sequence; Eq. (13.92) 

57 (x) Heisenberg delta function; Eq. (10.9) 

5 (x) Heisenberg delta function; Eq. (10.10) 

Snm Kronecker delta; Eq. (2.38). When one of the subscript indices appears 
with a negative sign, the notation 6,» is employed 

A difference operator; Eq. (2.305) 

A Laplacian operator; Eq. (15.161) 

Ay Dirac comb distribution; Eq. (10.212) 

AR(w) magnetoreflection; Eq. (21.125) 

Ax length of an interval; §2.11, Eq. (2.166) 

€ permittivity of the medium; Eq. (19.5) 

gue nonlinear dielectric permittivity; §22.13 

£0 vacuum permittivity; §19.1 

€ ijk Levi-Civita pseudotensor; Eq. (21.212) 

e(k, w) spatial-dependent electric permittivity; Eq. (20.177) 

¢(n) Riemann zeta function; Eq. (2.288) 

6(w) phase; Eq. (20.1) 

O(@) ellipticity per unit length; Eq. (21.195) 

Op(w) ellipticity function; Eq. (21.95) 

K(@) measure of the absorption of a propagating wave in a medium; 
Eq. (19.92) 

K4(@) imaginary parts of Ni(); Eqs. (21.79) and (21.80) 

«NL(@,E) imaginary part of the nonlinear complex refractive index; §22.13, 
Eq. (22.238) 

A(x) unit triangular function; Eq. (4.265) 


o(@) 
p(t) 
gr(@) 
®(z,s,v) 
O(w) 

x 

x (n) 

Xm 

Xs @) 
X[x1,x2] 


{Wn} 
W) 
Wz) 
vy) 
Vo) 
(69) 

w(t) 
@z 
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space of Lipschitz continuous functions; §6.16, §15.1 
continuous Borel measure; §7.12 

magnetic permeability; §19.1 

Lebesgue outer measure of a set A; Eq. (2.183) 
permeability of the vacuum; §19.1 

electric dipole operator; Eq. (22.56) 

unit rectangular step function; Eqs. (9.19) and (18.122). For a = 1/2, 
the abbreviation I(x) = I, (x) is employed 

density operator; §22.4, Eq. (22.51) 

electronic density; §23.4, Eq. (23.75) 

matrix element of the density operator; §22.4 
auto-convolution function for a signal; Eq. (18.16) 
auto-correlation function; Eq. (18.23) 

cross-correlation function; Eq. (18.21) 

type of an entire function; Eq. (2.110) 

symbol of H; Eq. (5.37) 

conductivity at@ = 0; §19.8, Eq. (19.176) 

complex conductivity; Eq. (20.84) 

total scattering cross-section; Eq. (19.316) 

unit sphere; §15.1 

translation operator; Eqs. (4.64) and Eq. (15.63) 
eigenfunctions of the unperturbed Hamiltonian; §22.4, Eq. 22.57 
test function in a particular space; §2.15.2, §10.1 

optical rotatory dispersion; Eq. (21.192) 

instantaneous phase; Eq. (18.78) 

magneto-rotatory dispersion function; Eq. (21.94) 

Lerch function; HT-01 

complex optical rotation function; Eq. (21.197) 

(linear) electric susceptibility; §19.1 

nth-order electric susceptibility tensor; §22.1 

magnetic susceptibility; Eq. (20.112) 

characteristic function associated with the set S; Eq. (2.191) 
characteristic function with the interval where the function is non-zero 
specified by a subscript; §2.11.1 

sequence of step functions; §2.14 

step function; Eq. (2.190) 

psi (or digamma) function; Eq. (4.222), HT-01 

Polygamma function; HT-01 

ellipticity function, Eq. (21.193) 

angular frequency 

instantaneous frequency; Eq. (18.79) 

complex angular frequency; §17.7, Eq. (17.53) 

real part of a complex angular frequency; §17.7, Eq. (17.53) 
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QW} imaginary part of a complex angular frequency; §17.7, 
Eq. (17.53) 

Wp plasma frequency of the medium; Eq. (19.13) 

We cyclotron frequency; Eq. (21.56) 

mn energy separation (in frequency units) between the levels m 
and n; §22.4 

Q part of the Calderon—Zygmund kernel; §15.1 


Miscellaneous notations 
ye o9 ~~ Summation with a particular value of k excluded (usually 


k =0) 

- partial derivative operator (with respect to x) 

an shorthand for the mth derivative (with respect to the variable 
under discussion), form > 1. 

(a)x Pochhammer symbol; Eq. (5.31). The notation a, is also 
employed 

Vv for all 

ve Laplacian (del-squared) operator; Eq. (7.3) 

Vv gradient (del) operator 

=> implies; 

~ same order as; §2.2 

~ correspondence; Eq. (3.269) 

~ twiddle sign, employed to indicate asymptotic equivalence 
between functions in a particular limit; §8.1 

SU) functional notation, e.g. f[ g(x)]; §2.15.2, Eq. (2.283) 

or adjoint of a linear operator 0; §2.10 

[a, B] closed interval, that isa <x < B; §2.3 


[01, 62] | commutator of two operators; §2.10, Eq. (2.146) 
{0), 02} anticommutator of two operators; Eq. (4.67) 


(a, B) open interval, that isa <x < B; §2.3 
(f,2g) scalar product for two functions f(x) and g(x); Eq. (14.52) 
(f,2) inner product for two functions f and g in Dirac bra—ket 


notation; §2.10 


( * ) binomial coefficient; Eq. (2.309) 


n 
* convolution operator, e.g. f *« g; Eq. (2.53) 
" complex conjugate of a function (e.g. z*) 
* pentagram symbol for the cross-correlation operation; 
Eq. (18.21) 
f i f(x)dx Riemann or Lebegue integral (depending on context); §2.11 
te integral along the specified contour C; §2.8.1. /;. is sometimes 


used when the contour is not closed 


Ip f @)dx 
See SF (x, y)dx dy 
Inf (@)d0 


fc 


Jef @)dx 
Jf f@,ddt 


|Ix—t|>e 
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Symbols XXXVIl 


integral over the real line; §2.11.1 

integral over the xy-plane; Eq. (2.213) 

integral over a 27 period 

integral along the closed contour C taken in a 
specified orientation; §2.8.1 

Lebesgue integral of f on E; Eq. (2.198) 

integral for which a segment (x — ¢,x + €) is 
excluded; Eq. (3.3) 

there exists 

belongs to 

does not belong to 

space of test functions that have rapid decay; §10.2 
space of test functions that belong to .Y and vanish on 
the interval function (—a, a) for some a > 0; §10.14 
space of all tempered distributions; §10.2 

Dirac bra; §2.10 

Dirac ket; §2.10 

absolute value of the function f 

norm of x in E”; §15.1 

sum of the components of the multi-index a; §15.5 
distribution function of g, §7.2, Eq. (7.55) 

norm of a vector @; §2.10, Eq. (2.136) 

pth-power norm of f'; Eq. (2.202) 

essential supremum of | f|; Eq. (2.203) 

weighted norm; Eq. (7.186) 

weighted norm; Eq. (7.187) 

norm (f |f|? du)!/? < 00, 1 < p < 00; Eq. (7.376) 
Sobolev norm; §10.2, Eq. (10.40) 

longest subinterval; Eq. (2.167) 

set of points {x;} such that a < x < b; §2.10 

empty set; §2.10 

subset of, as in A C B, A is a (proper) subset 

of B; §2.10 

included in, as in A C B, A is included in B; §2.10 
intersection of sets, as in A M B; §2.10 

union of sets, as in A U B; §2.10 

union of the collection of sets A; 


relative complement of a set, that is, the relative 
complement of B with respect to A (the difference of 
A and B) is denoted by A\B; §2.10 

double factorial; Eqs. (4.119) and (4.120) 

floor function, the greatest integer less than or equal 
to m; Eq. (9.28) 


XXXVIli Symbols 

[m/2] value m/2 if m is an even integer or (m — 1)/2 if m is an odd integer 
[arg f(z)]c_ change in arg f(z) as the contour is traversed; Eq. (11.174) 
{xn} sequence of numbers 

® tensor product (direct product); §10.6, Eq. (10.88) 
Abbreviations 

ae. almost everywhere: §2.11.1 

CD circular dichroism; §21.1 

DFT discrete Fourier transform; §13.2 

DFHT discrete fractional Hilbert transform; §18.14 

DFRFT discrete fractional Fourier transform; §18.13 

EMD empirical mode decomposition; §18.16 

FFT fast Fourier transform; §14.9, §14.10 

FHT fractional Hilbert transform; §18.9 

FRFT fractional Fourier transform; §18.9 

FTNMR Fourier transform nuclear magnetic resonance (spectroscopy); §1.1 
FTIR Fourier transform infrared (spectroscopy); §1.1 

IDFT inverse DFT; §13.4 

IMF intrinsic mode function; §18.16 

MCD magnetic circular dichroism; §21.1 

MOR magnetic optical rotation; §21.3 

MRS magnetic rotation spectra; §21.3 

ORD optical rotatory dispersion; §21.1 

SHG second-harmonic generation; §22.2 

THG third-harmonic generation; §22.2 


XXXVIli Symbols 

[m/2] value m/2 if m is an even integer or (m — 1)/2 if m is an odd integer 
[arg f(z)]c_ change in arg f(z) as the contour is traversed; Eq. (11.174) 
{xn} sequence of numbers 

® tensor product (direct product); §10.6, Eq. (10.88) 
Abbreviations 

ae. almost everywhere: §2.11.1 

CD circular dichroism; §21.1 

DFT discrete Fourier transform; §13.2 

DFHT discrete fractional Hilbert transform; §18.14 

DFRFT discrete fractional Fourier transform; §18.13 

EMD empirical mode decomposition; §18.16 

FFT fast Fourier transform; §14.9, §14.10 

FHT fractional Hilbert transform; §18.9 

FRFT fractional Fourier transform; §18.9 

FTNMR Fourier transform nuclear magnetic resonance (spectroscopy); §1.1 
FTIR Fourier transform infrared (spectroscopy); §1.1 

IDFT inverse DFT; §13.4 

IMF intrinsic mode function; §18.16 

MCD magnetic circular dichroism; §21.1 

MOR magnetic optical rotation; §21.3 

MRS magnetic rotation spectra; §21.3 

ORD optical rotatory dispersion; §21.1 

SHG second-harmonic generation; §22.2 

THG third-harmonic generation; §22.2 
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Hilbert transforms in £” 


15.1 Definition of the Hilbert transform in E” 


In this chapter the elementary properties of the n-dimensional Hilbert transform 
are discussed. Basic aspects of the Calder6n—Zygmund theory of singular integral 
operators in the n-dimensional Euclidean space, E”, are also considered. 

Applications of Hilbert transforms in E” for n > 2 are significantly less numerous 
than the one-dimensional case; however, they do arise in important areas. These 
include problems in nonlinear optics that focus on deriving dispersion relations 
and sum rules for the nonlinear susceptibility. The publications of Smet and Smet 
(1974), Nieto-Vesperinas (1980), Peiponen, (1987b, 1988), Bassani and Scandolo 
(1991, 1992), and Peiponen, Vartiainen, and Asakura (1999), will give the reader 
a sense of the advances in this field. There are applications in signal processing 
(see Bose and Prabhu (1979), Zhu, Peyrin, and Goutte (1990), and Reddy et al. 
(1991a, 1991b)), and in spectroscopy (see Peiponen, Vartiainen, and Tsuboi (1990)). 
In scattering theory, the double dispersion relations, frequently referred to as the 
Mandelstam representation, express the scattering amplitude as a double iterated 
dispersion relation in the energy and momentum transfer variables; see Roman 
(1965) and Nussenzveig (1972). Some of these applications are touched upon in later 
chapters. 

To proceed, some preliminary definitions are required. Let x denote the n-tuple 
{x1,X2,X3,---,Xn}, and let s denote the n-tuple {51,52,53,...,5,}. Itis quite common 
in the literature to represent multi-dimensional integration factors by ds (or some 
similar variable), where the context is meant to signify an n-dimensional integration 
factor ds; ds2ds3 ---ds,. The quantity |x| is defined by 


i 1/2 
Ix] = (>) (15.1) 
k=1 


The sum x + y is the m-tuple {x} + y1,x2 +y2,..-,Xn +n}, and for a real constant 
a the quantity ax is {ax,,a@x2,...,a@X,}. The scalar product is given by a- x = 
ayx, + a2x2 + +++ + a,X,. Common notation for the scalar product in the physical 
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sciences is to write a - x, but the use of a bold font for vector notation is postponed to 
later chapters discussing applications. 

By analogy with what was done for the Hilbert transform on R, the Hilbert transform 
in n-dimensional Euclidean space is defined by the following convolution: 


Haf ) = (Fk) = | Ko —yf rey. (15.2) 


The notation 7 in place of H,, is very commonly employed. Starting in the early 1950s, 
Alberto Calderon and Antoni Zygmund made seminal contributions to the study of 
this equation, and as a result H., is also referred to as the Calderon—Zygmund singular 
operator associated with the kernel K (see the chapter end-notes for references). The 
kernels are taken to be of the following form: 


(15.3) 


where the function Q is defined on the unit sphere, which is denoted by ©, and 
x’ = x/|x|. Recall that a homogeneous function h(x) of degree a satisfies 


h(itx) =t* hx), fort > 0. (15.4) 
In the sequel it is assumed that Q is homogeneous of degree zero, that is 

Q(t) = Q(x), fort > 0. (15.5) 
Then Eq. (15.2) can be rewritten as follows: 


poi | LY ie=ver 


15.6 
e>0 lyl>e |y|" \ 


Up to this point, the terminology Hilbert transform of f has been used to signify 
a one-dimensional integral on R or T, so, to avoid any possibility of confusion, 
Eq. (15.6) will be referred to as the generalized Hilbert transform of f on E”. The 
names Calderon—Zygmund transform or Calderon—Zygmund singular integral would 
both be better, reflecting the contributions of these outstanding mathematicians. The 
reader might feel that a better name is the designation n-dimensional Hilbert trans- 
form; however, this choice will be reserved for a particular specialization of Eq. (15.6). 
Equations (15.2) and (15.3), or Eq. (15.6), will be regarded as defining the so-called 
classical Calderon—Zygmund operators. 
A truncated version of Eq. (15.2) can be defined as follows: 


Hues) = (F*K)0) = ff Kele— fas, (15.7) 
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with the truncated kernel defined for ¢ > 0 by 


K(x), for |x| > é 


15.8 
0, otherwise . ( ) 


K.(x) = | 


The operator appearing in Eq. (15.7) is sometimes referred to as the truncated 
Calder6n—Zygmund operator, and Eq. (15.8) defines a truncated Calder6n—Zygmund 
kernel. If the limit ¢ > 0 exists, then 
lim f * Ke =Hyf. (15.9) 
Ea 


Two conditions are imposed on Q: 


ik Q(x’)dx’ = 0 (15.10) 
»3) 
and 

TST (zy; (15.11) 
The first condition is a statement that the mean value of Q on © is zero. This condition 
is used to advantage in the sequel. The second condition is sometimes replaced by 


the Lipschitz condition: 


QeLipa, fora > 0. (15.12) 


Consider first the case n = 1; then, the sphere © reduces to the two points x’ = +1, 
and it follows from Eq. (15.10) that Q(1) + Q(-1) = 0. Writing Q(@’) = c sgn x, 
with c a constant, which is assigned the value 2 ~!, yields 


Q(x’) — sgnx 1 


K@)= =—, (15.13) 
|x| |x| TUX 
and hence Eq. (15.6) becomes, on making the identification H; = H, 
1 —y)d 
Hf (x) = lim fe y)dy (15.14) 
e>0 7 |yl>e y 


This is the standard definition of the Hilbert transform on the line. Because of this 
reduction process, Eq. (15.6) is sometimes termed simply the Hilbert transform of /, 
and for this reason the notation H,f has been employed. If an alternative choice is 
made for the constant in Eq. (15.13), the reduction process just carried out leads to a 
scalar multiple of the Hilbert transform. 

Two results concerning the existence of Hy,-< f are now examined. The following 
approach is based on Neri (1971, p. 83). If f € L?(E”), for 1 < p < oo, and Q 
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is bounded by a constant C, then the existence of Hy, f can be established in the 
following manner: 


92 Ol ay 


ly|” 


Hnef | < Tes ie —y)I 


lyl> 


20) Fel ay 
|y|>e ly|" 
1 


1 1 
< Cif (/ pea ) : 15.15 
f ? |y|>e |y|"4 s ( ) 


where Hélder’s inequality has been employed, and p and g are conjugate exponents. 
Both of the final integrals are finite, and hence the existence of Hy, f is established. 
The reader is requested to consider the outcome for the situations p = | and p = ow. 
An alternative approach with weaker conditions on Q is as follows. Let f ¢ L?(E”), 
for 1 < p < o0, Q € L!(Z), in norm notation ||Q||; = Jy 12C”)|dy’, and define the 
integral J(x) by 


10) = [ Ironik —ylay = | If @ — y)I|K Cy) Idy. (15.16) 


lyl>e 


If it can be shown that /(x) is locally integrable, then it follows that H,,<f exists 
a.é., since 


[Hn ef @)| < 1X). (15.17) 
Let B denote any bounded set in E”, represent /, p dx by |BI, and let C be a constant 


depending on p and ¢, which is not necessarily the same at each occurrence. Let the 
conjugate exponent of p be q, set r = | y|, and y’ = r—!y; then, 


Q 
[reas fa ire-vi ONS 
B B Jlyl>e ly| 


as jac f Lorn) ml 
B x 
= sonw fap Verte 
x B Je r 
lee) p! 
ec f incr [arf fen ar) 
q} 00 p! 
=| I20")ldy! (/, ax) (/ ax({ If —19)P dr) ) 
D3 B B € 


-1 
SCVWQNIB! lp. (15.18) 
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where H6lder’s inequality has been applied twice. This is the required result. The 
case p = | 1s left as an exercise for the reader. 

The connection between Hy,_ f and H,,f is now examined. Let Ay denote the space 
of Lipschitz continuous functions, with a denoting the order. Suppose f € L?M Ag, 
with | < p < cw and0 <a < 1, and let Q satisfy the conditions in Eqs. (15.10) and 
(15.11). Then 


nf = lim Hnef, ae. (15.19) 


Select a 5 such that 0 < ¢ < 6; then, 


Hnef (x) = / foyer Past f rey ay. 45.20) 
d>|ylze lvl Ivi>d lvl 
The first integral can be written as follows: 
[tren af re-»-roo se ay (15.21) 
b=|yl=e ly | d>|yl=e yl 


which is obtained on making use of the result 


Q od 
/ oe w= =| Q(y)ay = 0, (15.22) 
b>|ylze ly| e Jy 


and Eq. (15.10) has been used. Since f € Lip a, for 0 < a, then 


If@—-y)-f@|=Clyl*, forlyl <4, (15.23) 


and the integral on the right-hand side of Eq. (15.21) is convergent in the limit 
€ — 0, since 


— 


yl n 


ve y) —f@)] SC/[Q(y)| II", for |yl < 4, (15.24) 


and 
6 
[ scnnsieray= fertar f jac |ay’ <0, (15.25) 
6=|yI| 0 DY, 


and Eq. (15.11) has been employed. Equation (15.19) follows from Eqs. (15.20) and 
(15.25). The importance of the constraint that Q has a mean value of zero on © is 
made clear by the approach just employed. 
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If the particular assignment of the constant in Eq. (15.7) is ignored, then there is only 
one singular integral that arises from Eq. (15.6) for the case n = 1. Beyond this case, 
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there are an infinite number of choices, depending on the particular selection for Q. 
One specific choice of singular integral, for n > 2, is as follows: 


1 CO lee) lee) 
An f (%1,%25X3,.-.5Xn) = =P | / / 
te —0o —0o —0O 


ic F (815825 83,+++,8n) ds} dsz ds3... ds, 


n 


cea TT] Ge — sx) 
k= 


(15.26) 


The case n = | is obviously the ordinary one-dimensional Hilbert transform, and 
the notation H is reserved for the one-sided Hilbert transform defined in Eq. (8.18). 
The convention adopted in Eq. (15.26) is that the Cauchy principal value applies to 
each integral, and the P symbol is inserted in front of each integral only when there 
is some risk of confusion. Using the notation introduced at the start of Section 15.1, 
the preceding result can be written in the more compact form: 


oO n 
1 
Hafey=—P fs) T[ —— as (15.27) 
0° kel (Xk — Sk) 
Equation (15.27) is frequently expressed as follows: 
1 n 
H, f(x) = — lim / f(s) 15.28) 
" mx" fi a0 |xj—sj|>8; Tigo = ( 


where the product notation for the limits implies separate limits ¢; + 0,2 > 0, and 
so on. As for the one-dimensional case, the opposite sign convention to that given in 
Eq. (15.27) is sometimes employed, that is (s; —x,) is employed in place of (x; —s;). 
Some authors do not employ the subscript notation indicating the dimensionality of 
the transform. Symbols other than H are also used to denote this transform, of which 
the most frequently employed choice is 7. 

Three examples of the n-dimensional Hilbert transform are now examined. 
Consider first the case 


f = sin(a- x) = sin(ayx, + a2x2 + a3x3 +++ + anXn), (15.29) 
where a is a constant vector. Then it follows that 


1 2 d ar! 
H, {sin(a-x)} = =P | u | 2 
"  Jigg X1 — 81 Joon ¥2 — 52 


. [ sin(a,S1 + aos2 + -+++ ansy)dSy 


—oo Xn — Sn 


15.2 Definition of n-dimensional Hilbert transform 7 


= 1 Pf ds, [- ds> 
mt Jig x1 — 51 digo X12 — 82 
x ie sin(ays] + 4282 + +++ + anXp — any)dy 
—00 Jy 


= 1 Pf ds, [ dso 
fg x1 — $1 Jo 12 — 82 
any) dy 


°° sin( 
x ...{—cos(aysy + ags2 +--+ + anXn)} 
—0o Jy 


1 eo ds, °° ds 
=—P 
Tw" Joo X1 — $1 S00 X2 — $2 


xX +++ {—cos(a1s1 + a2s2 + +++ + ayXn)}7 sgn ay 


ete f ds; i: dso 
ut oo X1 — S1 Joo X2 — $2 


pe COs(ajs1 + a252 + +++ + Gn—1Sn—1 + GnXn)dSp—1 
Konstan’ 


> 


—oo Xn-1 — Sn-1 
(15.30) 
which simplifies, on continued integration, to yield 
n 
(-1)"+)/ cos(a- x) T] sgnaz, for n odd 
H, sin(a-x) = es. (15.31) 
(—1)"/? sin(a- x) [] sgn ag, for n even. 
k=1 
In a similar fashion, 
n 
(-1)"")/? sin(a-x) T] sgnagz, for n odd 
Hy cos(a-x) = gat (15.32) 
(—1)"/? cos(a- x) T] sgn ag, for n even. 
k=1 


As a third example, consider 


2 


f=e*, (15.33) 
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where a > 0. Then Hy{e-®" } is evaluated as follows: 


ale te bee 
H,{e-®"} = =P ds i as af eter ta tet) dey 


ma” 266-01 81 eae eee oe Xn — Sn 
akg ie ei ds ip en" dsp r er ds, 

mw” —oo X1—S1 Jao x2 — 82 —co Xn — Sn 
= {-ie“ erf iV(@) x1) {ie @? erf iV(@) x2)} 

x «fie erf (i (a) Xn)} 


= (-i)"e® T] erf i (a) x4), (15.34) 


k=1 


where Eq. (5.28) has been employed. 

The n-dimensional Hilbert transform operator can be written in terms of a product 
of one-dimensional Hilbert transform operators. The variable on which the one- 
dimensional operator acts is specified by a subscript thus: Hi). So H, can be 
written as 


n 
H, = || Hw: (15.35) 
k=1 
where 
Hy f (815825 +++ Sk—15Xks Skt1s+++5Sn) 
eS Pf IAS1 5825 +++ 5 Sk—1s Sho Skt1y ++ +9 Sn)OSi (15.36) 
wT Joo Xk — Sk 


The operators H(,) satisfy the commutator condition 


[Ha.Hpl=0, for j,k =1,2,...,n. (15.37) 


15.3 The double Hilbert transform 


The double Hilbert transform can be used to indicate some of the issues that arise 
beyond the one-dimensional transform and can serve as a stepping point to higher 
dimensions, since the double Hilbert transform can be generalized in a rather straight- 
forward manner. This generalization is performed in subsequent sections for a number 
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of topics. The double Hilbert transform is defined by the following equation: 


lee) lee) 
=P | P| Sf (s1,.82)ds dso 
a 
1 


Fa f (x1,x2) 


~oo (11 — $1) (%2 — $2) 
ae FS (s1,52)ds1 dso 
lim lim a 
6130220 TW Jixy—s1|>e1 Jo—sy|>en (01 — 51) (X2 — $2) 


lim lim / Ky — s1) 
£17020 Jy) 5) |>e1 J xo —92|>09 


x K(x2 — 52) f (81, 52) ds ds2 (15.38) 


where the kernel function K (x) given in Eq. (15.13) is employed. With the change of 
variables t; = x; — s;, for = 1 or 2, the integration region is the exterior of the cross 
shown in Figure 15.1. 

The double Hilbert transform as just defined is unique. The two-dimensional 
version of Eq. (15.2), namely 


Hof) = (F*Ky) = ff KO—vfrdy, (15.39) 


leads to an infinite number of possibilities, depending on how the kernel function K is 
selected. As an example, the double Hilbert transform is constrasted with a different 
singular integral in E* (discussed by Calderon and Zygmund (1952)). This case arises 
in potential theory. Let f € L, with E- denoting the plane (u, v). Let (x,y,z) designate 
a point in the half space z > 0, and let R signify the distance of (x,y,z) from (u, v), 
that is R? = (x — u)? + (y — v)? +2”. The potential U(x, y,z) is defined by 


u)dud 
Ucy.2)= f PAO (15.40) 
E 
ako 
Dil 
re Te | 


Figure 15.1. Integration domain for the double Hilbert transform. 
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The partial derivative of the potential, which is denoted by the appropriate subscript, 
is given by 


Us(,y,z) = [Lo oe alluchay (15.41) 


Set z = 0, then 
U,(x, y, 0) = — / fu, v)K (x —u,y — v)du dv, (15.42) 
E2 


where the singular kernel K (x, y) is given by 


es 
VIG? +3) 


In general, the integral in Eq. (15.42) does not converge, but it will exist a.e. as 
a principal value integral if f is a sufficiently smooth function, hence the stated 
requirement given for f. The principal value is interpreted here by carrying out the 
integral in Eq. (15.42) over the exterior of a circle of radius ¢ and center (xo, yo) and 
then letting « > 0. 

It should be apparent to the reader from Section 15.2, and will become increasing 
evident in the following sections, that the factorization property of H, allows many 
results about this operator to be derived relatively effortlessly from the corresponding 
properties for the case n = 1. However, there are problems where this is not the case. 
For example, let Hyy, denote the maximal Hilbert transform for the n-dimensional 
case. Recall Eq. (7.280) for the case n = 1; then, for n = 2, 


= | [4 [R= SVE) ds dt}. 
|s|>e, J |t|>e2 St 


Let f € Llog* L(R?) and take supp f < [0,1] x [0, 1], then (Hu, f) satisfies 


K(x,y) =— (15.43) 


Hm, f (x,y) = sup (15.44) 


aa 


H(y) € (0,11 x (0,1): His feer)1 > al < C[{| floss] +c}, 05.45) 


where the constants C and w are independent of f. Here, there is no simple factoriza- 
tion, and the proof of this result is relatively complicated. The interested reader can 
pursue this in Fefferman (1972). 


15.4 Inversion property for the n-dimensional Hilbert transform 


The results of Section 15.2 can be used to establish the inversion property for the 
n-dimensional Hilbert transform. Suppose 


g(x) = Anf (x), (15.46) 
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then 


Ang (x) = (-1)"f@), (15.47) 


and hence 
H?f (x) = Hy (An f 0D) = (-)"f@), (15.48) 


which represents a generalization of the corresponding one-dimensional inversion 
formula. This result can be written in operator form as 


H? = (-1)"l, (15.49) 


where J denotes the identity operator on R”. This result is derived in Section 15.6 
after the action of the n-dimensional Fourier transform on H,, is discussed. The 
generalization of Eq. (15.49) is given by 


(-1)""/*F (x), for m > 2 and even 


Hf (x) = 
nt (Xx) (De e4e@): for m > 3 and odd. 


(15.50) 


From Eq. (15.49), the inverse of the n-dimensional Hilbert transform operator is 
given by 


~l _ (-1)"H,, (15.51) 


and so 


H,'Hnf @) = ce f- Anf (8) Ninn Sp Base (15.52) 


15.5 Derivative of the n-dimensional Hilbert transform 


Let the multi-index a = (a, a2,...,@n), with a, € Z*, and denote |a| = a, + ao+ 

+++ ay. Vertical bars are being used, as is the common practice, with two different 
meanings: the first is for multi-indices as just defined, the second is for points in 
Euclidean space, as given in Section 15.1. The context will make the intended meaning 
obvious. For f € R”, the partial derivative operator is defined by 


glalr 


Oxy OxS? +++ Oxn" 


Df= 


(15.53) 
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The effect of D“ on H,, f is given by 


n 
Dttgf = D*| | asf C1s%9..043¥n) 
k=1 


glal n 
oxen I] Ay f (x1,X2, ia »Xn)s (15.54) 
"k=l 


= a 4..a2 
Ox, OXy”... 


which simplifies, on using (see Eq. (4.138)) 


el »Xse++5Xn) 27s ee ves 2%) (15.55) 
to yield 
D°H, f = 00 ee ees (15.56) 
pa OX; OX 20 SO 
Hence, 
D*H,f = H,D*f. (15.57) 


This is the n-dimensional analog of Eq. (4.138). 


15.6 Fourier transform of the n-dimensional Hilbert transform 


The n-dimensional generalization of the Fourier transform of the Hilbert transform is 
considered in this section. The Fourier transform of the Hilbert transform has some 
important practical applications, of which the principal one is providing a route to an 
effective evaluation strategy for the Hilbert transform. This was discussed in Section 
5.2 for the one-dimensional case. 

The n-dimensional Fourier transform, denoted by F, f(x), is defined in the 
following manner: 


Frf (x) = ix fi ia af fgets ds. (15.58) 


Just as for the one-dimensional case, the 27 factor can be dealt with in more than one 
way. For the m-dimensional Fourier transform a common conventional treatment of 
this factor is as given in the preceding equation. When comparing formulas from dif- 
ferent sources the reader will need to be cognizant of how this factor has been treated. 
Consider the action of ¥,, on the n-dimensional Hilbert transform. The expression 


15.6 Fourier transform 13 


FnHn f (x) 1s calculated as follows: 


Sk — 


1 & | 
Fry f (x) = oat {> foy] th af 
ae k=1 


Wer hae e ae 
= ea sU dep. i, fo Tl dt 
ne 


Ft phe uy GARGS tk 
co 4—2rix-s ds 


1 ¢% ” e 
= af sould? | 


co Sk—tk 


er he A oie 
a (t)dt | | eo a | 
Jee (ie I 


—0o Yk 


oo e PTX dy 


1 ¢* ” 
= =| f@(-in)" I] e 271% son xy dt 
TT” J—oo 
k=1 


fo I] sgn x [poet dt 
k=1 eo 


= {<0 | [sgn a Fy f (x). (15.59) 


k=1 


From this result it follows that 


Hnf (x) = (-i)" Fz! {1 sen ye mt} (x). (15.60) 


k=1 


This formula can be used to evaluate n-dimensional Hilbert transforms. As an exam- 
ple, consider the determination of H, f(x), where f(x) = e'*. From Eq. (15.60) it 
follows that 


n ioe) lee) 
H, {el} = (-i)"F, | I] sgn yx i ee de / e 22971422 dry 
k=1 —Co —Co 


0° . . 
Kees / e Wath g!antn dt, (x) 
—cC 


= (-i)"F," (Tse ny" | [[8oy—a) | | 


k=1 j=l 
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os) . 
= (-i)” Ont / e'7! sen yi {278 (y1 — ai) }dy1 
—0oo 


00 
x i; e'*)? son yo{275(y2 — a2)}dy2 
—00 
oo . 
Kee f el Xnyn Sgn Vy {2705 (Yn = an)}dyn 
—0o 


n 
= (-i)’ I] sen aze'@k*k 
k=1 


n 
= (-i)"e'** | | sgn ay. (15.61) 
k=1 
Equation (15.60) can be used to establish the inversion property. The notational 
shorthand sgn x = [];_, sgn xx is introduced, and let H,, f (x) = g(x); then it follows 
that 
Hy f (x) = Ange) 
= (-i)"F, {sgn t Fug()}(x) 
= (-i)"F, {sgn t FrHnf (OV) 
= (-i)"F, {sent Fal(—i)"F, {sgn s Fr f (sO}O) 
= (—1)"F, {sgn t sgn t Ff (O}() 
= (-1)" Fo! Fa f (x) 
= (-1)"f@), (15.62) 


which is the required result. 


15.7 Relationship between the n-dimensional Hilbert transform and 
translation and dilation operators 


The translation operator t, is defined in the following way. Let f be a function on 
R” and let a = (aj, a2,...,4,), with a € R”, then 


Taf (x) = f(x — a) = f(X — a1, x2 — a2,..-,Xn — An). (15.63) 


The first issue is to determine whether the operator H,, is translation-invariant; that 
is, whether H,, commutes with t,. Using Eq. (15.35) and 


n 
to= || us (15.64) 
k=1 
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where 
Ta, f (x) = f(%1,%2,°°° Xk — Aky**: »Xn), (15.65) 


it follows, on using Ty, Hay f(x) = A(x) Ta, f (x) (see Eq. (4.65)), that 


[] ea [[40f@ = [] [40m fo, (15.66) 
k=l j=l k=1j=l 
and so 
[ta, Hn] = 0, (15.67) 


which establishes that H,, is a translation-invariant operator. 
The dilation operator is defined by 


Saf (x) =f (ax) = f(a1x1,42%2,..-,4n%n), fora, > 0, k= 1,2,...,n. (15.68) 


In an obvious manner, S, can be written as 
n 
Sa= | [Sag (15.69) 
k=1 


where 


Sa, f &) =f O15 2, . + AgX, ++ 5X). (15.70) 


When all the a, are equal, the dilation is isotropic, otherwise it is non-isotropic. 
Making use of the result 


Sa, Hy f ) = Hy Sa, f), (15.71) 
which is Eq. (4.71), yields 
n n non 
[ [Su [[40r© =[][]405,/. (15.72) 
k=l j=l k=1j=1 
and hence 
[Sa, Hn] = 0. (15.73) 


Let T be a bounded linear operator with T € L? (R”) and suppose T commutes with 
translations and positive dilations. The discussion of Section 4.6 can be extended, and 
the analog of Eq. (4.87) can be written as follows: 


Frlf (x) = m(x) Fi f (x). (15.74) 
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The n-dimensional version of Eq. (4.106) takes the following form: 


n 


m(x1,%2,-.-5%n) = | [ae + be sgn xe), (15.75) 
k=1 
where a,x and by are constants. The preceding result can be rewritten as 


n n n 
M(X],X2,--.,X%,) = at os B;, sgn x% + yy 3 Vix Sgn x7 SQN XK 
=I j=l kj 


+..-+ 9)! sgn x, (15.76) 
where a, 6’, Vins and w’ are constants, and sgnx = [[/_, sgn x,. Combining this 
result with Eq. (15.74), taking the inverse Fourier transform, using Eq. (15.59), and 


introducing the constants Bx, yjx, and @, which are closely related to B,, Vins and a’, 
respectively, leads to 


n n n 
T=al+ >) Bey t+ >) >) yey Hay +--+ + On. (15.77) 
k=1 j=l kj 


Hence, the only bounded linear operator on L?(IR”) that commutes with translations 
and positive dilations can be expressed as a constant multiple of the identity operator 
plus sums of products of the Hilbert transform operators Hx). 


15.8 The Parseval-type formula 
Let f € L?(R") and g € L4(R"), with p > 1 and p~! + q7! = 1. The n-dimensional 
Hilbert transform satisfies the Parseval-type formula, 


[ nf (o) godde = (-1)" i. Pte eode. (15.78) 


To establish this result, proceed as follows: 
0 oo ft 
i) Mnf (0) godx = / [] Hw f@ goa 
—0o —0o k=1 
lee) lee) lee) 
“ i, a | dry. 1 HayHoy +H f 0) dx 
—0o —0o —0o 


lee) lee) lee) 
= -[ ax, f dx -- | AqyHe)-::Ha-yf @)Amg(x)dxn 
—0o —0o —00 
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=(-1)" / dx i dx i] f@)HayHey + Hog @)axy 
=(-1)" ip fone (xd, (15.79) 


and Eq. (4.176) has been employed. 
Let g(x) = H,, f (x), then, from Eqs. (15.79) and (15.62), it follows that 


i; (Hy f @e)}? dx = / Uf}? de. (15.80) 
R" R" 


This is the n-dimensional analog of Eq. (4.172). 
Let ff =f and g = H,, fp in Eq. (15.78), then 


[ Fy fi (x) An fa (x)dx = A Ai @yfr(x)dx. (15.81) 
This is a generalization of Eq. (15.80) and represents the n-dimensional analog of 


Eq. (4.174). 
Let f € L*(R") and set g =f in Eq. (15.78), then 


[ torcofenas= ay" | foothnf oo ae (15.82) 
that is, 
U-Cn f[ f6) Haflendr =0. (15.83) 
If n is odd, then the orthogonality property follows: 
[, f@Anf ~)dx = 0. (15.84) 
This is the n-dimensional analog of Eq. (4.198). For the case n is even, suppose f is 


odd in x;, then A(x) f is even in xz; if f is even in x;, then Hig) f is odd in xz. Hence, 
the product fH, f is odd, and the orthogonality property given in Eq. (15.84) follows. 


15.9 Eigenvalues and eigenfunctions of the n-dimensional 
Hilbert transform 


Let f € L?(R”), for 1 < p < ov, and suppose 


Anf = nf. (15.85) 


Applying H, to this equation and employing the inversion formula for the 
n-dimensional Hilbert transform yields n* = (—1)", so that the eigenvalues are 
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given by 


;= ey n odd (15.86) 


+1, neven. 


A set of eigenfunctions of H,, in L?(IR”) can be written based on Eq. (4.336), so that 


n 1 : m 
fo=T] rer form € Z*. (15.87) 
k=1 


The reader will note that the considerable ease with which the results in Sections 15.4 
to 15.9 have been obtained is due to the obvious factorization of Hy. 


15.10 Periodic functions 


Some features of the multi-variable case for periodic functions are examined in this 
section. The focus is on the situation for two variables. Consider the power series 
given by 


[o,@) [o,@) 
£21422) = YD Gan = ibmn)2723, (15.88) 
m=0n=0 


and take the real part, using z} = e! and z) = e”?; then, 


CO 6h 


2(x1,x2) = Re f(zZ1,22) = Ss ye {Amn CoS(mx, + nx2) + bmn sin(mx, + nx2)}, 
m=0n=0 
(15.89) 
and the imaginary part is given by 
[o,@) [o,@) 
A(e,x2) = Im f (21,22) = YY) {an sin (mx, + 0x2) — Bn cos(mx, + nx2)}- 
m=0n=0 
(15.90) 


The immediate question is in what sense can Eq. (15.90) be regarded as the conjugate 
series of Eq. (15.89)? First, a recap of the single variable case is given. Recall for this 
situation that the conjugate series f of 


(oe) 
IO= So Ge ‘mtheg aay (15.91) 


n=—OO 
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takes the following form: 
f@= LS (—isgnn)c,e™. 
n=—-@W 
The conjugate series of 


a0 


fa=s 


(oe) 
+ se {az cos kx + by sin kx} 
k=1 


is given by 
[o,@) 
f@M= ey {a; sin kx — b, cos kx}, 
k=1 
and these are the real and imaginary parts of the power series expansion 
a [o,@) 
0 ‘ 
fOHZAD lax — idee", 
k=1 


on the unit circle, with z = e”. 
The two-variable series can be written as follows 


io 0° 
Sf (1,%2) _ > a Conte?) 


m>=—-WOn=—-OC 
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(15.92) 


(15.93) 


(15.94) 


(15.95) 


(15.96) 


with the assignment that c_m—n = Cmn. In the sequel it is assumed that cy, = 0 if 


mn = 0. The following conjugate series can be defined: 


es) oo 
he (x1 > x2) = 2 x (-i sgn M)Cmn™ +2) 


M>=—W n=—OO 


[o,@) [o,@) 
fo@.m)= D> So Cisgn acme’, 


M=—-W n=—C 


and 


0° oo 
Fet,x9 1,22) = S SS (—sgn MN)Cmn Ct), 


m>=—OO nN=—OO 


(15.97) 


(15.98) 


(15.99) 


These conjugates are with respect to the variables x1, x2, and {x), x2}, respectively, and 
the appropriate subscript is employed to signify which conjugate is being considered. 
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Equations (15.89) and (15.90) yield 


h(x1,X2) = Sx, (%1,X2) (15.100) 
and 
h(x1,X2) = Sx (x12). (15.101) 


That is, Eq. (15.90) can be regarded as the conjugate series of Eq. (15.89) in the 
variables x; and x2 taken separately. 

The type of relationship that exists between a trigonometric series and the cor- 
responding conjugate series for the one-variable case does not carry over to the 
two-variable case, and, by extension, the general n-variable case. Zygmund (1949) 
formally identified the conjugate series of 


[o@) [o@) 
g(x1,%2) = >> Y > {amn cos(mx, + 1x2) + bmn sin(@mxy + nxz)} (15.102) 
m=0n=0 
to be 
lee) lee) 
B(x1,%2) = D> Y > {an sin(@nx, + 1x2) — bmn cos(mx1 + nx2)}. (15.103) 
m=0n=0 


The series formed from Eqs. (15.96) and (15.99) as 


(oe) (oe) 
f(%1.%2) —ferar 122) = YS SO ema + sgn(nn)yel™*™), (15.104) 


m>=— OO n=—CO 
has f,, (x1, 2) +f (x1,X2) as its conjugate series. On writing 
Cnn = Amn + ibis (15.105) 


with ayy and by real, then 


CO [oe 
F (x12) — ferxr 1,22) = 4 D2 YO {an cos(mx1 + 1x2) — Bn sin(mx1 + nx2)} 


m=0n=0 
(15.106) 
and 
re 7 Co (oe) 
Frey (152) + fer 1.82) = 4 YS YO {ann sin (mxy + 1x2) + Bin cos(mx] + NX2)}. 
m=0n=0 
(15.107) 


By Zygmund’s definition, the latter series is the conjugate of Eq. (15.106). 
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A number of the results given previously for the one-variable case have analogs 
for the case of several variables conjugated in one variable. For example, if f(x,y) € 
Llog L, then f(x,y) € L! and 


i; 20 
0 I 


where A and B are constants. This is an extension of Zygmund’s inequality (see 
Eq. (7.76)). 

The two-dimensional Hilbert transform on the domain [—z,z2] x [—z,z] is 
defined by 


re 2n p20 
esp) asdy sd ff ife.sllog* |Pes.r)idvdy + 8, 
(15.108) 


4 


1 a t 
Hof (x,y) = al P fat+syto cot ~ cot =ds dt. (15.109) 
4n2 Jha 2 2 


Tt. 


The almost everywhere existence of Ho f(x,y) for the case f(x,y) € L? for 
1 <p < ©, was first proved by Sok6t-Sokotski (1947). He also established the 
following inequality: 


[- [ terenraray =e | / Lf (x,y)? dx dy, (15.110) 


where C, is a constant depending on p that is independent of f. The reader will 
recognize this as the extension of the M. Riesz theorem on T to two dimensions. If 
f(x,y) logt If@,y)| € L, then Ho f(x,y) exists a.e. (Zygmund, 1949), and 


TU ca po TU 1 
(/ if He f(s»)? dv dy) < Ay [ i fy) | lost IF @, 9) idx dy 4-4, 
(15.111) 


where A, is a constant depending exclusively on p, and 0 < p < 1. Zygmund also 
discusses an n-dimensional analog of this formula. The proofs of Eqs. (15.110) and 
(15.111) can be found in the cited references of Sok6t-Sokotski and Zygmund. 


15.11 A Calderoén—Zygmund inequality 
The generalization of the Riesz inequality to E” is associated with Calderon and 
Zygmund and is referred to as the Calderon—Zygmund inequality. It will be instructive 
to consider first a specialized case. Let f € L?(R*), with 1 <p < ow; then, the double 
Hilbert transform satisfies 


Hof lip < Cpllf lp. (15.112) 
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Making use of the factorization indicated by Eq. (15.35), 
An f = HayHeyf, (15.113) 
and so it follows that 
Hof lp = IH Hef lp = GIA@S lp S Gllf lip» (15.114) 


where the standard Riesz inequality for the Hilbert transform has been employed 
twice. The generalization of this argument to the n-dimensional Hilbert transform is 
immediate, and yields 


I] Ay f 


k=1 


An f lp = 


P 


n 
= Ha | |4os 


k=2. Pp 


[]4of 


k=2 


=O, ; (15.115) 


P 


using the Riesz inequality. Continuing the argument with repeated application of the 
Riesz inequality leads to 


Inf lp < Crnllf lp, (15.116) 


where C) is a constant independent of f that depends on p and the dimension n. 
Equation (15.116) is a special case of the Calderon—Zygmund inequality. 

The extension of Eq. (15.116) to cover the generalized n-dimensional Hilbert trans- 
form H,,f, is now considered. For this case, the factorization argument is no longer 
available, so a different approach must be employed. Let f € L?(E"), with 1 <p<o, 
and assume that Q is an odd function and integrable on ©. Then 


Hie lp < CrallS lip. (15.117) 
lim Hie f — Unf \| > 9, (15.118) 

and 
WHrF lp < Corll f llp- (15.119) 


It is common to suppress the dependence of the constant C,,, on n, and henceforth this 
will be done. Equation (15.117) can be proved by reducing the problem to the corr- 
esponding one-dimensional case, and then taking advantage of previously developed 
results for the one-dimensional Hilbert transform. This is referred to as the method 
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of rotations. Making use of the fact that Q is odd and introducing polar coordinates 
leads to 


Q / 
Haye f (x) = S@—-y) ue dy 
|yl>e ly| 
Q / 
2) pew 
|y|>e ly" 
1 Q(y’ 
=5f  fe-v-so+ yi? gy 
2 Jiy|>e ly| 
=} f aura i Lf =v) =f @ + yer 
x € r 
1 
=5 / QV/)ge(x,y")dy’. (15.120) 
x 


Minkowski’s integral inequality takes the following form. If h > 0 and 1 <p <.o, 


then 
Pp 4p po 
| f ({, his.»)ay) ax| < / ({, hissy ax) dy, (15.121) 
En —n n En 


assuming the integrals exist. This result is occasionally referred to as Minkowski’s 
inequality. Related forms involving measures can also be written. Let h,y) = 
Q(y)f x,y); then, 


—1 


Q(y)f x, y)dy Nag ia <f Qi) f(x, yy? dx , dy. 
Je f20(f, 


(15.122) 


From Eq. (15.120), 


1 


Po 1 
/ Hef COI ax| =5 / 
EM EM 


and applying Minkowski’s integral inequality leads to 


p 7p! 
ax| | (15.123) 


[ Q(y')ge(x,9/)dy’ 


1 
Hnef lp a |2(y)|IIgeCy) |, a’ (15.124) 
x 
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To simplify the integration over E” in | ge(x,y) 


?? let H denote the hyperplane 
orthogonal to the line L = ty’; then, for w € H, it follows that 


ioe) ae has ; Pp 
ger)? = [fo =) fe tyler PP 
P EE € r 
=fa | se 
= w dt 
H —0COo € r 
oe) oO _ 7 - 
7 I aw f a i eee (15.125) 
H —c € r 


where /, a function of a single variable, has been introduced using h(s) = f(w + 
sy’). The reader will recognize the integral over r as being related to the truncated 
Hilbert transform in one dimension (see Eq. (3.87)), and on using Eq. (7.324) it 
follows that 


(oe) 
Jet» If =x? [ aw f dezincor 
H —0o 
= x? | Heh? dw 
H 
< Cp f ni aw 
H 
Cc 
=c f aw | [for + sy) |? ds 
H —0o 


= oa f(x)? dx 
En 
= GIs I8 (15.126) 


where as usual, C,, is a constant depending on p that is independent of f. Taking the 
p~'th power of Eq. (15.126), and inserting the result into Eq. (15.124), leads to 


Hae fllp S Coll Qi lp, (15.127) 


which gives the required result, Eq. (15.117). 

The proof of Eq. (15.119) can be obtained directly from the results given in 
Eqs. (15.117) and (15.118). The proof of Eq. (15.119) can be found in a number 
of sources; see, for example, Neri (1971, p. 91). There is one obvious item left to 
address, and that is the situation where Q is an even function. This case is treated at 
the end of the following section, using an approach based on the Riesz transform. 
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15.12 The Riesz transform 
The Riesz transform is defined by 


Rf) = oP | Tym © —y)dy, forl <j <n, (15.128) 
Re |y 


where 


P(@-+ 1)/2) 
Bes 


ol (nt D/2 (15.129) 
and I is the gamma function, which was defined in Chapter 4 by 
[o,@) 
T(z) =f ule“ du, Rez>0. (15.130) 
0 


The reader is reminded that in Eq. (15.128), x and y denote, respectively, (1, 
X2,..+,Xn) and (y1,V2,---,¥n). The particular case n = 1 yields the correspondence 
R, = H. Not surprisingly, the Riesz transform satisfies a number of results similar in 
structure to those satisfied by the Hilbert transform operator. A consideration of some 
of these results is now undertaken. The first result examined is the Fourier transform 
of the Riesz transform. This can be written as follows: 


FaRef (0) = Fah @). (15.131) 


Equation (15.131) can be obtained in a few different ways; a straightforward argument 
of Neri (1971, p. 101) is followed; see also Duoandikoetxea (2001, p. 76). First note 
that 


dle 


Ox; 


a 
=(l1—n)p.v. eT (15.132) 


Making use of this result for n > 1 leads to 


a 1 agin" 
Fp p.v. = Fy 
Pepe aa)” ag 
—_ 27 ig} rod l-n 
= pi 


_ 2nig w@PT1/2) 
(1 —n) P((m— 1)/2) 1 | 


gq ntl)/2 § 


‘Tat b/D [él 


meme (15.133) 
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and the following result has been employed in the derivation: 


F, \e\- = we 24—™)/2T((n — a)/2) |E|2-" Ke 
" ~ T(a/2) ‘ 


Equation (15.134) can be proved by first evaluating the Fourier transform of the 
Gaussian function in one dimension. Let f(t) = eo where A > 0, and set F'(x) = 
Ff (x), then observe that 


f'® = -20f . (15.135) 
Taking the Fourier transform yields 
Ff (w) = —2a F{wf (w)}. (15.136) 


Now, 


Ff" (w) = i eo aint di 


—Co 
oo . 
= 2niw / e edt 
—o0o 
= 2niwF (w), (15.137) 


and on taking the derivative with respective to w, leads to 


Fwf (w) = —F'(w). (15.138) 
2n 
From Eqs. (15.137), and (15.138), the following differential equation is obtained: 
F'(w) = —2awF(w), (15.139) 


where a = 4~'z*. The differential equation can be solved in a straightforward 
fashion by multiplying by e®” to give 


°F" (w) + 2awF(w)e™ = 0, (15.140) 
and hence 


4 2” RW) =0, (15.141) 
dw 
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so that 
F(w) =ce"*” (15.142) 


where the constant c can be found by evaluating the case w = 0; that is, 


lee) 
2 I 
c= e dt= —}], (15.143) 
is v5) 
and hence 
Cy —hw? ae ue —72)7!y2 
Fe) = /(=) e (15.144) 


The integral in Eq. (15.143) is evaluated by the well known technique of squaring the 
integral and converting to polar coordinates; this is left as an exercise for the reader. 
The particular case for 1 = z yields the formula 


2 


Feet) =e, (15.145) 


: : 2 ’ : 
Equation (15.144) is now employed to evaluate F,(e77*"!). The n-dimensional 
Fourier transform is separable into a product of one-dimensional Fourier transforms, 
so that 


Fe) = I] f 


eT IXKSE eT TAS ds, 
k=1 Te 
(15.146) 


One more preliminary result is required. The definition of the gamma function given 
in Eq. (15.130) is employed, with the restriction that z is a real variable, and let a = z. 
Using the change of variable u = mr? and the substitution B = 2a — | leads to 


[o,@) 
aes F@LDP) 7 
[ ree dr = an th)” for B > —1. (15.147) 


From Eq. (15.130), and using the change of variable u = ts with t > 0, it follows that 


- 1 i. a—1.—ts 
pts —— |] Pedy, (15.148) 
Ta) Jo 
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Introducing the substitution ¢ = z|x|? into Eq. (15.148), and taking the Fourier 
transform, yields 


Fn{T (ax) (zt |x|7)~%} (w) = ie st! Fy{e7 75" Vs 
0 


ie —1 2 
-| stents |w| gs t/2 ds 


0 
°° 2: 
=| eM 
0 
=a 6 7 a) (x lw? yo"”?, (15.149) 


where Eq. (15.145) has been used, the change of variable s = u~! has been employed, 
and Eq. (15.148) has been utilized a second time. Equation (15.134) follows directly 
from Eq. (15.149). The Fourier transform off (x) = |x|~“% has an operational meaning, 
in the sense that 


i Ff (GC dx = if S00) FG)" de, (15.150) 


where the test function ¢ is chosen such that @ € .“(IR”) (see Section 10.2). Equation 
(15.150) is the n-dimensional form of Eq. (10.62). 
From the definition given in Eq. (15.128), it can be established that 


Rif X) = nf * Kj), (15.151) 


where the kernel K; is defined by Kj = p.v.(x;/ |x|"*!). Taking the Fourier transform 
yields 


FR f (x) = CnF nf) FnKj (x) 


- Tix 
= CnF nf (x)| —— }, (15.152) 
Cn |x| 
where Eq. (15.133) has been employed. Hence, Eq. (15.131) is obtained. 
One result that follows immediately from Eq. (15.131) is a bound for ||R; f |l2. If 
f € 1? (R"), noting that |x;| < |x|, then 


Xk 


IFnRif lla = | 
|x| 


Fraf| < Fn flo - (15.153) 
2 
Applying the Parseval formula to each side of the last inequality leads to 


Ref ll2 < If ll2- (15.154) 
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The Riesz transform operators satisfy 
n 
yiR = —], (15.155) 
j=! 


This formula holds for functions f € L?(E”"), with 1 < p < oo. The preceding 
formula also occurs in the literature without the minus sign, which is due to a slightly 
different definition of the Riesz transform: a —i factor is included in the definition 
of the constant c, given in Eq. (15.129). The case p = 2 is considered first. Starting 
with 

Xk 
a 


FrReg(x) = — cl 


Fngx), (15.156) 


and setting g = R;f, yields 


FpR2f (e) = i FoR f (x) 


XE ge 
=~ Ta Fal. (15.157) 


Summing over k leads to 


n 1 n 
So FRS 0) = —s GE Fnf 
k=1 Ix k=1 

= —F, f (x), (15.158) 


and taking the inverse Fourier transform yields 
n 
REF @) = -f@), (15.159) 
k=1 


and Eq. (15.155) follows. From the previous section (see Eq. (15.119)), the operators 
Ry are continuous in L?, and Eq. (15.154) may be extended by continuity to L?(E”), 
with | < p < ~, so that 


Rif lip < Coll fllp- (15.160) 


Riesz transforms find important applications in establishing bounds for various 
partial derivatives of a function. The Laplacian operator A is defined by 


he (15.161) 


30 Hilbert transforms in E” 


If f has compact support and satisfies f € C”, then the norm of 07 f /8x; dx; is bounded 
as follows: 


where the constant C,, depends on p but is independent of /. To establish this result 
the following identity is proved first: 


ar 


Ox; OXK 


af 


OXjOX; 


| <Cyl|Afllp, for 1 <p < 00, (15.162) 
Pp 


= —RR,Af. (15.163) 


Starting with the Fourier transform of df /dx; and integrating by parts, yields 


F;, | Of (x) = is Of (s) eo ot ixs ds 


OX, oo ISK 


oo es 
= 27ix, i f(sje27!*5 ds 
—C 


= 27ix, Fy f (x). (15.164) 
Repeating the same operation yields 
a2 
Fy | fe) = Amn x;x4 Fy f (0). (15.165) 
OXj OX 


In a similar manner it follows that 


a 2 
nasey= 3 | ALO 


k=1 


= —40? Sf Fn f @) 


k=1 
= —477 |x|? Fi, f (x). (15.166) 


Employing Eqs. (15.131), (15.165), and (15.166), leads to 


2 —ix;\ (i 
Fal asa | = (pi) (ar) ar 


OxjOXK |x| |x| 


=~ (Fi) Gr) are 


=- (=) Fmaron 


|x| 


—FyrRi RAS (x), (15.167) 
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from which Eq. (15.163) follows on taking the inverse Fourier transform. Noting that 
the Riesz transform is just a particular case of Eq. (15.6), Eqs. (15.119) and (15.163) 
may be used to obtain 


Of 
= |RARLA 
las = etal 
< CIIReAS I, » (15.168) 
and hence 
or 
ZC AFL 15.169 
EAE PIAS II, ( ) 


which is the required result. 

An item of unfinished business from Section 15.11 is the case where Q is an even 
function. Let f € L?(E”), with | < p < oo, assume that Q is even and has mean 
value zero on ©, and that Q € L7(X) with g > 1; then, 


WHrf lp < Gllf llp- (15.170) 


The main idea involved in the proof is now sketched. Consider the composition R;H pn 
and denote this by the operator 7;. Suppose 7; f satisfies 


Q f 
ho= | ~eay2™ 


dy. (15.171) 
|y|>e ly" 


Since the kernel function is odd, it is the composition of even and odd operators, and 
hence Eq. (15.119) can be employed to write 


IZf1, < Gllflly. (15.172) 
P 


Making use of the property of the Riesz transforms given in Eq. (15.155), 


Unf) = —) PRHnf 0) = — DIRT SO). (15.173) 


j=l j=! 
From this last result it follows, on using Minkowski’s inequality, that 


pe 


P 
IMafllp = { f |DoRt.AeD] a 
j=l 


n 
Se RTS, (15.174) 
j=l 


32 Hilbert transforms in E” 


Equations (15.160) and (15.172) yield 
IR, = GIGS, = Ollf lp (15.175) 
and therefore from Eqs. (15.172) and (15.174) it follows that 


Hf llp < Cll flip (15.176) 


which is the required result. Discussion on the justification for the representation 
given in Eq. (15.171) can be found in Duoandikoetxea (2001, p. 77) or Stein 
and Weiss (1971, p. 224), to which the interested reader is directed for further 
details. 


15.13 The n-dimensional Hilbert transform of distributions 


Anumber of the results from Chapter 10 can be generalized to treat the n-dimensional 
Hilbert transform of distributions. There is more than one approach that can be 
employed, and the basic ideas that are involved in the different techniques are 
sketched. 

Let X¥” and Y” denote, respectively, m- and n-dimensional Euclidean spaces. 


Points in the space X” are denoted byx = (x1, x2,...,Xm) and those in the space Y” by 
y = (¥1,92,---+>¥n). The Cartesian product of these two spaces is denoted by X” x Y”. 
Points in this product space are represented by (x, y) = (X1,X2,---,XmsV1>V2>-++5Yn)- 


The spaces of infinitely differentiable functions with compact support on. X”, Y”, and 
xX” x Y" are denoted by Dy, D,, and Dy, », respectively, and the corresponding spaces 
of distributions are denoted by D{,, Dy. and Dy. y» Tespectively. Let $(x, y) be a test 
function satisfying @(x, y) € Dx, y, and let 7, and S, designate two distributions such 
that 7, € Di, and S, € Di. The tensor product of these two distributions is denoted, 
as in the one-dimensional case, by T ® S, and represents a distribution belonging to 


D...y, which is defined by 


(Tx @ Sy, PY) = (Les (Sys & (5Y)))- (15.177) 


Suppose the test function ¢(x,y) can be written in the form @(@,y) = g(x) W(y), 
where g(x) and y(y) are test functions in D, and D,,, respectively. Then the preceding 
definition can be expressed as follows: 


(Tx @ Sy, bs Y)) = (Tr, P@)) (Sy, W(Y))- (15.178) 


The commutative property for the tensor product can be then readily established. If 
R, is a third distribution such that R, € D';, and there is a test function #(x, y,z) 
such that (x,y,z) € Dy, y,z, where D, y,, denotes the space. X” x ¥" x Z?, then the 
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associative property, 
T, ® {Sy @ Rz} = {Tx ® S,} @ Re, (15.179) 


can be readily established. 
The support of the tensor product satisfies 


supp{7; ® S,} = supp{7x} x supp{Sy}. (15.180) 


A proof of this result can be found in several sources; see, for example, Kanwal 
(1998, p. 177). 

The convolution introduced in Eq. (10.102) can be generalized to higher dimen- 
sions as follows: 


(T «S,@) = (T, @ Se, o(n + &)), (15.181) 


where the distributions T and S belong to R”, and (7, €), denotes a point in the 2n- 
dimensional Euclidean space. The support of the distribution 7; ® S¢ is the set of 
pairs (n,&), where 7 € supp{7} and € € supp{S}. Let K = supp{@}, then the support 
of f(y + &) is the set of pairs (y,&) that satisfy 7 + € € K, which leads to a strip 
in the 2n-dimensional Euclidean space. Recall the discussion in Section 10.6 for the 
case n = 1. The support of (7 + &) is not bounded. Just as for the case n = 1, 
Eq. (15.181) has a well defined meaning if the intersection of the supports of 7, ® Sz 
and @(n + €) is bounded. This condition is certainly satisfied if the support of T or S 
is bounded, or if both T and S have supports bounded from the left, or if both T and 
S have supports bounded from the right. 

Equation (15.181) can be generalized to cover the convolution product of more 
than two distributions. If T, S, and R are distributions that belong to R”, then the 
convolution can be defined as follows: 


(T *S*R,b) = (Ty, @ Se @Rr, O(N +E + 8)), (15.182) 


and this exists if (7 + € + ¢) is bounded, where 7,&, and ¢ belong to the sets 
supp{7}, supp{S}, and supp{R}, respectively. 

The convolution of distributions belonging to the space D7,» is now considered, 
and this leads directly to a definition of the n-dimensional Hilbert transform for dis- 
tributions. The approach of Horvath (1956) is followed and his notation is employed. 
This notation is often used in the literature, but differs slightly from that employed 
in Section 15.1. Ifx € R”, then the norm of x is given by Eq. (15.1). The unit sphere 
Sn—1 is defined by the locus of points for which |x| = 1. The radial projection of x 
onto S;,—1 is denoted by ox, and this satisfies o, = x|x|7!. Each x can be written in 
the form x = ro, and ox € S,_1. Let k(o) denote a function that is integrable on 


34 Hilbert transforms in E” 


Sy—1 and satisfies 
i k(o)do = 0. (15.183) 
Sn-1 


The distribution K is introduced according to the definition 


K pg (15.184) 
and 
K(¢) = tim, f MO) saya, (15.185) 


where the test function @ satisfies ¢ € D. Horvath proved the following two proposi- 
tions. The limit in the preceding equation exists and defines a distribution. To establish 
this, consider 


k(o) 


Kz (x) = rn 
0, r<eé. 


, r>e 


(15.186) 


Using ideas from the discussion of Section 15.1, the reader should try to establish 
that K,(x) is a locally integrable function and that the right-hand side of Eq. (15.185) 
tends to a finite limit. 

For the second proposition, suppose that 


if |k(a)|"do < oo, forl<s<o, (15.187) 
Sn-1 


then K € D{,. This result can be established in the following manner. Let a(x) 
denote a test function with the following properties: 


0<a(@) <1 (15.188) 
and 
a(x) =1, for |x| < 1, (15.189) 
and satisfying w(x) € D. The distribution K can be expressed as follows: 
K=aK+(1—a)k. (15.190) 


Since a has compact support, the term aK has compact support, and hence it follows, 
on making use of Eq. (10.35), that 


ak e& CDs. (15.191) 
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The term (1 — w)K belongs to L*, which can be seen as follows: 


CO AY 
fio-oxpacs [Of POP a 
1 Sn-1 Los 
co dr 
— k S 
[amet [Morr ao 


< O, (15.192) 


where the last follows using Eq. (15.187). Hence, (1 —w)K € L*, and since L’ C Dj, 
the proposition is proved. 

If Eq. (15.187) is satisfied for some s > 1, it follows that K € D/p, for 1 <p < oo. 
This result is obtained by selecting a p such that 1 < p < s, and using the proposition 
just given. If s < p < oo, employ Dj; C Dip. 

Horvath defined a generalization of the Hilbert transform for a distribution T 
satisfying T € D{», by the following convolution formula: 


HT =(K *T), (15.193) 


and he proved the following theorem. Let Eq. (15.187) be satisfied for some s > 1; 
then, T — K « T is a continuous mapping of D/, into D),, for 1 < p < oo. The 
interested reader may pursue the proof of this result in Horvath (1956). 

The ideas from Section 10.7 can be carried over to the n-dimensional space R”. If 
T € Di p(R") and S € Di}, (R"), the convolution S * T exists and S * T € D},(R"). 
The n-dimensional Hilbert transform of the distribution T € D{,(R") can be defined 
in terms of the convolution with the tensor product of the distributions p.v.(1/x;,); that 
is, p.v.(1/x1) ® p.v.1/x2) ®@ +--+ @ p.v.(1/xn), for 1 < p < 00, so that, in symbolic 
form, 


H,T = hy vos ® oni @-:-®@ pus (15.194) 

me x] x2 Xn 

Pandey and his colleagues have discussed the Hilbert transform of distributions 
in n-dimensions in some different spaces, and a few of these ideas are concisely 
outlined in the sequel. For the two spaces, .~ and Z,, which were introduced in 
Section 10.14, Pandey (1982) defined the n-dimensional analogs in the following way. 
The space .“ (IR”) consists of those functions belonging to .“(R”) which vanish in 
an open interval containing the origin. The space Z;(R”) consists of those functions 
belonging to .“(R”) which are the Fourier transforms of functions belonging to 
-/ (IR). Pandey defined the Hilbert transform of a tempered distribution 7 in R” by 
the following formula: 


(AnT, Fn (x)) = (-i)"(T, Fn(sgnxg(x))), Ve € A(R"). (15.195) 
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The inversion formula takes the following symbolic form: 


H?T = (-1)"T, (15.196) 


which can be derived in a manner similar to that displayed in Eq. (10.247). 
Chaudhry and Pandey (1985) provide an alternative definition. Let XY (R”) denote 
the space of test functions ¢ € D(R”) such that, for finite £, 


k 
& = > bm 1) 6m.2%2)6m3 3) ++ mans (15.197) 
m=1 


with dm, € DCR), and suppose that d/o € L?(R") forj = 0,1,... and 1 <p < oo. 
The Hilbert transform of the test functions in XY (R”) is given by 


k 


1 dm,1 (t1) Pm,2 (t2)bm,3 (03) + ++ bmn (tn) 
And(x) = — P s = s s dt. (15.198) 
m” dX R T]i=1 Gi — 4) 
With this definition it follows that 
Hag = (-1)"¢, Vo €X(R"), (15.199) 


and the reader is left to ponder the proof. 

Chaudhry and Pandey defined, by analogy to the classical Parseval-type formula, 
(see Eq. (10.81) and the extension for distributions in D/,, (R) given in Eq. (10.83)), 
the Hilbert transform for distributions T € D/,,(R”), by the following formula: 


(HnT, 6) = (T,(-1)"And), Vo € Di (R"), (15.200) 


where p and qg denote conjugate exponents and 1 < p < ov. In symbolic form the 
inversion property 


HT =(-1)"T, VT € D,,(R"), (15.201) 


can be derived from the definition in Eq. (15.200). 

Singh and Pandey (1990a) introduced a space of test functions @ denoted by 
H (IR"), defined in the following way. The test functions satisfy the following: (i) 
o@ € C™ on R"; (ii) there exists ag € D(R"), with d(4) = Ayg(t). This general- 
izes the start of the discussion in Section 10.14 to R”. The inclusion relation for this 
space is 7 (IR") C Dy» (R"). The space of continuous linear functionals on #(R") is 
denoted by #’(R"). This space satisfies the inclusion condition D/,(R") C #’(R"), 
with 1 < p < oo. Further details on this space can be found in the work of Singh 
and Pandey. The Hilbert transform of a distribution T € D'(R") is defined to be an 
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ultradistribution H,T € 7'(IR") such that 
(HnT,@) = (T,(—1)"Ang), Vo € @(R"). (15.202) 


If T ¢ #’(R"), then Singh and Pandey define the n-dimensional Hilbert transform 
H,T to be a Schwartz distribution given by the following formula: 


(AnT,~) = (T,(—-l)"Ang), We € DR"). (15.203) 
From this definition, the following result is obtained: 
H, =(-1)"1, on D'(R"), (15.204) 


which is left for the reader to prove. 

The n-dimensional Hilbert transform is a homeomorphism from D z7(R”) to 
Drv (R"), for | < p < oo. This result can be established in a straightforward manner 
from the n = | case, and the proof is sketched following the approach of Pandey and 
Chaudhry (1983). Let 6 € Dz» (R"), for 1 < p < ow, and set g = H@; then, 


gx) = |p pdt 
1 Soon Hot 


=-2P [ o(t+x)dt 
Xx Joo t 


Op, b(t +x)dt Lp f p(t + x)dt ae b(t +x)dt 
= ue _N t mw JIN t 


IU 


00 t 


= ofS o(t+x)dt a {p(t +x) — o(x)}de a b(t + x)dt 
7 - mw IN t : 


ue 00 t uw J_N t 
(15.205) 
The function g(x, t) is introduced by 
Pt +x) — o@) 
(x,t) = i ea (15.206) 


$'(x), t=0, 


and then 


1 o(t+xdt 1 
gx) = i} 
\t(|>N 


IT t 4 


/ g(x, t)dt. (15.207) 
N>=(|t| 
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iy g(t + x)dt if p00) 4 
TW JitisN t H JN>|¢| Ox 


a @#¢+xd¢ 1... i {P(x +t) — d'(x)}dt 
t TIN>|t|>e t 


Hence, 


(Hp (x))’ 


sN t mW e«—>04 


1 / o(tt+x)dt 1... / og’ (x + t)dt 
= lim —_—— 
TS \tl>N t T e>0+ JN>|t\>¢ t 
. g' (x + t)dt 
=— lim ———— 
Ee 0+ Jitise t 
— Hd" (x). (15.208) 


The argument can be extended by induction to show that 


ak ak 
—H. = H— : 
sat (x) 5k OO), Vk EN (15.209) 


Hence, it follows that H@ € Dzr(R), for 1 < p < ov. By the Riesz inequality, it 
follows that 


ak ko i 
aye? <G ak | Vk EZ’, (15.210) 
P P 
and continuity of H follows. From the inversion formula H* = —J, it follows that 
H~' = —H, and, because H is continuous, so is H~!. Since H is invertible, it is 


bijective. Hence, the Hilbert transform is ahomeomorphism from Dz» (R) to Dz (R). 
Taking advantage of the factorization given by Eq. (15.35) allows the preceding result 
to be extended to the n-dimensional Hilbert transform. That is, H,, is a homeomor- 
phism from Dz» (R”) to Dzp (R"”), for 1 < p < oo. The details are left for the reader 
to complete. 

From the discussion of this section it follows that the Hilbert transform operator is 
a linear isomorphism from Dj,» (R) to D{,, (R) for 1 < p < oo (Pandey and Chaudhry, 
1983; Pandey, 1996, p. 97). This result can be generalized to the n-dimensional case, 
so that H,, is an isomorphism from Dj,» (IR") to Di)» (R"), for 1 < p < oo. 


15.14 Connection with analytic functions 


The astute reader will have noticed the absence of any discussion so far on the connec- 
tion of the Hilbert transforms in E” with analytic functions. Historically, the important 
developments for the n-dimensional Hilbert transform theory did not evolve from the 
theory of several complex variables. This can be contrasted sharply with the situation 
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for the one-dimensional case, where the theory of one complex variable played a 
central role. E. M. Stein, one of the modern masters of the subject, expressed this in 
the following way (Stein, 1998, p. 1132): “It is ironic that complex methods with their 
great power and success in the one-dimensional theory actually stood in the way of 
progress to higher dimensions and appeared to block further progress.” In this section 
just a couple of points connected with the topic are mentioned very concisely; the 
end-notes give suggestions for further exploration. 

The theory of functions of several complex variables is not a simple extension of the 
corresponding one-variable theory. There are results for the -variable theory (n > 1) 
that do not have counterparts for the one-variable theory. Differences show up, for 
example, in the case of conformal mapping of an analytic function of one variable, 
versus attempts to conformally map an analytic function of more than one variable. 
An important area is to characterize the domains D C C” (n > 1) that are or are not 
domains of holomorphy. This contrasts sharply with the corresponding situation for 
the case n = 1. 

Let f(z], 2Z2,...,Zn) denote a function of m complex variables with the customary 
assignment 


Ze=xX+ig, K=M1,...,0. (15.211) 


The function f(z1,Z2,...,Zn) is analytic in a 2n-dimensional domain D Cc C” if, 
at every point in the domain, the derivative with respect to each complex vari- 
able is defined. This is often supplemented by the requirement that the function 
is continuous in D. The latter statement is a consequence of the former, but its adop- 
tion makes the proof of various theorems simpler. That the continuity statement is 
redundant was established at the turn of the twentieth century by F. Hartogs. An 
alternative approach is to define a holomorphic function as follows. The function 
f ({1,22,-+-+,Zn) 1s holomorphic ina domain D C C” ifa power series development of 
the form 


Co wo (oe) 

f (21,225... 2n= + ie De aa. Gis 2m (zo — 20) on aes 20) Hn 
Mi M2 Ln 

(15.212) 


can be written for each point z in D. This definition of a holomorphic function 
implies the previous definition. Other statements for a function to be analytic in 
several variables can be given (see, for example, Krantz (1982, p. 3)). 

Let u and v denote the real and imaginary parts of f. The Cauchy—Riemann 
equations take the form 


= ae eee (15.213) 
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and 
3 3 
ey ee eee (15.214) 
OVE OX, 
From these results it follows that 
au a 
is eS eu gh (15.215) 
Ox; = OVE 
atu $ Eo he peg sp (15.216) 
OxKOx) — OVRIY Roe Fee 
and 
a? a? 
ie a PL Gao cg (15.217) 


Oxpdy) — OyR AX) a 


The reader is left to consider what results are obtained for the function v. 

The Cauchy integral formula for a function of several variables can be cast in 
the following form. Let f(z),22,...,Z,) be holomorphic in a neighborhood of the 
domain D formed from the direct product D; x D2 x D3 x --+ x Dy; then, 


| f (Wi, W2,--.5Wn) dw dw2--- dwy 

Sf @1,225.++2n) = = . 
(2711) dD, xdD2x:+--xdDp (Ww, —_ Z1)(wW2 — Z2) Soge (Wp = Zn) 

(15.218) 


where 0D; denotes the boundary of the domain D,. There is a distinction between the 

one-variable formula and the preceding result. For the case n = 1, the integral is over 

the complete boundary of the domain, whereas in Eq. (15.218), applied to the case 

n = 2, the integral is over a two-dimensional manifold, but the complete topological 

boundary is of dimension 2 — 1; that is, it would be a three-dimensional manifold. 
If the function f (z1,Z2,...,Z,) can be expressed as follows: 


Sf (21,225 +++52Zn) = &(Z15225--+52n) (15.219) 
h(z\,22, ae »Zn) 


in the neighborhood of the point (w1, w2,...,W,), where both the functions g and h 
are analytic at (w1,w2,...,Wp»), and 


g(W1,W2,.--,Wn) x 0 (15.220) 
and 


A(w1,W2,---,Wn) = 0, (15.221) 
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then f has a pole at the point (w1,w2,...,w,). The locus of points in the 2n — 
2-dimensional manifold, where 


h(z1,22,.--5Zn) = 0, (15.222) 


will denote the other poles of the function /. 

A result worth noting is the extension of the Sokhotsky—Plemelj relations to the 
case of more than one variable. Recall from Sections 3.7 and 3.8 that the Sokhotsky— 
Plemelj formulas play an important role in establishing the inversion formula for 
the Cauchy integral, and this can be applied directly to the Hilbert transform. For 
the case of more than one variable, the complexity increases somewhat. If n = 2, 
there are four relationships: two involving a single-variable Cauchy integral over the 
boundaries dD, and dD2, respectively, a double integral over the product dD; x dD2, 
and a fourth relationship relating the kernel function to be determined in terms of the 
components of the function f(z) that are holomorphic in various domains Dj, D2, 
and their complements. 

The ease with which Eq. (15.218) can be employed to derive useful connections 
between the real and imaginary components of a function f depends directly on 
establishing the domain of holomorphy for this function. There are a small number 
of applications that have employed this type of approach; namely a few problems in 
scattering theory, and some limited applications in nonlinear optics. 


Notes 


§15.1 For those wishing to explore the details of the Calder6n—Zygmund methods, 
the papers of Calder6én and Zygmund (1952, 1954, 1955, 1956a,b, 1957); the works 
by Zygmund (1956b, 1957, 1971); and the books by Neri (1971), Stein and Weiss 
(1971), Journé (1983), Torchinsky (1986), Christ (1990), Meyer and Coifman (1997), 
and Duoandikoetxea (2001), provide good starting points. Pioneering work on the 
topic was carried out by Tricomi (1926), Giraud (1934, 1936), and especially Mikhlin 
(see under the alternative spelling Mihlin (1950)). For further insights, see Horvath 
(1953b), Cotlar (1955), Fabes and Riviére (1966), and Ferrando, Jones, and Reinhold 
(1996). For a discussion of the Hilbert transform in the complex plane, see Reich 
(1967) and Iwaniec (1987). Parts of the discussion of this section are based on Neri 
(1971, chap. 4). For some connections with Clifford analysis, see Delanghe (2004), 
Brackx and De Schepper (2005a, 2005b), Brackx, De Knock, and De Schepper 
(2006a), Brackx, De Schepper, and Eelbode (2006b), and Brackx et al. (2006c). 
§15.2 For additional reading, see Pandey (1996). 

§15.3. Some further work on aspects of the double Hilbert transform can be found 
in Duffin (1957), Fefferman (1972), Basinger (1976), and Prestini (1985). For an 
application in power spectra measurements, see Stark, Bennett, and Arm (1969). 
§15.4 Fora discussion of the inversion of the multi-dimensional Hilbert transform, 
see Bitsadze (1987). 
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§15.7. See Pandey (1996, p. 186) for more discussion on dilation and transla- 
tion operators in connection with the n-dimensional Hilbert transform. For some 
background reading on the one-dimensional case, see McLean and Elliott (1988). 
§15.10 For further reading, see Sokdt-Sokoskil (1947), Zygmund (1949), Calderon 
and Zygmund (1954), and Helson (1958, 1959). 

§15.11 The method of rotations is due to Calder6n and Zygmund (1956a). 

§15.12 Some additional sources for information on the Riesz transform are the 
books by Stein (1970, 1993), and the papers by Horvath (1959), Berkson and Gillespie 
(1985), Bafuelos and Wang (1995), and Iwaniec and Martin (1996). For a discussion 
on hypersingular Hilbert—Riesz kernels, see Horvath et a/. (1987). Further reading on 
the case of even kernels can be found in Neri (1971, p. 104), Stein and Weiss (1971, 
p. 224), and Duoandikoetxea (2001, p. 77). The Riesz transforms of the Gaussian are 
calculated in Kochneff (1995). For a discussion of a related operator, see Fefferman 
(1971). 

§15.13 Additional reading on the n-dimensional Hilbert transform of distributions 
can be found in Horvath (1956), Vladimirov (1979), Pandey (1996), and a series 
of papers by Pandey and his collaborators: Pandey (1982), Chaudhry and Pandey 
(1985), and Singh and Pandey (1990a, 1990b). The latter authors have proved that 
the n-dimensional Hilbert transform is an automorphism on D{,(R") for | < p < 00 
(Singh and Pandey, 1990a). For a proof of the statement connecting the invertible 
property of an operator with its bijective property, see, for example, Kantorovich and 
Akilov (1982, p. 152). An account of the many contibutions of John Horvath can be 
found in Ortner (2004). 

§15.14 For some sources on the theory of several complex variables at the intro- 
ductory level, see Cartan (1963), Bremermann (1965b), Osgood (1966), and Krantz 
(1987, 1990), and for a more advanced discussion, see Krantz (1982). The article by 
Wightman (1960) might be of interest to physics students. See Fuks (1963, p. 34) for 
a discussion of the Sokhotsky—Plemelj relations for n > 1. 


Exercises 


15.1 Suppose f(s, ¢) has compact support and vanishes outside a circle of radius ro, 
and that f € L. Consider the logarithmic potential given by 


U(x,y) -| fa-s,y—t) le | jas ar 
E2 


1 
J (s2 + 07) 


show that the integral converges absolutely. 

15.2 Show that on almost every line parallel to either the x- or y-axis that U(x, y) 
defined in Exercise 15.1 is continuously differentiable. Show that the integrals 
corresponding to U,(x, y) and U;,(x, y) converge, and that these derivatives are 
absolutely continuous functions. 

15.3 With U(x, y) as defined in Exercise 15.1, evaluate Uy. (x,y) + Uyy (x,y). 


15.10 
15.11 
15.12 


15.13 
15.14 
15.15 
15.16 
15.17 


15.18 
15.19 
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IfQ €L'(d), and f € L'(E"), show that Hy ef exists a.e. 

Derive extensions to R” for the key results of McLean and Elliott given in 
Section 4.24. Determine if an n-dimensional version of Eq. (4.550) exists. 

Is there an analog of the Bedrosian theorem for the n-dimensional Hilbert 
transform? 

If f € L*(E"), show that the Riesz transforms satisfy Set Ref 5 = nal . 
Is there an analog of the Tricomi theorem for the n-dimensional Hilbert 
transform? 

If f ¢ L?(E"), for 1 < p < co andf > 0, show that 


if. (f,, ronan) ex] es a (/, f(xy? ex) ay 


Determine whether the Riesz transforms commute with translations. 

Do the Riesz transforms commute with dilations? 

If the distribution T in Eq. (15.193) is replaced by a function f € L?(R”), how 
is the statement after Eq. (15.193) modified? 

Evaluate the n-dimensional Hilbert transform of the distribution 
p.v.(1/x1x2x3 ++ +X») which belongs to Dip (R”), for 1 < p < oo. 

If 5(x) is shorthand for 5(x1,x2,...,Xn), Show that 6(x) € Di, (R"). 

Evaluate the n-dimensional Hilbert transform of the distribution 6 (x1,x2,...,Xn). 
If T € D),(R") and S € Dp (R"), solve the symbolic equation T = H,T +S. 
Consider both cases for even 1 and odd n. 

Given a distribution T € D’(R"), establish the derivative relationship a*H,T = 
H,0*T, for k € N. 

Prove Eq. (15.203). 

For distributions T €¢ D/(R") and S € D’(R"), determine if there is a solution 
for T of the equation H, {877 /dx,dx2} = S. 
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Some further extensions of the classical 
Hilbert transform 


16.1 Introduction 


The Hilbert transform on R and on T are traditionally regarded as the classical Hilbert 
transforms. The truncated Hilbert transform is an extension of the classical transform 
to the interval (a,b). When a and b are both finite, this leads to the finite Hilbert 
transform, which was discussed in Chapter 11. When the interval is (0, 00), the one- 
sided Hilbert transform is obtained, which is also referred to as the reduced Hilbert 
transform, and this was dealt with in Sections 8.3 and 12.7. In this chapter some 
extensions of these forms of the Hilbert transform are discussed, including both 
one-dimensional and some specialized n-dimensional cases. The preceding chapter 
discussed the standard n-dimensional case. Part of the motivation for considering 
several of these extensions is that they represent generalizations of results presented 
earlier for the Hilbert transform and some of its most common variants. A number of 
the forms discussed have not shown up in applied problems. From a mathematical 
standpoint, it is occasionally the case that the underlying methods that are used to 
establish results about some of these Hilbert transform extensions take on considerably 
greater importance than the particular end result. Many of these more specialized 
variants of the standard Hilbert transform are less widely known among workers in 
the physical sciences and engineering. 


16.2 An extension due to Redheffer 


The following discussion is based on Redheffer (1968, 1971). The kernel of the 
classical Hilbert transform on R can be expanded formally in the following ways 
(with ¢ the integration variable): 


1 a 
Kax-t= {i+ + pte], near ¢ = 0, (16.1) 
TTX xX xX 
and 
1 {x x 
Ka-ph= +> +:-++7, near |¢] = 00. (16.2) 
mx (t t 
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The function K,,(7) is introduced by 
Kn(r) =1ltrtr4+---+r"!, for |r| <1, (16.3) 
and 
Kn(r) + Km!) = 1, for |r| > 1. (16.4) 


Redheffer defined the modified Hilbert transform as follows: 


Ar, f (x) = ~Pf- \— = iG (=) roa (16.5) 


-~o |xX-t x x 


and the subscript on H is employed to distinguish the preceding integral from the 
classical Hilbert transform and to indicate the index m. Redheffer omits the factor 
of zr, but it is inserted here to retain consistency with previous formulas. In the vicinity 
of t — 0, the integral behaves like ies t"f(H{1 + O*M}dt, and ast > + oo it 
behaves like Tila tf (t){1 + O(t7!)}dt. If Hf exists, it follows that 


1 |x| 
Ar, f (x) = Af (x) — =a Je (16.6) 
and if f is an odd function, then 


Hr, f(x) = Hf). (16.7) 


Redheffer gave a weighted norm inequality for Hp,,f, which takes the form 


Re (16.8) 


[sep <C (p+) fair 
p m — {al 

where 3, is the Riesz constant, C is a positive constant, a = a — (1 — p~'), and 
|a| < m. The interested reader can pursue the proof of this result in Redheffer (1971). 
Several results discussed by Hardy and Littlewood (1936), Chen (1944), Babenko 
(1948), and Flett (1958) are obtained as special cases of Eq. (16.8), and some of these 
were discussed in Section 7.7. For example, consider the case m= 1, suppose f is an 
even function, and let 


|x| 


2 
g@=—] fod, (16.9) 
TX Jo 
then from Eq. (16.6) it follows that 


x Hf (x) = x" Ap, f (x) + x“g(x). (16.10) 
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Applying Minkowski’s inequality to this result yields 


ioe) p! ioe) p! loo) 2 
[ "arco? ax} <|{ i |x*AR, fo) |? ar| +| i ew | 


(16.11) 


—1 


The preceding result is simplified by applying an inequality of Hardy (Hardy et al., 
1952, p. 245): ifp > 1,r >1,andK@)= Je k(t)dt, then 


lee) P lee) 
i; IKON dx < ( a ) i xP" lk(x)|P de. (16.12) 
0 0 


Ir—1| 
Let 
K@ =x?" i, ” K(dt, (16.13) 
0 
with 
ko) = fo: (16.14) 
TTX 
then 
ie ae) des Co fe |x“ f@)/? dx, (16.15) 
0 0 


assuming that both integrals are well defined and that the constant C,,, depends on 
the indicated variables. In what follows, this constant is not necessarily the same at 
each occurrence. The preceding result can be rewritten as follows: 


Ix“e|, < Ga llx“/I,- (16.16) 
Taking advantage of Eqs. (16.15) and (16.8) allows Eq. (16.11) to be simplified to 


ioe) Be lore) p! 
[ |x“ Hf (x) |? ar| <Cig i [x4 feof ax} 


—1 


oo P 
+ Cha {f "roof axl ; (16.17) 
and hence 
[o.@) [o,@) 
/ [HK O) | de ee ‘f [x7 FG)? de. (16.18) 
0 0 
This is the Hardy—Littlewood inequality discussed in Section 7.7. The reader might 


like to explore Eq. (16.8) for the case f is even and m = 2, for which Hp, f = Hr, f, 
and determine what inequality results for Hf. 
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Redheffer also gave inequalities of the following form: 


Ar, f &) foe 
eae d+ Ix) IL, pmal a ipa (16.19) 
and 
oo | 2. a5 3 
[ Ol s cf rer ae, (16.20) 


The interested reader can pursue further discussion of these results in Redheffer 
(1971). 


16.3 Kober’s definition for the L® case 


Kober (1943a) gave an extension of the definition of the Hilbert transform operator 
when f € L™(R). He introduced the operator Hx via the definition 


i. f° 1 
He fils) = —P f lato | Foods, (16.21) 


where the sign has been reversed to be consistent with previous usage. This has 
been termed the renormalized Hilbert transform. Some writers use the same notation 


for both Kober’s operator and for the Hilbert transform operator. If f € L?(R) for 
1 < p < o, then Hx f and Hf differ only by a constant, which is equal to the 


integral 
1 ¢? ot 
ai £0 4 
KT Joo +1 


A key result is that the change of variables 


t=tan(0/2), x = tan(¢/2), (16.22) 
with 
0 
2(8) =f (tan >) ; (16.23) 
leads to (see Eqs. (3.128)—(3.133)) 


Ak f(x) = : Pf g(@) cot (= *) dé =H eg(). (16.24) 
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Recall that if F(z) = u(z)+iv(z) is analytic in the unit disc and u and v are real-valued, 
then 


rae =| 5 zi hee i®)dg, [2] <1. (16.25) 


Suppose that f is real-valued, then it follows that v(0) = 0, which is referred to as 
the normalization condition for the disc. For the upper-half complex plane, recall the 
following result: 


inf dl Ee (x — 
v(z) = a OM -—t,y) f(Odt = 7 he @= 7 7 xf (dt, (16.26) 


where Q(x, y) is the conjugate Poisson kernel. The normalization employed in this 
case is lim, u(x + iy) = 0. This result is often stated as v(ioo) = 0. For the case 
f € L®(R), the normalization is set as v(i) = 0, which follows directly from 


vz) = [. {Ox —t.y +a tate) Af@ode. (16.27) 


The preceding result leads directly to Kober’s formula for the operator Hx. The 
normalization condition u(i) = 0 ensures convergence of the integral in Eq. (16.21) 
ast > &. 

From Eggs. (16.24) and (6.34), it follows that 


Hg f(x) = Hg) 


1 8 
= —g(¢) + =| g(@)dé, (16.28) 


and reversing the change of variables introduced in Eq. (16.22) yields 


°° f(t)dt 
mfey = soy + =f FOS. (16.29) 
oo l+t 
In general, Hx f does not necessarily belong to L°(R). 
A straightforward calculation shows that 
(Hk f(-'))@7!) = -H f@). (16.30) 


Kober gave the following bound: 


lee) CO 
|x f(t)? dt / If@/P dt 
ae ea ee ———,  forl l<p. (1631 
I. Coe ee eee ee ee Te, 10RD 


This result can be proved by changing the integration range from (—oo, 00) to 
(—7, 7), taking note of Eq. (16.24), using a simple bound for cos(¢/2), and applying 
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the Riesz inequality Eq. (6.167). The reader is left to complete the details. Kober also 
gave the result that if f ¢ L°(R), and if 


Iftth —fOl<Clhi®, O<a<1, (16.32) 


uniformly in ¢, then Hx f satisfies a Lipschitz condition with the same order a as /. 


16.4 The Boas transform 


Boas (1936) was interested in characterizing the class of functions having a Fourier 
transform which vanished on a finite interval. The Boas transform emerged from that 
investigation, and it is defined by the following relationship: 


Bf(x) = -p [ {f(x+0) —f(@ — oO} sine de 


ca 2 
1 © in ¢ dt 

ee il Lee ae (16.33) 
x Joo t 


Note the close similarity to the Hilbert transform. Also note that the Hilbert transform 
has an intimate connection with Fourier transforms vanishing on a particular interval 
(see Section 4.15), which is one of the reasons for its central importance in numerous 
applications in engineering and the physical sciences. 


16.4.1 Connection with the Hilbert transform 


The first key result for the Boas transform is the following. If f is a trigonometric 
polynomial, 


{@) = > Be E ay. cos kx + by sin kx, (16.34) 
then 
Bf (x) = —Hf (x). (16.35) 


To prove the preceding result, the Boas transform of sin ax and cos ax are required. 
Let f(x) = sin ax, where a is a constant; then, 


. 1 (% {sina(x + ft) — sina(x — t)} sint dt 
B(sin ax) = 5 
Tw Jo t 
_ 2cosax ie sin at sin t dt 
0 


a C2 
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__ cosax ie {(a+ 1) sin(a+ 1)t+ C1 — a) sin(a — 1)t}dt 
= ; ; 


IU 


= cos ax{(a + 1) sgn(a+ 1) — (a— 1) sgn(a— 1}, (16.36) 


and an integration by parts has been used to simplify the integral. In a similar fashion, 
it follows for the case f (x) = cos ax that 


1 £&% {cos a(x + t) — cos a(x — t)} sint dt 
B(cos ax) = = Pa 


2 sin ax ie sin at sin t dt 
0 


a 2 


= -5 sin ax{(a + 1) sgn(a+ 1) — (a— 1) sgn(a — 1)}. (16.37) 


Since the Boas transform of a constant is zero, then, on using the last two results, 
Eq. (16.34) leads to 


Bfx= S > Blax cos kx + by sin kx} 
k=1 
1 


=5 Y [-ag sin kx{(k + 1) sgn(k + 1) — (k — 1) sgn(k — 1)} 
k=1 


+ by cos kx{(k + 1) sgn(A + 1) — (kK — 1) sgn(k — 1)}] 


= )-[=ag sin kx + by cos kx]. (16.38) 
k=1 


Since 


Hf (x) = bs aH (cos kx) + by H (sin kx) 
k=1 


n 
= )\ ag sin kx — by cos kx, (16.39) 
k=1 


Eq. (16.35) follows. 

A number of the properties of the Boas transform, with the focus being the con- 
nections with the Hilbert transform, are examined in the remainder of this section. 
The first property considered is the relationship between the Boas and the Hilbert 
transform for a general function for which both transforms exist. Let 


1— cost 


g(t) = ae (16.40) 


16.4 The Boas transform 51 


making use of H[x~2(1 — cosx)] = x72(x — sinx) yields 


(Hf *g)() = / (f(t) gx — tat 


-[- Pf ft (s)ds TS COs 
TJo Jo(x-tH-s £f 
1 £2 1 22 1 —cost 
x [os dor? f (@—) ae 


=f poo 
T J—oo 


(x — 5)? 
= Pf BOL wp f sfo—o-5 a (16.41) 
f J se Ras om Joe t 
from which it follows that 
Bf (x) = —Hf (x) + {Hf * g}(x). (16.42) 


16.4.2 Parseval-type formula for the Boas transform 


A Parseval-type formula holds for the Boas transform: 


ie h(x) Bf (x)dx = — ye FS (x) Bh(x) dx, (16.43) 


where f € L7(R) andh € L*(R). Using Eq. (16.42) and utilizing the Parseval-type 
formula for the Hilbert transform, Eq. (4.176), leads to 


[ a moa fendx = — f . mootpooae + f : hx) Hf * g\(a)dx 
_ i F(O)HAG)de + i . Hf (oth * g} (ode 
z is . FCO HhGode — a . SCH (hx g)(xdx 
- fc . Ff (e)[Hh(x) — (Hh  g)(x) |e 
= [ . f (x) Bh(x) dx. (16.44) 


Let A(x) = f(x); then it follows that 


i; 7 Sf (x) Bf (x)dx = 0, (16.45) 
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which is the analog of the orthogonality condition for the Hilbert transform (see 


Section 4.12). Let h(x) = Bf (x); then Eq. (16.43) yields 


/ = [Bf@)Pdx = — / * f ()B? f (de. (16.46) 


The Boas transform also satisfies 


i Bf (x)dx = 0. (16.47) 


The preceding formula is the analog of Eq. (4.204), and can be derived using the 
following result: 


in Bf (x)dx = — i Hf (x)dx + i ax f Hf (t)g(x — d)dt 


=| moo f- ASC OSD) 


oo a(x—t)? 
= - Aff (t)dt 


=0. (16.48) 


16.4.3 Iteration formula for the Boas transform 


The iteration property of the Boas transform is given by 
Bf (@) = —f@) + 2(f *g)@) — Cf #8 *g)@), (16.49) 


where g is defined in Eq. (16.40). This result can be established by taking advantage 
of the iteration property of the Hilbert transform: 
B? f (x) = B{-Hf (a) + H(f *g)@)} 
= —H|—Hf + H(f * g)\(x) + [H{—Hf + H(f * g)} * g]() 
= —fa)t+(f *g)@) +f — Cf *8)} * g1@): (16.50) 


hence, Eq. (16.49) follows. 


16.4.4 Riesz-type bound for the Boas transform 


There is an analog of the Riesz formula for the Boas transform. Consideration 
is restricted to the case f €L*(R). Starting from Eq. (16.42), then employing 
Minkowski’s inequality, 


Bf lle < Af Ilo + IIA CS * alle, (16.51) 
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and then using Eq. (4.172), leads to 


IBF ilo < If lle + IF * lle - (16.52) 
The convolution term in the preceding result can be simplified by employing Young’s 


inequality, which the reader will recall from Section 7.10: if f € Z?(R) andh € L7(R), 
then f * h € L”, where then, r~! = p~! + q7! — 1, and 


If * All, < WS lly WAllg- (16.53) 


Let h = g and note that g € L'(R); then, using Young’s inequality with g = | allows 
Eq. (16.52) to be written as follows: 


IBfll2 < A+ Iigi) Ile» (16.54) 


that is 


Bf lls <21f lle. (16.55) 


16.4.5 Fourier transform of the Boas transform 


The Fourier transform of the Boas transform takes the form 
FBf (x) = isgnx {1 -— Fg@)}Ff), (16.56) 
where 


° 1—cost _. 
F g(x) =) — dt 
_o «at 


Ix] >= 1 


0, 
= ta eRe eet (16.57) 


To establish Eq. (16.56), the analogous formula for the Hilbert transform is employed 
(see Eq. (5.3)), so that 


F Bf (x) = F{—-Hf + H(f * g)}() 
= isgnx Ff (x) —isgnx F(f * g)(x) 
= isgnx {1 — Fg(x)} Ff (x), (16.58) 


which is the required result. 
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16.4.6 Two theorems due to Boas 


Iff €L? for 1 <p <2, and Ff (x) vanishes a.e. on the interval (—1, 1), then Bf (x) = 
—Hf (x). Taking the Fourier transform of Eq. (16.42) leads to 


FBf (x) = —FHf (x) + FAS * g}(x) 
—F Hf (x) — isgnx Ff (x) F g(x), (16.59) 


and since g(x) = 0 for |x| > 1, and by the hypothesis on Ff (x), it follows that 

FB (x) = —F Hf (x). (16.60) 

Taking the inverse Fourier transform of the preceding equation completes the 
argument. 

Akey theorem of Boas, simplified to the particular case of Eq. (16.33), states that if 

f €L*(R), then a necessary and sufficient condition that Ff (x) = 0 a.e. on (—1, 1) 


is that B?f(x) = — f(x). To establish the necessary condition, proceed as follows. 
From Eq. (16.49), it follows, on taking the Fourier transform, that 


FB (x) = —Ff (x) + 2F (f * gx) — F(f *g* QQ) 
= —Ff (x) +2Ff (x) F g(x) — Ff (x){Fg@y’. (16.61) 


Since Fg(x) = 0 for |x| > 1, and if F#f(x) = 0 on (—1, 1), it follows that 
FB f (x) = —Ff (x). (16.62) 
Taking the inverse Fourier transform leads to 
Bf (x) = —f(x), (16.63) 


which is the desired result. To handle the sufficient condition, assume B? f(x) = 
—f (x). It follows that 


2(f *g)(x) — (f *g *g)(x) = 0, (16.64) 
and, on taking the Fourier transform, 
Ff x)2 — Fg(x)|F g(x) = 0. (16.65) 


On the interval (—1, 1), Fg) # 0 and [2 — Fg(x)] 4 0 (see Eq. (16.57)); it follows 
that on (—1, 1), F f(x) = 0. 


16.4 The Boas transform 55 


16.4.7 Inversion of the Boas transform 
Let h(x) = Bf (x), then from Eq. (16.58) it follows that 


Ff (x) = —isgnx [1 — Fg(x)] ho). (16.66) 
Taking the inverse Fourier transform yields the formal relationship 
f(x) =-iF ~'{sgnt [1 — Fe(Q} AM}. (16.67) 


An alternative and much more useful approach to the inversion of the Boas 
transform is as follows. Let 


P(x) = (Bf * W)@), (16.68) 


where 


1 . 
we! {= +f suEueee =|. (16.69) 
ue t 0 


u 
This particular choice for w is made so that the Fourier transform of w cancels 
part of the Fourier transform of Bf given in Eq. (16.58); that is, Fw(x) multiplied 


by isgnx (1 — (Fg)(x)) equals one. Taking the Fourier transform of Eq. (16.68) 
leads to 


Fo x) = F{BS * W}(x) = FBS (x) FY). (16.70) 


Now F w(x) can be evaluated as follows: 


1 lee) : gs 
Fw(x) — ~ | et {= +f sin ut ha, (16.71) 
0 


T Joo t u 


and the first integral contribution is given by 


OO>- « : OOo: : = 
-| (tla = _f sin(x + 1)t + sin(x Mt a 


HT J_oo t 20 J_o t 


= — 5 (sgn(x + 1) + sgn(x — 1)} 


as |x| < 1 


: (16.72) 
—isgnx, |x| > 1. 
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The second integral contribution is given by 


| 1 
it i i f sin ut du om 1 i du {elu _ eT ay 
I J—co 0 u 2im Jo Uu Joo 


if {5(u—x) —d(u+x)} 
= 1 du 
0 


u 
= ee |x| < 1 (16.73) 
0, Ix| > 1. 


The reader might like to investigate the starting double integral in the preceding 
equation without direct appeal to the Dirac delta function. From Eqs. (16.72) and 
(16.73), it follows that 


: 1 
Fy Pe Pied (16.74) 
—isgnx, |x| > 1. 
Using Eqs. (16.57), (16.58), (16.70), and (16.74) leads to 
FOX) = FBS @)F YW) 


; . 1 
= FFs) {isgn x |x|} {-ip.-| Ix| < 1 
{isgnx}{—isgn x}, |x| > 1 


= Ff (x). (16.75) 


Taking the inverse Fourier transform of the preceding equation leads to 


lee) Tce 
fo = ~| afer {+ | aaa au} (16.76) 
TW Joo t 0 Uu 


which is the required inversion formula. 


16.4.8 Generalization of the Boas transform 


There is a generalization of the Boas transform which takes the form (Boas, 1936) 


Bf(x) = “Pf EE Oe (16.77) 
a 0 t 
If H(z) is an even function, then Eq. (16.77) can be written as 
Bf(x) = =P | —— (16.78) 


The generalized transform is defined for any x for which the integral exists, taken 
in the sense of limg_s9 limy-+ 0 fe. Let h denote a continuous function of bounded 
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variation on the interval (—1, 1); then the function H is expressed in terms of the 
following integral: 


1 
H(t) =i) cos st dh(s), (16.79) 
Lf 


and H(x) has bounded variation on the interval (xp, 0o) for some xo, or h(s) is the 
integral of a function k(s) of bounded variation on the interval (—1, 1). The choice 
H(t) = t7! sin ¢, that is take h(s) = s/2, recovers the first definition of the Boas 
transform given in Eq. (16.33). The interested reader can pursue further information 
on this generalization in the cited work of Boas. 

The operator 8 is introduced by the following relationship: 


Bi~= apf fxto {= +f A(w) sin ut aula, (16.80) 
A straightforward calculation shows that if h(u) = 1, 
BH (x) = —Hf (x), (16.81) 
and that if h(w) = u, then 
BH (x) = BS (x). (16.82) 


So 8 can be regarded as incorporating both the Hilbert and Boas transform operators, 
and is therefore a generalization of both. Let h(s) be selected such that dh(s) = 
(1/2)(dh(s)/ds) ds, with h(s) odd and h(1) = 1; then, from Eq. (16.79), it follows 
that 


H(t ! 
“0 - — +f h(u) sin ut du, (16.83) 
0 


which makes the connection between the generalized Boas transform given in 
Eq. (16.78) and the operator 8 defined by Eq. (16.80). 
Heinig (1979) considered a generalization of the Boas transform of the form 


Bn f(x) = apf YOse =e (=) dt. (16.84) 
0 


t t 


This transform is connected to functions having a Fourier transform vanishing out- 
side the interval (—n, n). Not surprisingly, the Boas—Heinig transform B, f satisfies 
a number of properties closely related to Bf. Some of these are developed in the 
exercises. 
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16.5 The bilinear Hilbert transform 


The bilinear singular integral operator is defined by 


Hal f(x), g(x) = 27! lim ° fa —Ng@ + at)dt 


é>0 lt|>e t 


(16.85) 


where ais aconstant. To establish some of the key theorems for H,( f, g), itis common 
practice to take f and g belonging to the Schwartz class .“(R) of smooth functions 
decaying rapidly at infinity on the real line. The bilinear singular integral operator 
is commonly defined without the factor of x~!, but this factor is incorporated so 
that the special cases examined are related directly to the standard Hilbert transform, 
without the appearance of additional factors of 2. The particular case a = | defines 
the bilinear Hilbert transform, that is, 


Ay(f(),80) = 7! lim eS = vee Oe (16.86) 
There are three special cases for H,( f, g). The first is a = 0, which yields 
Ao( f (&), 8) = g@)Hf (x). (16.87) 
The second special case is a = —1, which leads to 
A_\( f(x), g(«)) = A{f@)g@)}. (16.88) 


The third case is a = oo. Using the change of variable w = at in Eq. (16.85), and 
taking the limit a > oo, leads to 


%° f(x- a~'w)g(x + w)dw 


Hoo ( f (x), g(x) = 27! lim lim , (16.89) 
é—>0 a> 00 lt|>e w 
and so 
Hoo( f (x), (%)) = —f @) He (x). (16.90) 


As a simple example, consider, for real constants a and £, 
f(@) =sinax, g(x) =cos Bx; (16.91) 
then a straightforward calculation yields 


sin a(x — t) cos B(x + at)dt 
t 


1 [o,@) 
Ha( f (&),8@)) = ~P | 


— : {sgn(a + aB) cos(a — B)x + sgn(a — aB) cos(a + B)x}, 


aa 
(16.92) 
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and hence the bilinear Hilbert transform evaluates to 


1 
A (f(x), g(@)) = — 5 sen(o + B) cos(a — B)x + sgn(a — B) cos(a + B)x}. 
(16.93) 


The other special cases a=0,—1, and oo of Eq. (16.92) can be quickly shown 
to correspond with the results obtained from Eqs. (16.87), (16.88), and (16.90), 
respectively. 

The bilinear Hilbert transform has the obvious added complication relative to 
the normal Hilbert transform, in that its value is controlled by the behavior of two 
functions in the vicinity of the singularity. Let 


fOH™AD, -2@) =e "ai; (16.94) 


and insert these into Eq. (16.86); then, 


; se —t t)dt 
Hi(f@),g@)) = 2 1e7™* tim Ae ‘as eee (16.95) 
ECU S |t|>e 
Taking the modulus leads to 
IM(f.g)| = IMi( fg. (16.96) 


That is, the modulus of the bilinear Hilbert transform is invariant to a simultaneous 
introduction of identical phase components as in Eq. (16.94). 

A key question concerning the operator H,(f,g) is whether or not there exist 
estimates of the form 


Ha fs 2) lp S Ca.pr.p2 IF lip llSllp» » (16.97) 


where the constant Cz), », depends on a, p;, and p2, but is independent of the functions 

f and g, and p~! = pe + Py ' Calderon (1965) was interested in the commutators 
of singular integral operators. A fundamental question that arises is whether or not 
H,(f,g) is a bounded operator from L* x L” to L' (see Jones (1994)). This became 
known as Calderén’s conjecture. From the boundedness of H( f, g), certain bounds 
for commutators of singular integral operators follow. Equation (16.97) encompasses 
Calderén’s conjecture. It took about thirty years to resolve this problem, which was 
finally accomplished by Lacey and Thiele (1997b, 1999). Their result is stated as 
follows. If a € R\{0,—1},1 < pi, p2 < 00, and 2/3 < p < ow, then Eq. (16.97) 
holds for Vf, g € .(R). The interested reader can pursue the proof, which involves 
some elaborate mathematical machinery, in the references just cited. 
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16.6 The vectorial Hilbert transform 


Let h; denote the vectorial distribution: 


P+ p/2 x 
TS SPP GDP pe 


(16.98) 


where I'(n) denotes a gamma function, x = (%1,x2,...,X) is a point in R” with 
n > 2,|x| is the norm of x, and the notation r = |x| is employed. The components of 
hy are given by 


M+) Yi) 
nT jf re 


pF S Ny Zhe 5 


where Y;(c) is a spherical harmonic, x = ro, ando ¢€ S"—!, where S"—! denotes the 
unit sphere. The Fourier transform of h; is given by (Horvath, 1956) 


F nhy(E) = (-i)! s (16.99) 
where & = (&1, &o,...,&,) isapoint in R”. Horvath (1956) defined the vectorial Hilbert 
transform of a distribution T € D{, as follows: 

H[T]=hj)*xT, j=1,2,... (16.100) 
Note that 


F nlhy * {hy * TH] = {Fink {F nti * TY} 
= {Fah F nh HF nT} 


= (pit! git 


aan 


= {Flip F nT} 
= F {hj * T}. (16.101) 


From this result it follows that 
Hy [H)[T]] = Aj * {hy * T} = Aji * T = H+ /[T7]. (16.102) 


Hence, it follows that the operators H; form a semigroup under composition. 


16.7 The directional Hilbert transform 


In this section the form of certain directional operators in the plane is indicated. 
Let @ denote an angle, and e!” will be employed as shorthand notation to specify a 
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point (cos @, sin @). That is, el? represents a direction in S'. The truncated directional 
Hilbert transform operator is defined by 


1 f(x — tel)dt 


TS \t\|>e t 


Hoe f (x) = (16.103) 


Setting 6 = 0 recovers the standard truncated Hilbert transform; recall Eq. (3.3). The 


directional Hilbert transform operator is then defined by 


yal? 
Apentne | LeS2® 


(16.104) 
e>0 7 Sit\>e t 
The directional maximal Hilbert transform is defined by 
Hy, f (x) = sup |Ho,ef (| - (16.105) 
e>0 


In the literature, the notation most frequently employed to denote a maximal trans- 
form operator is to use a superscript *, so that the operator of Eq. (16.105) would be 
given as H;.. In this work the symbol * has been reserved for the conjugation oper- 
ation. A similar comment applies to other maximal operators introduced later in this 
chapter. The operators appearing in Eqs. (16.104) and 16.105) are bounded operators 
in L7(R7), for 1 <p <oo. Duoandikoetxea and Vargas (1995) gave the following 
lemma. Let f be a radial function; then, 


1 / 
Hof —Hofll<Cpla—6'|'” Ifll,, for 1<p <2, (16.106) 


where p’ is the conjugate exponent of p and C, is a constant independent of f. A 
related result for 2 < p < oo can be given. The interested reader can pursue the proof 
in the given reference. 

An alternative definition for the directional Hilbert transform is employed by Carro 
(1998). Adding a factor of x ~!, and noting the possible singular structure of the kernel, 
the directional Hilbert transform is defined by 


HO@= te, Geen 


HT e>0 J \t\>¢ t 


(16.107) 


where ¢ € R and x € R”, so that (x — t) = (x1 —t,x2 —1,...,X, — 0). 

Garcia-Cuerva and Rubio De Francia (1985, p. 571) gave another definition for the 
directional Hilbert transform. Let {v;};~1 be a set of unit vectors in R2. The directional 
Hilbert transform along v; is denoted by H;, and, for f € I? LP with 1 < p < 0, 
it is defined by the following formula: 


FH f (E) = —i sgn - uj) FFE). (16.108) 


The directional Hilbert transform operator H; is bounded in L? (R?), for 1 < p<@m. 
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16.8 Hilbert transforms along curves 
The Hilbert transform along a curve is defined in the following manner: 
1 %° f(x — P(t))dt . 
Hy f (x) = oP , xeR’, (16.109) 


a t 


where I(t) denotes a smooth curve in R” and it is assumed in the sequel that (0) = 0. 
It is common practice to define Hf with the factor of 7~! excluded, but it will be 
retained here so that, for the case I(t) = t¢, the standard definition of the Hilbert 
transform is obtained. The Hilbert transform along a curve specified by (¢, P(4)) in 
IR? takes the following form: 


Apf (x,y) = <P ft Pie By EOE (16.110) 


=e t 


A fundamental question is to determine for which curves I'(¢) and for what values of 
p is Hy a bounded operator on L?(R”). This question, proposed about thirty years 
ago by E. M. Stein, has attracted considerable attention. There are known examples 
of curves belonging to C® in R” for which Hr is not bounded for all L?. 

It is a result of Stein and Wainger (1970) that Hp is bounded on L?(R") if P(t) is 
of the form F'(#) = ({¢|“! sgnt,..., |¢|°" sgn), for all a; > 0. Nagel, Riviére, and 
Wainger (1976) extended this result to the case L? (R”), for 1 < p < co andarbitrary n. 
That is, 


rf lly < Co lf Ip» (16.111) 


where the constant C, depends only on p and I’. The reader will recognize this as 
the extension of the Riesz inequality to cover the case of the Hilbert transform on a 
particular class of curves. 

Letaand b satisfy 0 < a < b < ow, thenthe expression for Hrf can be decomposed 
in the following manner: 


Lof f@=T@jde 1 —T()d 
Hrf@) = =P aC Oro : a rionee 
—a a<|t|< 
Lap eee, (16.112) 
HS \t\>b t 


The second integral on the right-hand side of this equation is straightforward to deal 
with for functions of the class L?(IR”), for 1 < p < oo. The preceding dissection of 
the integral means that to determine the bounded properties of Hr/f, it is necessary 
only to focus attention on the behavior of the curve near the origin and at infinity. 
Some authors define a modified Hilbert transform on a curve I’ in R”, with n > 2, 
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by the following formula: 


Hrf(x) = for x € R", (16.113) 


Lp f fer P@)de 
8 =| t 

in which, as previously mentioned, the 2! factor is typically omitted. Studying the 
bounded properties of this integral is clearly an essential component of studying the 
bounded behavior of Hrf. Consider the plane curve [ € R* having the following 
properties: F(t) =(t, y(t), with y(¢) an odd function, and y(t) € C’, such that 
y(t) > 0, fort > 0. Let h(t) = ty’() — y (0). Ifh satisfies the condition 


1 
A(Ct) > 2h(t), forO<t< Cc (16.114) 


where C is a positive constant, then h is said to have a bounded doubling “time,” or, 
more simply, h is said to satisfy the doubling property. A key result of Nagel et al. 
(1986) is the following. If the plane curve I'(f) satisfies the preceding conditions, it 
follows that 


|Frf |, <A llfll. (16.115) 


iff h satisfies the doubling property. The interested reader can pursue the proof in the 
cited reference. Related discussion for the operator Hp, including consideration of 
the case p 4 2, can be found in Cordoba et al. (1986) and Carbery et al. (1989). The 
latter authors construct the following example. Let I(t) = (t, y(£)) be a plane curve 
defined for |t| => 1, such that y(f) is an odd function and is linear on the intervals 
2) <t<2/t!, forj € Zt, and satisfies 


y(2/) =j2/, forjeZ*. (16.116) 


Then Hr is a bounded operator on L? (IR?) only for p = 2. 

A multiple Hilbert transform along a surface can be written (Nagel and Wainger, 
1977) as a generalization of Hr. Let o (¢) denote a surface and let f € Cp° (R"); then, 
the multiple Hilbert transform on the surface o (t), denoted H,, is defined by 


1 dt; dt, 
Hof (iy) = — tim ' aol f(x —o(0)) - so. (16.117) 
e<|t|< € n 


0 
rage <|tnl<N 


With the appropriate choice of o (t), this form can be simplified to the n-dimensional 
Hilbert transform H,, f given in Eq. (15.26). 


16.9 The ergodic Hilbert transform 


The ergodic Hilbert transform is introduced in this section. Some preliminary infor- 
mation on ergodic theory is considered first. Ergodic theory evolved from the ergodic 
hypothesis in statistical mechanics, advanced by Boltzmann in the latter part of the 
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nineteenth century. The study of the relationship between time and ensemble aver- 
ages for the properties of a system in classical statistical mechanics falls under the 
umbrella of ergodic theory. For example, suppose a property is observed over a long 
period of time, and further suppose that this long time interval can be subdivided into 
segments, so that the observations over the subintervals can be regarded as different 
systems comprising an ensemble. Observations on a single system at N arbitrary 
times can be made, or N arbitrary systems can be measured at the same time. The 
ergodic hypothesis is a statement about the equivalence of these two averages for 
properties in a statistical sense. When the equivalence of the two types of averages is 
postulated, it is often referred to as the quasi-ergodic hypothesis. 

In mathematics, the focus of ergodic theory is the study of the properties of measur- 
able transformations. Mean ergodic theory is concerned with the convergence of the 
sequence of averages of appropriate transformations. To introduce the basic ideas, 
some terminology is needed. Let X denote a non-empty set and denote by & any 
collection of subsets {4;, A2,...} of X which satisfy the following properties: 


(i) if 4; and 4; belong to & then A; U A; belongs to Z, and 
(ii) if A; and A; belong to Z then A; — A; belongs to Z&. 


The collection # is called a ring of sets on_X. It is called a o-ring on X if it also 
contains the countable union of any collection of A;. A ring with the property that X 
is also an element is called an algebra. A o-ring with the property that X is also an 
element is referred to as a o-algebra. 

Anon-negative countably additive set function jz defined on & is termed a measure 
on the o-algebra &. If u(X) < oo, then p is a finite measure. If X is the union of a 
countable collection of sets 4; « #, with the property (4;) < 00, then pz is calledao- 
finite measure. The combination (X, @) is called a measurable space and (X, &, i) 
is termed a measure space. If the sets are Borel sets (recall Section 2.11) then the 
measure space is written as (Y, 8, 1). If the Borel sets B; satisfy B} 1 By = S, then 


lee) lee) 
“| U8] =>) u@), (16.118) 
j=! j=) 


which is termed the “countable additivity property” of the measure. 
Consider a measure space (X,&, 1) and a linear operator T such that T € 
L'(X, B, w). Suppose T satisfies the following properties: 


f =0, ae. > Tf > 0,ae., (16.119) 
/ Th ldu < / ifldy, (16.120) 
xX xX 
and, for C > 0, 


If] <C, ae. > |Tf| < C,ae. (16.121) 


16.9 The ergodic Hilbert transform 65 
For a non-negative n, let R,( f) denote the sum 


n 


ae k 
Rif) = 5 LF (16.122) 


Just a couple of the key classical results concerning R,,( f) are indicated. For a finite 
measure p4(#) and a measuring preserving transformation 7 of Z into itself, then, for 
f €L', the limit limy.. Bn( f) converges a.e. Suppose that the conditions in Eqs. 
(16.119) —(16.121) are satisfied and that f € L? for 1 <p, then there is an operator Y 
such that 


f+Tft-+T"f 
n+1 


lim | ”| = 0. (16.123) 
This is a statement of the mean ergodic theorem, and a proof can be found in Garsia 
(1970, p. 19). 

The ergodic Hilbert transform associated with the invertible measure preserving 
transformation T is defined by 


n 
ol 
Hf = lim. Se ee (16.124) 
k=-n 


where the prime on the summation indicates that the term with k = 0 is excluded from 
the sum. The ergodic maximal Hilbert transform is defined by 


n 


rl 
Hy. f = sup) >> ae (16.125) 


n>1 heh 


By analogy with the definition of R, f in Eq. (16.122), let R, f be given by 


n 
rl k : 
R=); ree (16.126) 
k=—-n 
then 
Hf = lim R,(f), (16.127) 
noo 


taken in the pointwise sense. For f € L?(du), with 1 < p < on, Hf exists a.e., and, 
in addition, Hy f < © ae. 

The ergodic Hilbert transform and the ergodic maximal Hilbert transform satisfy 
the following inequalities (Cotlar, 1955): 


fires f irra (16.128) 
Xx XxX 
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and 
/ lu f |? du < a if du, (16.129) 
XxX XxX 


where C, denotes a constant independent of f, different in the two inequalities, 
1 <p < o, and f € L?(dyu). There are several results that are equivalent to the 
statement immediately following Eq. (16.127), including Eqs. (16.128) and (16.129) 
(see, for example, Fernandez-Cabrera, Martin-Reyes, and Torrea (1995)). In fact, both 
the statement and the preceding two inequalities can be generalized. The interested 
reader can pursue the details in Fernandez-Cabrera et al. (1995). 


16.10 The helical Hilbert transform 


In this section T : X — X denotes an invertible measure-preserving transformation 
and (X, &, ) denotes a o-finite measure space. The operator T is defined by 


Tf (x) = f (Tx). (16.130) 


The helical Hilbert transform associated with the invertible measure-preserving 
transformation T is defined by 


n 
Hof = lim, ye (16.131) 


=n 


where the prime on the summation indicates that the term with k = 0 is excluded 
from the sum. This is also sometimes termed the rotated ergodic Hilbert transform. 
The corresponding maximal helical Hilbert transform operator is defined by 


iké 
Tf): (16.132) 


n 
re 
Hm, f = sup :3 


n>0 heh k 

There is a discrete analog of Eqs. (16.130) and (16.131). Leta € ?(Z) and@ €R; 
then the discrete helical Hilbert transform is defined by 
n e2ri( j—8 


Hoa(j) = lim EO -# (16.133) 


k=—-n 


and 


Am,a( j) = sup |Heat j)| . (16.134) 
6 


The operator Hy, is bounded, that is, for a constant C and a € P(Z), 
|Hm,al| 2 < Cllalle. (16.135) 


and C is independent of a. 
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A double maximal helical operator is defined (Campbell and Petersen, 1989; Assani 
and Petersen, 1992) as follows: 


n , e2TikO 
Hyvaf = sup | >> ew , (16.136) 


n>1,0 han H 
which is a bounded operator for all f € L7(X, 8, 2), so that 


Hurl |, < CW lo, (16.137) 


where the constant C is independent of f. For all 4 > 0 and f € L’, there exists a 
constant C > 0 such that 


C 
Hx: Avy £0) > APS = ISI (16.138) 
Areader interested in the proof of these results should consult the references just cited. 
Assani and Petersen (1992) also prove an analog of Eq. (16.134) for the discrete case 


as follows: 


|All <Cllallz, forae P(Z). (16.139) 


16.11 Some miscellaneous extensions of the Hilbert transform 
Okikiolu (1967b, 1971, p. 432) gave the following form: 


Aw f@) = apf Oe (16.140) 


ee oe 


where v is a real constant and Okikiolu’s choice of sign convention has been 
retained. The notation H(,) in Eq. (16.140) is employed with a meaning different than 
in Chapter 15 (see Eq. (15.35)). The following results are due to Okikiolu (1967b, 
1971, p. 432). Ifp-!—1 < v <p7!, with 1 <p < oo, then Hy) : L?(R) > L?(R). 
For f € L?(R), the iteration property takes the following form: 


Hy f@) =f), ae. (16.141) 


Iff ¢ L?(R) and g € L7(R), with g the conjugate exponent to p, then 


/ (Hwy f) (x) g(x)dx = -{ Sx) (A(-wg) @)dx. (16.142) 


The preceding two results have the familiar form of the corresponding results for the 
operator H. It is left to the reader to provide the necessary proofs. 
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Okikiolu (1965a, 1967a) has investigated the following integrals: 


Gef 6s) = =P f {cosa(t — x)[1 — ae —x)}f dt (16.143) 
4 —00 (t — x) 
and 
Lye)— =P f {1 — cosa(t Ss (16.144) 
1s —0o (t — x) 


and Kober (1964) and Okikiolu (1965a, 1967a) have studied the related integrals, 


Be) = Pf SE eee (16.145) 
Ls —0o (t—x)* 

ee i Oe (16.146) 
TW Joo t—-x 

oe 1 i (1 = cosa(t =a} fae fiasaay 
TW Joo t—x 

Cee 1 ‘e {1 =e ee (16.148) 
TH J—oo @=x)? 

E,f() = 2 ce, cosa(t —x){1 — ese 2m (16.149) 
IE Se (t — x)? 

and 

yf) = 2 de sina(t — x){1 — cosa(lt— xf Ode (16.150) 

HT J—oo (t — x)? 


Assuming that f is well behaved, that is, f is continuous on R, then the integrals 
in Eqs. (16.146)—(16.150) are not singular integrals. These integrals define aux- 
ilary functions which are useful in treating integrals like those occurring in Eqs. 
(16.143), (16.144), and the Boas transform, defined in a slightly more general- 
ized way in Eq. (16.145) (compare with Eq. (16.33)). Each of the integrals in 
Eqs. (16.143)—(16.150) can be viewed as defining a particular transform operator. 
There are a quite a number of relationships between the operators just defined; just a 
couple of representative results are presented. The interested reader can explore the 
proofs of these and other related results in the Exercises. 

If f €L?(R), for | <p<oo, then Gy f €L?(R). For functions f € L?(R), with 
1 <p < oo, the operator Gy commutes with the operators Dg, Eg,Sg, and Tg. Under 
appropriate conditions, the operator Gg can be related to both the Hilbert trans- 
form operator and the Boas transform operator By. Further details can be pursued in 
Okikiolu (1965a). 
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Notes 


§16.3 Additional discussion on Kober’s form and the connection with the Hilbert 
transform for the disc can be found in Koizumi (1959b, 1960), Garnett (1981, 
pp. 109-110), Dyn’kin (1991, p. 210) and Koosis (1998, p. 108). For an exten- 
sion of Koizumi’s work, see Matsuoka (1991). In a recent work, Mashreghi (2001) 
considered the evaluation of Hx f for f(x) = log |sinx| and f(x) = log |p(x)|, where 
p(x) is a polynomial. 

§16.4 For further reading on the Boas transform, see Goldberg (1960) and Zayed 
(1996, chap. 15). 

§16.4.7 The inversion of the Boas transform is discussed in Heywood (1963) and 
Zaidi (1976, 1977). A consideration of transforms related to the Boas transform, 
as well as some additional relationships satisfied by this transform, can be found 
in Okikiolu (1965a, 1966, 1967a). A weighted inequality for the Boas transform is 
treated in Andersen (1995). 

§16.5 Additional comments and investigations on the bilinear Hilbert transform can 
be found in Grafakos (1996/7), Lacey and Thiele (1997a, 1997b, 1998, 1999), Lacey 
(1998), Duoandikoetxea (2001), Buchkovska and Pilipovic (2002), and Blasco and 
Villarroya (2003). Bounds for the bilinear form P fe f(x -—at)g(x — Br)dt/t, with 
a, B € R, are considered in Grafakos and Li (2004). A bilinear operator for the disc 
is discussed in Grafakos and Li (2006). 

§16.8 For further reading on Hilbert transforms on curves and some extensions, see 
the following: Stein and Wainger (1970, 1978), Nagel, Riviere, and Wainger (1974), 
Nagel and Wainger (1976, 1977), Nagel et al. (1976, 1983, 1986), Nagel, Stein, and 
Wainger (1979), Weinberg (1981), Christ (1985), Cordoba et al. (1986), Carbery 
et al. (1989, 1995), Saal (1990), Saal and Urciuolo (1993), Ziesler (1994, 1995), 
Kim (1995), and Chandarana (1996). The latter author studied the hypersingular 
extension of the Hilbert transform along curves. For discussion of some results for 
the treatment of the maximal functions associated with Hp and Hp, see Stein and 
Wainger (1978). 

§16.9 Aconcise exposition on ergodic theory can be found in Garsia (1970). For a 
more in depth discussion, see Petersen (1983b). A proof of the existence of the ergodic 
Hilbert transform can be found in Petersen (1983a); see also Jajte (1987). Weighted 
versions of the inequalities of this section and extensions are discussed in Atencia 
and Martin-Reyes (1983, 1984), Gallardo (1989), Gallardo and Martin-Reyes (1989), 
Sato (1998 [2000]), and Panman (1999). Some further reading on the ergodic Hilbert 
transform can be found in Sato (1986, 1987a, 1987b), Ephremidze (1998, 2003), 
Derriennic and Lin (2001), and Cohen and Lin (2003). 

§16.10 Further details on the helical Hilbert transform can be found in Assani and 
Petersen (1992). 

§16.11 There is an extension of Okikiolu’s Eq. (16.140) with |x|~” and |¢|” replaced 
by p(x)! and p(t), respectively, where p(x) is an even and a.e. positive function 
defined on (—oo, 00); see Benedek and Panzone (1971). Kober (1967) has studied 
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some further extensions of the Hilbert transform where the Hilbert kernel (x — t)~! 
is replaced by (x — t)*~!. Carbery, Ricci, and Wright (1998) have defined the 
“superhilbert transform” by 


oy 


T, f (x) = sup |Hpf (x)| = sup 
pEBn peBn 


oY dt 
[se- yor 


where the class of polynomials of degree at most n in the variable ¢ is denoted by B,, 
and the condition p(0) = 0 is employed. The operator 7, is bounded on L7(R) for 
q > n. For some additional reading on miscellaneous forms of the Hilbert transform, 
see Artiaga (1964) and Heywood (1967). An extension of the Hilbert transform, called 
the Gaussian Hilbert transform, has been defined with a kernel function involving a 
Gaussian-type kernel function (Moran and Urbina, 1998). 


Exercises 


16.1 Evaluate Ap,,,, f(x) — Ar, f() form = 1. 

16.2 Given g(x) = Hr,, f (x), determine /. Indicate the conditions on f required to 
carry out this inversion. 

16.3 If (1 +2)~!f(t) € L(R), determine which of the integrals in Eqs. (16.21), 
(16.26), and (16.27) are bounded. 

16.4 If(1+27)—'f(@ € L(R), what is the analogous result to Eq. (16.28)? Specify 
the range of any constant parameters that you introduce. 

16.5 If the condition in Exercise 16.4 is changed to (1 + |¢|)~!f(#) € L(R), what 
is the analogous result to Eq. (16.28)? Specify the range of any constant 
parameters that you introduce. 

16.6 Evaluate the Boas transform of the functions cas ax and sinc ax, where a is a 
constant. 

16.7 Is the Boas transform operator a linear operator? 

16.8 Is the Boas transform a translation-invariant operator? 

16.9 If 


Bh as urea 
i: uly (=) dt = ~[1- A, @)].n EN, 
0 t t 2 


determine A,,(x). 

16.10 Determine the functions g, (x) such that ¥ g,(x) = A,(x), where A, is defined 
in Exercise 16.9 andn € N. 

16.11 If f e€ L?(R), determine B,, f in terms of Hf and g,(x), where the latter 
function is defined in Exercise 16.10. 

16.12 Iff € L*(R), show that ||B, flo < If llo- 

16.13 Iff € L7(R), evaluate Bef in terms of f and gy. 

16.14 Establish the conditions for ( f * gn)(x) = 0. 


16.15 


16.16 


16.17 


16.18 
16.19 


16.20 


16.21 


16.22 


16.23 
16.24 


16.25 


16.26 


16.27 
16.28 
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Determine a necessary and sufficient condition for (Ff)(x) = 0 ae. on 
(—n,n), withn EN. 
If f and g belong to L?(R), determine, forn € N, ifthe following relationships 
are true: 

(i) [23 SO@OBrS (w)dx = 0; 

(ii) [5 (Bn f GOP dx = — [2 F@OBiS de; 
iii) [, SOOBng (dx = — PS, g@)Bn f dx; 
(iv) (7S, Buf @) Bng(x)dx = — [PS f(@) Brg @de. 
Determine if the operator H,( f, g) commutes with the translation operator 
on R. 
Does the operator H,( f, g) commute with the dilation operator? 
Let I'(t) be the curve ¢%, for0 < ¢t < 1 witha > 0, and at + b for large ¢ with 
b # 0. Determine whether 


Arf (x,y) = xp f F@—t,y—~TO)dt 


t 


is bounded on L?(R2). 

If f € L?(R), for 1 < p < oo, and Dy is the operator defined in Eq. (16.146), 
evaluate Du Dp f. 

If f ¢ L?(R), for 1 < p < oo, and Sy is the operator defined in Eq. (16.147), 
evaluate Sy Sg f. 

Evaluate [Dy, H] and [Sy, H]. 

If f € L?(R), for | < p < ~, evaluate HS, f and HD, f. 

If f € L?(R), for 1 < p < ow, and g € L4(R) for suitable g, determine 
whether the following hold: 


/ Sf @)Dagx)dx = / &(x)Daf (x) dx, 


and 


[o,@) [o,@) 
i fx) Sag (x)dx = -{ B(X)Sa f (x) dx. 

—C —0o 
If f € L?(R), for 1 < p < ~w, evaluate HE, f and HT, f, where the operators 
Eq and Ty are defined in Eqs. (16.149) and (16.150), respectively. 
If f € L?(R), for 1 < p < o, find expressions for (d/dx)Sqf and 
(d/dx)Dof. 
Evaluate [Ey, Tq]. 
If f ¢ L?(R), for 1 < p < oo, find expressions for T? f and E2 f. 
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16.29 Express the Boas transform operator By in terms of the operators H, Dy, 
and Sy. 

16.30 Determine an inversion formula for Gg f. 

16.31 Okikiolu (1965b) investigated the following integral: 


1 p eee 
21 (a) sin(za/2) Jo t 


Determine the inversion formula for this integral. 


, for0 <a <1. 


a(x) = 


17 


Linear systems and causality 


17.1 Systems 


This chapter is concerned with setting up the foundations that allow the connection 
between causality and analyticity to be established. The interplay between these two 
topics and the Hilbert transform is also treated. The material of this chapter lays the 
basis for many of the applications discussed in the following chapters. 

Consider the arrangement in Figure 17.1, where the input to the system is denoted 
by i, and r designates the output response. The input and output could be of the 
same nature, for example a voltage, or very different variables, for example a voltage 
input, with the output being a physical displacement of a mass. As an example of 
Figure 17.1, consider the input to be the driving force acting on a simple oscillator 
arrangement with a mass hanging from a fixed point by a spring. The output is the 
displacement of the mass. The input has some dependence on time, and likewise 
the output response. Henceforth, the temporal dependence is made explicit. Often the 
input and output response are continuous functions of the time variable, but this is not 
a requirement. In later sections, the focus will include consideration of step function 
and impulse inputs. 

The term “system” refers to a device capable of converting an input into some 
output response. The output response should be totally characterized by the system 
input and the characteristics of the system. The qualifier active is used to denote a 
system containing sources of energy. A passive system contains no such sources. In 
what follows, consideration is restricted to passive systems. For such systems, the 
internal workings of the system do not spontaneously generate an output response in 
the absence of an input. 

A fundamental question to answer is the following. How is the response r(t) related 
to i(t)? The second issue to resolve is what must be explicitly known about the system 
in order to understand the relationship between r(t) and i(f). 


17.2 Linear systems 


This section considers the simplest possible type of system — the so-called linear 
system. Discussion of the more complicated nonlinear case is postponed to 
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Input Output response 
i r 


Figure 17.1. Arrangement of input, system, and output. 


Section 22.3. For a linear system, the output response scales in a linear fashion 
with respect to the input. That is, if the input is ci(t), then the output is cr(t), where 
c is some constant. If S is used to denote an operator that represents the function of 
the system, then symbolically 


r(t) = Si(t). (17.1) 


If i, (¢) and i2(t) denote distinct inputs to a system, then a linear system is character- 
ized by the following operation: 


S{ii() + 2(O} = Si) + Sir). (17.2) 
This is called the additivity property. It follows from Eq. (17.2) that, for a constant c, 
S{ci(t)} = cSi(t) = er(t). (17.3) 


This is termed the scaling or homogeneity property. If the output response from i) (t) 
is r1(t), and that from i2(f) is r2(t), then the output response from i; (t) + i2(f) is 
r1(t) + r2(t), or, more generally, for constants c; and c2, 


S{eyiy (t) + c2i2()} = ce Si1() + coSh(d) 
= cir, (t) + cora(t). (17.4) 


Equation (17.4) is a mathematical statement of the principle of superposition. 
Refinements to the preceding definition of a linear system and further discussion 
can be found in a number of sources, and a selection of references is given in the 
chapter end-notes. 

A very simple example of a linear system operator is the differential operator. 
Consider a system that functions by taking a time derivative of the input. Readers 
familiar with circuit analysis can imagine the form that such a system would take. 
Equation (17.1) becomes 


r= (175) 
and clearly 
d oy  Gi@ , diz) 
ap +inO}= a + °F (17.6) 
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Suppose that the function of the system is to take the square root of the input, that is 
r(t) = /Ji(t). (17.7) 
This is an example of a nonlinear system, since 


VO +20} 4 ViO + Jo (17.8) 


for general inputs i; (¢) and i2(f). 

An example is now investigated that is useful in later sections. Consider a damped 
harmonic oscillator, for which the displacement x(f) satisfies the following equation 
of motion: 

d?x(t) dx(¢) 


m 


where m is the mass, D is the damping force per unit velocity, and x is a force constant. 
Trying x(t) = ce“! as a possible solution of the differential equation, where c and A 
are constants, leads to 


m+ DvA+k=0, (17.10) 


and solutions of this quadratic equation are given by 


A= +v[2 =|. (17.11) 


and so the solution of Eq. (17.9) takes the form 


2 2 
x(t) = {4 exp E (a — “| + Bexp |= (= — “| | er Pee 
(17.12) 


where A and B are constants. The motion is described as overdamped if D* > 4mk, 
which corresponds to the situation where the damping force is larger than the restor- 
ing force, and hence the displaced mass comes slowly to the equilibrium position. 
The motion is called critically damped if D* = 4mk, and the displaced mass attains 
its permanent equilibrium position in the minimum time. When D* <4mk, the 
damping force is smaller than the restoring force. Let 


2 
Eee (17.13) 


o=y|> 


m  4m2 
and 


D 
a= —;3 (17.14) 
2m 
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Figure 17.2. Temporal behavior of damped harmonic oscillator. 


then 
x(t) = {Ael@l! 4 Bete e2!, (17.15) 
or 
x(t) = {acosat+ Bsinathe ", (17.16) 


where a and £ are constants. The behavior exhibited in Eq. (17.16) is referred to 
as “damped oscillatory motion.” An example of this type of motion is depicted in 
Figure 17.2 for the case aw = 1, 8 = 0,@, = 10, and w2 = 1. The dashed lines in the 
figure denote the boundary curves e~ 2! and —e~ 2". 

Consider a spring subjected to a periodic force fo coswt, where fp denotes the 
maximum value of the applied force and w is a circular frequency, which is equal 
to 27v, where v is the frequency. The term “angular frequency” is widely used 
synonomously for circular frequency. The output response x(t) in this linear pro- 
blem is the sum of a transient solution, the solution of the homogeneous differen- 
tial equation, Eq. (17.9), whose value decreases with time due to the presence of 
the damping factor, and a steady-state contribution, the solution of the following 
inhomogeneous differential equation: 

d?x(t) x(t) 


m— a + D+ kx) = fo coset. (17.17) 


The steady-state solution of this differential equation can be found by trying 


x(t) = Acos(at — @) (17.18) 
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as a solution, where A and @ are time-independent constants. Inserting this into 
Eq. (17.17) leads to 


fo cos(wt — @) 


th= ; 17.19 
(0 J [D?a* +(k- ma*)? | ( ) 
where 
Do 
tan@ = me (17.20) 
— mw 


This is the particular solution of Eq. (17.17). Ifx1(¢) is the output response when the 
applied force fo is zero, and x2(t) is the output when the applied force is fo cos wt, 
then it is a simple matter to prove that the total output response is given by 


x(t) = x1 (1) + x2(0), (17.21) 


which is a solution of the equation of motion, Eq. (17.17). In this example, and 
the linear systems considered previously, the requirement of time invariance of the 
system is implicitly assumed. That is, the characteristics of the system are assumed 
not to change with time. This is a highly idealized state, but an extremely convenient 
notion to introduce. 

Consider the oscillator problem once again, but now think about the situation 
where the damping factor is not constant and has some complicated dependence on 
x(t), or the restoring force has some complex dependence on x(t). Both these situa- 
tions would lead to nonlinear oscillation problems. Nonlinear problems are invariably 
much more difficult to solve than the linear counterparts. These cases are excluded 
from further discussion for the following reason. The superposition principle in the 
form that the output is a linear functional of the input no longer applies for nonlinear 
systems. This prevents the application of the causality principle in a simple form, 
and this in turn does not allow the application of the Titchmarsh theorem (recall 
the discussion of Section 4.22). The latter remarks will be become more transpar- 
ent as the link is made in Sections 17.5—17.8 between the causality principle and 
analyticity. 

If in place of the forcing term f(t) = fo cos wt, f (t) = foe!” is employed, then it 
follows that 


x(t) = h(w)e”", (17.22) 


where 


fo 


HONE, ma +iwD —k 


(17.23) 
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is the particular solution of the inhomogeneous differential equation. A more general 
driving force has a Fourier transform representation, that is 


f= i a F(a)e da (17.24) 


and 
Fo) = le i i faye dé (17.25) 
20 Jo 


It will be assumed that f(¢) is square integrable. This condition could be weakened, 
but for practical applications the preceding assumption covers the majority of situa- 
tions likely to arise. The particular solution of the inhomogeneous equation of motion 
is then given by 


x(t) = i X(a)e da, (17.26) 
where 
X(@) = G(w)F (a) (17.27) 
and 
G(@) = : = : 17.28 
es moz+ioD—k m(w +i —@1)(wtiea2.+a1)’ 28) 


with w, and w2 given by Eqs. (17.13) and (17.14), respectively. If the damping 
term is very small, G(w) is sharply peaked when w ~ @, and this is referred to 
as a resonance condition. Equation (17.26) can be recast as follows. Employing 
Eq. (17.25), and denoting the Fourier transform of G(w) by g(t), yields 


x(t) = i . G(w)F(w)e da 


1 e 00 si 
2 | “eee ( i f(t a) 


20 Joo 


1 Cc (oe) . . 
a / f(t’)dt! / G(o)e"—"® daw 
21 Joo or) 


= el [see —t')dt’, (17.29) 
2G 66 


where Fubini’s theorem has been employed to interchange the order of integration. 
The final result is of the form of a convolution, so that 


1 
x) = so ee: (17.30) 


Further use of this example is made in Section 17.7. 


17.4 Stationary systems 79 


System . System 
1) 1 = 7) 2 io) 


Figure 17.3. Arrangement of inputs and outputs for a sequential system array. 


Combined system 


ij» t—>r2 


Figure 17.4. Configuration for a combined system. 


17.3 Sequential systems 


Suppose the output from one system is the input for a second system, as shown in 
Figure 17.3. Then 


r= Si (17.31) 
and 
r2 = S2i2, (17.32) 
and hence, using i2 = 11, 
rz = SSiit. (17.33) 


The two systems in sequence can be effectively combined into a single system, as 
in Figure 17.4, with S = S,S. The order of operation of the individual systems can 
be important; that is, in general, S25, 4 S,S2. The system operations are not com- 
mutative under multiplication. 


17.4 Stationary systems 


An important group of systems comprises those that can be characterized as being 
stationary systems. Consider a linear system that can be analyzed by partitioning 
the input into components, and then summing the resulting output responses to each 
individual input. Suppose that an input is applied over a time interval 5t, which is 
sufficiently small that the system is unchanged by the input. Systems satisfying this 
requirement are called stationary systems. The response to an input i(¢9), applied for 
a short duration dt9, is assumed to be 


or(t) « i(to)dto, (17.34) 
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with dt) = t — fo, and i(fo) is taken to be the average value of the input over the 
interval 5¢9. The proportionality in Eq. (17.34) can be converted to an equality, thus 


dr(t) = w(t, to)i(to)dt0, (17235) 


where w(t, fo) is referred to as the weighting function, the impulse response function, 
or the transient response function, of the system. 

In order to simplify the discussion, the idea of time-invariance for the system is 
introduced. The input does not cause any time-dependent change in the operating 
behavior of the system. This means the system can be viewed as stationary with 
respect to time. This implies that w(t, to) does not have a separate dependence on 
both ¢ and fo, but must be of the following form: 


w(t, to) = w(t — fo). (17.36) 


The output depends only on the elapsed time from the application of the input, and 
not on the particular time at which the input was applied. 

Consider the limit in Eq. (17.35), so that dt) — do, then this equation can be 
integrated to obtain the total output response; hence, 


[o,@) 

r(t)= i w(t — to)i(to)dto, (17.37) 
—C 

which follows directly from the principle of superposition. A basic requirement is 

that for a finite input, the output is finite. This condition is met by requiring 


[o,@) 
—00 < / w(t — to)dtg < ov. (17.38) 
—C 

If the integral over the weight function is unbounded, a constant, but very small, input 
would lead to an unbounded response. Such systems are viewed as being unstable, 
and are excluded from the discussion. Note that the requirement of a bounded integral 
does not exclude the possibility of certain singularities for the weight function. Later 
developments will allow for the situation where the response, input, and weight 
functions are not normal functions, but behave as distributions. 

It is possible to extend the discussion to systems described by variables other than 
the time, for example, a spatial variable might be most appropriate. For such systems 
the idea of time invariance is replaced by the notion of shift invariance. The shift 
applying to whatever variable is important for the description of the system. 


17.5 Primitive statement of causality 
There are several ways to approach the topic of causality in physical systems. The 
most primitive or basic definition of causality is stated in the following form: the 
cause must precede the outcome. That is, there is no output response from the system 
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until after there has been an input to the system. A system satisfying this constraint 
is termed a causal system. Causality can be invoked by requiring in Eq. (17.35) that 
there is no response at time ¢, if t < fo, and hence 


w(t—t) =0, ift <t. (17.39) 


From Eq. (17.37) it follows that 


r(t) = [- w(t — to)i(to)dto 


—0o 


t oo 
= i w(t — to)i(to)dto +f w(t — to)i(to)dto 
oe) t 


t 
= / w(t — to)i(to)dto, (17.40) 
and hence 
r(t) = fe w(t)i(t — t)dt. (17.41) 
0 


At this juncture, the conditions that are assumed to be satisfied by the system can be 
summarized as follows: 


(1) linear; 

(2) stationary; 

(3) integral of the system weight function is bounded; 
(4) the principle of causality is satisfied. 


Further issues connected with causality are explored in Sections 17.7 and 17.8, but 
the discussion is now shifted to an examination of the implications of the preceding 
definition of causality. 


17.6 The frequency domain 


The developments so far have focused attention on the time domain; that is, time 
is the central variable characterizing the input-output behavior of the system. The 
emphasis is now switched and the discussion concentrates on the frequency domain. 
There are two key reasons for this change in focus. The obvious one is that many 
properties that characterize a system (think of the refractive index, or the absorption 
of electromagnetic radiation by a system, as examples), depend on the frequency 
of the input electromagnetic radiation. A second, and less obvious, reason is that a 
connection can be made with analytic function theory, treating the angular frequency 
as a complex variable, and arriving at a large number of important relationships. 
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Let R(w),/(@), and W(q) denote the Fourier transforms of the output response, 
the input, and the system weight function, respectively: 


R(w) = a 7 r(t) el dt, (17.42) 

I(w) = a i i(t) el dt, (17.43) 
and 

W(o) = He - w(t) & dt. (17.44) 


The function W (w) is termed the system transfer function. The reason for the choice 
of the positive sign in the exponent of the Fourier transform will become appar- 
ent in Section 17.8. In Eq. (17.43) no confusion should arise between the input, i, 
which is a function of time, and the complex number i. It is assumed that all three 
integrals in Eqs. (17.42)-(17.44) exist. It suffices to work with square integrable 
functions r(t), i(t), and w(t), though weaker conditions can be imposed. Inspection of 
Eq. (17.37) shows it to be of the form of a convolution (see Section 2.6.2), and hence 


r(t) = {w « i}(d), (17.45) 
from which it follows, on taking the Fourier transform, that 


Fr(t) = F{w* i} 
= Fw(t) Fi), (17.46) 
and the preceding line follows on using the convolution theorem for Fourier trans- 
forms (see Eq. (2.54)). Using Eqs. (17.42)-(17.44), Eq. (17.46) can be written as 
follows: 
R(@) = W(w)I(@). (17.47) 
The simplicity of the structure of Eq. (17.47) is a large part of the driving force 


behind the switch from the time domain to the frequency domain. 
From Eq. (17.44) and the causality condition, it follows that 


W(w) = i. w(t) el dt 


os) . 
= / w(t) e de, (17.48) 
0 
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because 
w(t) =0, fort <0. (17.49) 


The preceding developments allow the connection with analytic function theory to 
be established. 

Before closing this section, two theorems are indicated that are useful in making 
the connection between the time and frequency domains. The results are due to 
Bochner (Bochner and Chandrasekharan, 1949, pp. 142-144). Let f(t) and g(t) 
belong to Z7(R) and denote the corresponding Fourier transforms as F(w) and G(a), 
respectively. If T is a bounded linear transformation given by 


Tf (t+ to) = g(t + t0), (17.50) 


where fg is a real-time translation, then there exists a bounded function W(a) 
measurable for almost all @, such that 


G(@) = TF(@) = W(o)F (oe). (17.51) 


There is a theorem that is the converse of the preceding result. If Eq. (17.51) holds, 
then 


t_Tf (t) = t_-»g(t) = g(t + to) = Tf (t+) = Tm fO), (17.52) 


where Tz, is the normal translation operator. The consequence is that T commutes with 
the translation operator. These ideas have immediate implications for the jump from 
Eq. (17.41) to Eq. (17.47). 


17.7 Connection to analyticity 


Allowing the frequency to be a complex variable, an extension of Eq. (17.44) can 
be made, which provides a connection to the upper half complex angular frequency 
plane. From the practical standpoint of an experimental measurement, the only quan- 
tities of interest are real. To link up with experimental results, ultimately requires a 
restriction back to the real angular frequency axis, and in particular, for frequencies, 
which cannot be negative, the positive real angular frequency axis. It is not difficult to 
find literature sources where the angular frequency (the observable) and the complex 
angular frequency are both denoted w, with the reader left to sort out the intended 
meaning. This is usually not hard in most contexts, but in others, it can lead to pos- 
sible confusion. To avoid this type of difficulty when complex frequencies are under 
discussion, the following notational convention is employed. Complex frequencies 
are denoted by w,, with the subscript intended to be suggestive of the complex plane, 
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and the variable w, can be written in terms of its real and imaginary parts as 
Oz = O; + 10}. (17.53) 


The real part w,, for @, > 0, denotes the observable frequency. When only the real 
frequency enters into the discussion, the subscript r is dropped and the notation w 
employed to denote the angular frequency. 

In the discussion that follows, it is assumed that the systems under consideration 
are described by a weight function, w(t), that is a continuous and bounded function. 
The weight function is assumed to vanish sufficiently quickly as |t| — 00, so that its 
Fourier transform is bounded. Generally, the weight function is regarded as belonging 
to the class of square integrable functions. 

The function W (w,) can be analytically continued into the upper half of the complex 
angular frequency plane. That is, using the form of Eq. (17.44) where causality is 
assumed, Eq. (17.48), leads to 


os) x 
W (wz) = i w(t) e'@=! dt 
0 
oo Pa 
= / w(t) e 2! el de. (17.54) 
0 


If the integral in Eq. (17.48) is bounded, then so is the integral in Eq. (17.54), since 
the factor e~®i’, for @; > 0, can only improve the convergence of the integral. In 
the lower half of the complex angular frequency plane, writing w, = w,; — iw;, with 
a; > 0, yields 


oo . 
W (az) = / w(t) e®i'e'! dt, (17.55) 
0 


and there is no guarantee, for a sufficiently wide class of w(t), that the integral in 
Eq. (17.55) is bounded. For example, if w(t) behaves like (c + t*)~!, with ¢ some 
time-independent constant, then it is straightforward to demonstrate that the integral 
in Eq. (17.55) diverges. 

Note that causality has played a central role. Without this constraint, it would 
not have been possible to continue W(@,) analytically into the upper half of the 
complex angular frequency plane, except possibly for some rather restrictive choices 
of w(t). So, at this point in the development, the conditions on the system weight 
function w(f) are rather general. Also, it should be noted that the development so far 
is model-independent in terms of the nature of the material under consideration. 

The alert reader may have wondered about one loose end left in the previous dis- 
cussion. The domain of analyticity of W(w,) was extended to the upper half complex 
angular frequency plane, without making any reference to the significance of W eval- 
uated at negative values of w,. Equation (17.48) can be used to extend the definition 
of W(@,;) to include formally negative values of w,. Recalling that the system weight 
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function in the time domain is a real function, and by writing Eq. (17.48) as 


[ee) 


(oe) 
W(@,) = ‘ w(t) cos w,t dt + if w(t) sin wt dt, (17.56) 
0 0 


then it is apparent that the real part of W(q,) is invariant to a change in sign for @,, 
and the imaginary part of W(@,) is an odd function of w;, and so 


Re{W(—a,)} = Re{W(a,)} (17.57) 
and 
Im{W(—a@,)} = —Im{W(a,)}, (17.58) 


where Re and Im stand for the real and imaginary parts, respectively. Equations 
(17.57) and (17.58) provide the purely formal connections for the weight function 
in the frequency domain at negative angular frequencies, with the experimentally 
accessible weight function at positive frequencies. These two results are special cases 
of a more general relationship that can be obtained from Eq. (17.54) by taking the 
complex conjugate, which is denoted by an asterisk, hence 


or) oe 
W(o.)* = i, (tei! de: (17.59) 
0 


that is, 


(ee) 


[o,@) 
W(w;)* = / w(t)e® cos apt dt — i / w(t)e sin w,t dt, (17.60) 
0 0 
and, by considering Eq. (17.54) as a function of w*, this leads to 
fore) 7 
W(-w3) = i w(the "=! dt. (17.61) 
0 


Comparing Eqs. (17.59) and (17.61) yields 
W (wz)* = W(-@). (17.62) 


Equation (17.62) is called a crossing symmetry relation, and allows the weight func- 
tion in the frequency domain at negative complex frequencies to be determined from 
W (wz). When w; = 0, Eq. (17.62) becomes 


W (w;)* = W(—a,), (17.63) 


from which it follows, without a detailed knowledge of the structure of the real and 
imaginary parts of W(w,), that the real part of W(@,) is an even function of @,, that 
is Eq. (17.57) holds, and the imaginary part of W(w,) is an odd function of w,, and 
hence Eq. (17.58). 
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The example discussed in Section 17.2 is now revisited. Consider from Eq. (17.28) 
the integral 


[o,@) 
g(t) = / G(a)e" da, (17.64) 
—cCO 
and examine the case ¢ < 0. The function G(w,) is analytic in the upper half of the 
complex angular frequency plane. From Eq. (17.28), the poles of G(w-) are located in 
the lower half of the complex plane. Consider the integral fc G(w,)e7 1%! dw,, where 
C is a semicircular contour in the upper half of the complex angular frequency plane 
of radius R, diameter along the real axis, and center the origin. From the Cauchy 
integral theorem, it follows that 


R . : 
i G(a,)e 1" day + / G(w,)e':' dw, = 0, (17.65) 
—R CR 


where the second of the two integrals, which is over the semicircular section of the 
contour, denoted Cr, can be simplified with the substitution w, = Re’? In the limit 
R— oo in Eq. (17.65), application of Jordan’s lemma (see Section 2.8.4) leads to 


oo ‘6 
/ G(o;)e"" da, = 0, fort <0. (17.66) 
lee) 


Hence, from Eq. (17.64), 
g(t)=0, fort <0, (17.67) 


and so g is a causal function (refer to Section 4.22). Since real frequencies are in use, 
the notation is simplified by replacing w, by w; then, applying Titchmarsh’s theorem 
(Section 4.22), leads to 


1_ £® ReGlw')do! 
Im G(@) = | eee (17.68) 
T Jo w-@ 
and 
1 ¢® ImG(w')do! 
Re G(w) = P| a eee, (17.69) 
T Ji~o w-@ 


Equation (17.27) is of the form of Eq. (17.47) with the obvious identifications 
I(@) = F(a), R(@) = X(@), and W(w) = G(w). Using Eqs. (17.67) and (17.29), it 
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follows for the damped harmonic oscillator model that 


1 lee) 
:O= oe 1 f(t—t)g dt’ 


1 (oe) 
= =| fit-—ty)g@)dt’ 
T JO 
t 
— | f(t)g(t — ty d?, (17.70) 
2 J 263 


and hence the displacement at time ¢ is determined by the force applied up to time ¢. 
This model is therefore causal. 

A key feature of the model is the fact that the damping constant satisfies D > 0, so 
from Eq. (17.14) w2 > 0 and hence both poles of G(w) occur in the lower half of the 
complex angular frequency plane. Consequently, the system is causal. The damping 
factor Dx(t) leads to energy dissipation, and accordingly, the model describes a linear 
passive system. 


17.7.1 A generalized response function 


In the preceding development a key requirement employed for the function w(t) 
was that it satisfied both a causal condition and was real. In this subsection, the 
consequence of working with a complex causal w(t) is examined. Let 


ec) . 
W(o) = if w(t dt, (17.71) 
—o0o 
with w(t) given by 


w(t) = a(t) +iB (0), 7:72) 


and the functions a(t) and B(t) are assumed to be both real and causal. Let 


os) “ 
a(w) = / a(t)e dt (17.73) 
0 
and 
0° ‘ 
b(w) = / B(te™ dt. (17.74) 
0 
The first observation is that 
W (wz) # W(-o), (17.75) 


which follows directly from Eq. (17.71) and on noting the fact that w()* 4 w(t). The 
immediate consequence is that the crossing symmetry relation no longer applies in 
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oO QO, 


Figure 17.5. Contour for the evaluation of dispersion relations based on a complex w(t). 


the simple form given by Eq. (17.63). Later, in Chapters 19-22, it will become evident 
that the crossing symmetry condition is a central component in the simplification of 
the Hilbert transform relations, which connect the real and imaginary components 
of a complex optical property. The crossing symmetry condition allows the Hilbert 
transform on the unphysical spectral interval (—0o, 00) to be converted to the physical 
angular frequency range [0, co). This has an important implication for the analysis of 


experimental optical data, which is confined to the interval [0, 00). 


Suppose the functions a(w) and b(w) satisfy a(w) € L7 (IR) and b(w) € L?(R), and 
that W(w.) = O(w;!~*) as w, > 0, with > 0. Consider the evaluation of the 


contour integral 


§ W (wz )dw, 
C > 


W— Oz 


where C denotes the contour shown in Figure 17.5. 
From the Cauchy integral theorem, it follows that 


ie W (ar) dor ra [ W (wr) da, 


_R OW — Or wtp O- Or 


= 0. 


[ W(w + pe" )ipe! da a * W(Re®)iRe? dO 
s pe? 0 w — Rei? 


In the limit R — oo, the preceding equation reduces to 


i W (a,)do, +f W (a,)do, 


26s WO — Or 


ee / W (w + pel)d6, 
0 


+p O-O 
which simplifies, on taking the limit » — 0, to yield 


lp °° W(a')da! 


/ 


= -1W(a). 


HT Jio O-@ 


(17.76) 


(17.77) 


(17.78) 
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Expressing W in terms of its real and imaginary parts, W, and Wj, allows the real and 
imaginary parts of the preceding result to be written as follows: 


1 lee) x / 
P| Wee ue = Wil) (17.79) 
XT Ji». oO-w 
and 
1 [o@) : t / 
pf eee = pas. (17.80) 


T Jo o-a! 
The preceding two equations represent the Hilbert transform pair arising from a 
complex w(t). 

From Eqs. (17.71), (17.73), and (17.74), it follows that 


W,(@) = a; (@) — bi(w), (17.81) 
W.(—@) = a;(w) + bi(@), (17.82) 
W(@) = ai(@) + by (@), (17.83) 
and 
W(—@) = —aj(w) + b,(), (17.84) 


where the real parts of a(@) and b(w) are denoted by a subscript r, and the imaginary 
parts are indicated by a subscript i. The functions a,;(w) and b,(w) are even functions 
and aj(w) and b;(@) are odd functions. Inserting Eqs. (17.81)-(17.85) into Eqs. (17.79) 
and (17.80) leads to 


=p [~ {wa;(@’) — w'b;(o')}dw = a;(w) + by (w) (17.85) 
z ‘ ow _ a2 
and 
~ [~ WON oe )}dw = —a,(w) + bio). (17.86) 
Sa 0 wor —@W 


These results represent the generalization of the Hilbert transform connections for 
a complex w(t). An obvious drawback of these formulas is the coupling that arises; 
components of both a(@w) and b(@) occur as part of the integrand and outside the 
integral. One area of application of the preceding development is the inversion of 
Raman cross-section data, where the causal time correlation function is treated as a 
complex function (Remacle and Levine, 1993). 
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17.8 Application of a theorem due to Titchmarsh 


Based on the developments in the preceding two sections, the link between causal- 
ity and the theory of Hilbert transforms can now be established. This can be 
directly accomplished by application of the principal result given in Section 4.22, 
Eqs. (4.450)-(4.454), most often referred to as Titchmarsh’s theorem. To simplify the 
notation, let w = a, since there is no risk of confusing w as a complex variable, and 
let 


W.(w) = Re W(a,;) (17.87) 
and 
Wi(w) = Im W (a), (17.88) 
so that, on the real axis, 
W(w) = W,(@) + iWi(o). (17.89) 


The notation (w,;, @;) is retained for a point in the complex angular frequency plane. 

By imposing the causality condition Eq. (17.49), and by the requirement placed on 
the weight function to be square integrable, then Eq. (4.452) is satisfied. It follows 
immediately that the real and imaginary components are related by a Hilbert transform 
pair (see Eqs. (4.450) and (4.451)), so that 


W;(w) = apf ENG, Se (17.90) 


/ 
_~ O-wW 


and 


W(w) = af gC (17.91) 


/ 
co O-O 


It also follows that, for w; > 0, the function W(w, + iwj) is analytic in the upper 
half of the complex angular frequency plane. Furthermore, W(w, + iw) is square 
integrable over any line parallel to the real axis, for all w; > 0, so that 


[o,@) 
/ |W (or + ia)| dex < C, (17.92) 
—oo 


where C is a positive constant. 

Some examples are now examined, both cases that satisfy and those that do not 
satisfy the conditions of Titchmarsh’s theorem. No particular concern will be paid to 
forcing the system response function to be real. Suppose that 


—iho 


W(o) = (17.93) 


w-—at+ip’ 
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with the constants a, 8, and A all real and greater than zero. This function is analytic 
in the upper half of the complex angular frequency plane. However, 


” 2n oe do, 
W (ar + ia) |" dw, = e**” / 5 17.94 
ie | ‘ ~oo (@; — a)? + (@j + B)? ( ) 


and the term on the right-hand side of the preceding equation diverges as wj — oo. 
Evaluating the inverse Fourier transform of W(w) leads to 


1 fe 
w(t) = ~| W (we "? dw 
Ph an Ae 


1 lee) e itt Ao dw 
20 [. oa-a+ip 
jee A+) [ {x sin ax + cos ax}dx 
Qn ae x24] 


7 | 0, fort < —’ (17.95) 


ie i@-i0+), fort > —A, 


where the change of variable wa — a = 6x has been used and the substitution a = 
B(A +t) employed. It follows from the preceding calculation that w(f) is not causal 
in the sense of Titchmarsh’s theorem; that is, the function only vanishes for t < —A 
rather than the required ¢ < 0. This example makes it clear that a square integrable 
function that is the boundary value of a function analytic in the upper half of the 
complex plane is not necessarily the inverse Fourier transform of a causal function. 
Suppose the sign in the exponent in Eq. (17.93) is reversed, so that 
iAw 


W(w) = (17.96) 


wo-—a+ip’ 


with a, 8, and A all real and greater than zero; then, repeating the calculation in 
Eq. (17.94), which simply amounts to reversing the sign of A, yields 


i |W(or +ie)|"d i = (17.97) 
a) 10; QO, =e : : : 

ate Oe ~o0 (Wr — a)? + (+ BY 

The right-hand side of Eq. (17.97) is clearly bounded for all @; > 0. By Titchmarsh’s 

theorem it follows that the inverse Fourier transform of W(qw) is a causal function. 

That this is indeed the case follows directly from Eq. (17.95), and so 


fort <x 


0, 
w(t) = {ten i0e-, ode (17.98) 


Since 4 >0, it follows that w(t) <0 for t<0, which is the expectation based on 
Titchmarsh’s theorem. From this pair of examples the following points can be inferred. 
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tikw 


On the real axis, the factor e7 can be treated as a phase factor, and is of no con- 
sequence in establishing that ae |W (w)|* dw is bounded on the real line. However, 
Titchmarsh’s theorem places a stronger constraint on W(w) that must be satisfied: 
the requirement that W(w, + iw;) should be square integrable along every line in 
the upper half of the complex angular frequency plane that is parallel to the real 
axis. In this case, the sign of the phase factor is critical, as is apparent from the two 
examples given. The second case discussed is actually an example of a more general 
result (Titchmarsh, 1948, pp. 129-130). A necessary and sufficient condition that 
F(z) should be the limit as y > 0 of an analytic function F(z), with 


‘ IF (x + iy)? dx = O(e?), (17.99) 


with & a real constant, is that the inverse Fourier transform of F(x), denoted f(x), 
satisfies 


f(x) =0, forx <—k. (17.100) 


The interested reader can pursue the proof of this result in Titchmarsh (1948). 
The limit A — 0 in the previous two examples leads to 


1 wo-a . B 


W(w) = = ; 17.101 
Oa Oates OSer ee Ca) 
a function that satisfies, for a positive constant C, the condition 
i 2 
/ |W (wr + iaj)|" dar < C, (17.102) 
—cC 


and the inverse Fourier transform of W is a causal function, by Titchmarsh’s the- 
orem, which can be determined directly from Eq. (17.95) or Eq. (17.98). The 
Hilbert transform pair that follows as a consequence of Eq. (17.102) is the following 
familiar set of equations: 


H B ote 17.103 
lacarsel- woah ere 

and 
H at, = B 17.104 
l—Sel- (@ — a)? + B2° ae 


As a final example, consider the case 


2 


W(w) =e”, (17.105) 
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with A > 0. This function is analytic in the complex angular frequency plane, and it 
is square integrable on the real axis. However, 


o 2 2 [{® 2 
/ |W (@r + ia;)|” dw, = e*% / eM don, (17.106) 
—0o 


—c 


and so the integral on the left-hand side is unbounded as w; — oo. The reader is 
requested to demonstrate that the inverse Fourier transform of W is not a causal 
function. 


17.9 An acausal example 


In this section, a well known problem is examined where the outcome is acausal. 
Interest will focus on the underlying analytic behavior of the model. The classical 
motion of a harmonically bound charged particle of mass m in an electric field is 
governed by the following equation of motion: 


mX(t) + mapx(t) = Fext + Frads (17.107) 


where Fext and Faq denote the external force and the radiative reaction force, respec- 
tively. Bold type denotes vector quantities and derivatives with respect to time are 
signified by an over dot. If the charged particle is assumed to be an electron, the 
forces involved are given by 


Fext = —e[E(t) + v(t) x B(t)] (17.108) 
and 
Frad = mtx(t), (17.109) 


where E(t) and B(t) denote the electric field and magnetic induction, respectively, —e 
is the charge on the electron, and t is a parameter characterizing the strength of the 
radiative reaction force. The justification of the form of Faq can be found in standard 
texts on electrodynamics (see, for example, Jackson, 1999, p. 748). The electron is 
assumed to be acted upon by a spherically symmetric harmonic restoring force of 
strength monx(t), and the particle speed is assumed to be small compared with the 
speed of light, so that the magnetic term in Eq. (17.108) can be dropped. Equation 
(17.107) with the forces just defined is termed the Abraham—Lorentz equation. 
The solution of 


¥() + wex(t) — THD = -—E(0), (17.110) 
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with the assumption E(t) = Ege’, can be obtained using the same approach 
sketched in Section 17.2. On suppressing the w-dependence of x(f), let 


x(t) = h(w)e i?" (17.111) 


then, 


—eKo 


m(we — @% — itw3) 


h(w) = (17.112) 


A more general external force has a Fourier transform representation, that is 


E(t) = [. E(w)e da (17.113) 


and 


1 °° 
E(@) = =| E(fe™ dt. (17.114) 
2m Joo 
The reader is alerted to the convention where the same symbol is employed for 
a function and its Fourier transform, and the argument signifies whether it is the 
field in the time domain or the frequency domain. The particular solution of the 
inhomogeneous equation of motion is then given by 


x(t) = / ‘ X(w)e da, (17.115) 
where 
X(o) = Go) E() (17.116) 
and 
G(w) = (17.117) 


mw — @ — itw3) 


Consider Eq. (17.117) as a function of the complex variable w,. If t is treated as a 
very small parameter, then the roots of Eq. (17.117) can be written as follows: 


iw2t 
@z © wy — 5 : (17.118) 
i@pt 
@; © —w — 7? (17.119) 


and 


w, © i(t~! + wor). (17.120) 
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These solutions ignore terms of order t7 and higher, which can be quickly checked 
by showing that 


w) — w2 — ito} = O(t”), (17.121) 


using the preceding approximations for the roots. If 


g(t) = i, 7 Gwe do, (17.122) 


is the condition 
g(t)=0, fort <0, (17.123) 


satisfied? This question is resolved by evaluating the preceding integral for t < 0. 
The integral can be most readily handled by using a contour integration approach, 
and working to terms of O(t7) is sufficient. This is left as an exercise for the reader. 
It will come as no surprise to the reader to find that Eq. (17.123) is not satisfied, 
because of the pole of G in the upper half of the complex plane. The displacement in 
terms of the external electric field is given by 


[o,@) 

x(t) = ~| E@’)g(t — ¢*)dr’, (17.124) 
21 Joo 

and since g(t) does not satisfy Eq. (17.123), x() is determined by the applied field 

for times t’ > t. Hence, the system described by Eq. (17.107) is acausal. The reader 

is left to explore how the pole of G in the upper half of the complex plane changes 

the form of the Hilbert transform connections between Re G(q@) and Im G(w). 


17.10 The Paley—Wiener log-integral theorem 


In this section the relationship between Fourier transforms and causal functions is 
explored further. The main result considered is a theorem of Paley and Wiener (1934, 
pp. 16-17). Let f € L7(R) and let it satisfy f(t) = 0 for t < fo, and let F(w) denote 
the Fourier transform of f. Then, a necessary and sufficient condition that there 
exists a function A(@), such that A(w) = |F(@)|, is the requirement 


i [log A(w)|dw 
———.— <o 


aa (17.125) 
CO 


An immediate consequence of requiring the preceding integral to be convergent is 
that the support of A(@) is unbounded. If this were not the case, A(w) would be zero 
over finite intervals, and hence |log A(w)| would be infinite over the same intervals, 
and the integral in Eq. (17.125) would be divergent. The second consequence is that 
A(q@) should approach zero asymptotically as @ — -too slower than any exponential 
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function. For example, suppose A(w) = Age “l@l, where a and Ap are constants with 
a > 0; then, 


ic llog A(w)|dw a llog Ap — aw|dw 
0 


= = 00. 17.126 
«© lta 1+ 02 = ( ) 


To establish the necessity and sufficiency of Eq. (17.125), a few preliminary results 
are required. Let f(z) be analytic and non-zero for |z| < R; then, from the Cauchy 
integral formula, restricted to the case where the closed contour is a circle of radius 
R centered at the point z, 


20 
{oQ= = f(z + Re’) da, (17.127) 
20 0 


and this is sometimes referred to as the mean-value theorem for analytic functions. 
From this result it follows that 


21 . 
log| f(0)| = he log | f (Re) |da. (17.128) 
20 0 


The generalization of this result to cover the case where f(z) has zeros inside the 
circle |z| = R goes as follows. Let f(0) # 0, and let the zeros of f inside the cir- 
cle be denoted by Z), 22, 23,.. . ,Z,, arranged so that the moduli of these points, denoted 
41,42, 43,...,y, are in increasing order. Multiple zeros are represented by identical 
Zz, in the sequence and higher-order zeros being dealt with in a similar fashion. The 
function g(z), defined by 


1 
= — 17.129 
gl) fe|] a (17.129) 


is analytic and non-zero for |z| < R. The special case where f(0) = 0 can be dealt 
with by considering the Taylor expansion of f about z = 0 and working with a modi- 
fied choice of function. This is left as an exercise for the reader to consider. Since 
g(z) is analytic and non-zero for |z| < R, Eq. (17.127) applied to log |g(z)| leads to 


fv. 


(17.130) 


n 1 Qn ; n : 
log|f()| — log ay = — [ log] /(Re)| — J tog| Re! — 2, 
k=1 k=1 


Using 


do = logR, (17.131) 


1 20 . 
~| log] Re"? — Zk 
20 0 
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Figure 17.6. Convex behavior for the function e*. 
then 


1 2n ; R" 
= | log| f(Rel)|d0 = log| f(0)| +1og{ "| (17.132) 
2m Jo aja2...ay 


which is called Jensen’s formula. 
A second result that is needed in the sequel is as follows: 


exp | ik . wo) xtandeo| s / c wae da, (17.133) 


—oo —oo 


where w(w) > 0 and 


[ w(w)dw = |. (17.134) 


—oo 


To obtain the preceding formula, the convex property of the function e* is employed, 
and so, for xj < x2, 


et FU—w)x2 < weXl + (1—w)e®, for w € [0,1]. (17.135) 


This can be readily seen from the situation depicted in Figure 17.6. 
Let x,, denote a point on the interval [x1, x2]; then, 


Xw = wx, +  — w)x2, (17.136) 

and the corresponding point on the curve is 
i=) Serre we, (17.137) 
Using the notation yj = eY,j = 1,2, or w, and y,, = Y@w), where y denotes the 


straight line connecting the points (x1, 1) and (x2, v2) shown in Figure 17.6, and is 
given by 


V(x) = [(y2 — yx + x2y1 — x12], (17.138) 


X2 —X] 
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and hence the distance y,,, is given by 
Vw = wyi + 1 — w)yo. (17.139) 


Inspection of the figure makes it obvious that y,, < ¥,, because of the convexity of 
the function e*, and hence Eq. (17.135) follows. The inequality in Eq. (17.135) can 
be generalized to read 


n n 
exp ps me'| <>) we, (17.140) 


with 
ee (17.141) 


On changing from the discrete w;, to a continuous w(x), by taking the appropriate 
limit, Eqs. (17.140) and (17.141) lead to Eqs. (17.133) and (17.134), respectively. 

With the results of the preceding two paragraphs, the Paley—Wiener theorem can 
now be established. The function F(z) is analytic in the upper half of the complex 
plane. A conformal mapping from the upper half plane to the interior of the unit circle 
centered at the origin is made using the transformation 


i (17.142) 
2 pana , 
On setting ®(¢) = F(—i(¢ + 1)(¢ — 1)~!) and using ¢ = e’®, yields 
oo 2 TU 
| F(x) |* dx 1 i ia. |2 
= 5] joe ao. 17.143 
fo =5/ lee (17.143) 
The integral on the right-hand side of Eq. (17.143) satisfies 
402 
if Joce)| dO <0, (17.144) 
ca & 


which can be established using the following argument. By assumption, f € L?(R), 
from which it follows that F € L*(R); therefore, 


[ | F(x)|? dx 


CO 
eee <| | F(x)|? dx < 00, (17.145) 
—0O —oo 
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and hence Eq. (17.144) follows. In a similar fashion to writing Eq. (17.143), it 
follows that 


© Hog A(x)ldx 7 ; 
2: og At) dx =i llog|@(e') 40. (17.146) 
14x? = 


—c 


It is necessary to show that this integral is bounded. To that end, set 


2+(6) = max {0, log Joce|{, (17.147) 
and 
2 6y= —min{0, log oe|{, (17.148) 
so that 
log] oe) = g, (0) —2_(). (17.149) 
Hence, 
ip log|®(e'”)|do = ‘e 24 (0)d0 -[ g_(0)d0 (17.150) 
and 
f° llog|(e"*)||a0 = [i 1.(6)d0 + ie e_(6)d0. (17.151) 


From the elementary inequality logx < x’, for x > 0, it follows that 


ie 2+(0)d0 < i loco) ao. (17.152) 


Assume that ®(0) 40; then, making use of Jensen’s formula, Eq. (17.132), it 
follows from Eqs. (17.151) and (17.152) that 


1 a : 2 re 1 1a 
=| log|(e”)||a0 = =| g(0)d0 — =| {gi (0) — g_(6)}d0 
IT —I 20 —n 20 Sit: 


1% Lot 
2 - | 4.(0)d0 — =| log|(e)| ado 
H Jon 20 fx 


1 is 
ae! 
sta 1 


“2/9 1 
oe”) dO — log|@(0)| le | | 
a{a2°::ay 
(17.153) 
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which yields, on making use of Eq. (17.144), the following formula: 
1. f% 
~| log|(e"*)||a0 < 00, (17.154) 
2n J_xz 


On using Eq. (17.146), Eq. (17.125) has been established, which is the desired result. 
If (0) = 0, then ®(z) can be expanded in a Taylor series about z = 0, so that 


®(z) = yz" + Ay_1z"! 


Aes (17.155) 
and an appropriate modification of Jensen’s formula can be obtained. 

Consider the integral 
CO 


log A(x’ 
HOE EU a (17.156) 


1 
ON i (x — x’)? + y? 


and suppose Eq. (17.125) is satisfied, then the preceding integral converges. The limit 
y — Oyields 


. : . 1 f%~ ylog AQ’) ; 
lim h = 1 dx’ = log A 17.157 
yO ory) a uA i (x —x')2 +y2 ae. ( 


where the following result has been employed: 


y 


ln Ga ae = d(x’ —x). (17.158) 
Noting that 
lim ett) = A(x) (17.159) 
and 
fos =1, (17.160) 


using Eqs. (17.156) and (17.133) yields 


eltiy) — exp i ylog AQ’) Pre ee ae yA(x’) a 
Xb oo @—xPty  fral. Gx +y 
(17.161) 
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Applying the Cauchy—Schwarz—Buniakowski inequality leads to 


eet) < Y i A(x’) 1 ay’ 
~ Ht Jo J [@— 2x’? +y?] J[@ — 2)? +97] 


y cA (x) dx! 00 dx” 
w(L. av. Se) . (17.162) 


Squaring this last inequality, integrating over x and making use of the results 


IA 


/ * ii a (17.163) 
09 (x! = x"? + 4y? ~~ Dy , 
and 
ve dx 20 
= 17.164 
ie [@—%/)? +97 I@— 2")? +97] {Qe — x")? + 4°)’ ( ) 
leads to 


[ e2htxtiy) roe al ie ax [~ A*(x')dx’ iid dx” 
—0o =a —0o —0o (x — x’)? +9? —0o (x — x")? +. y? 
2 lee) lee) lee) 
Jy ae) / ” dx 
= A dx dx 
m7 i oe is / [a — xP FPG — x +97] 


2y [o-e) > ; fo dx” 
= A dx 
= i OO | SG =a Sa) 


= [. A? (x')dx’. (17.165) 


—c 


The reader should justify the change of integration order carried out. So, for ally > 0 
and the square integrable assumption on f, which implies that A is square integrable, 
it follows that 


ioe) : ioe) 
i e2hrtiy) gy < / A’ (x)dx < 00. (17.166) 
—oCo 


—c 


Let the harmonic conjugate function of h(x + iy) be denoted by k(x + iy), then the 
following function can be defined: 


0(z) = A(z) + ik(z), (17.167) 
and e*) is analytic for all y > 0. Making use of 


2 
jer = he), (17.168) 
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and employing Eq. (17.166), leads to 


lee) 
/ ee 
—0o 


It then follows immediately from Titchmarsh’s theorem (Section 4.22) that there 
exists a function f(t) such that f(t) = 0 for ¢t < 0, and 


2 
dx <oo, fory>0. (17.169) 


oo . 
ef) — i f(te™ dt. (17.170) 
—oo 


Hence, if A(w) is square integrable and Eq. (17.125) is satisfied, there exists a causal 
function whose Fourier transform is directly related to A(@). 


17.11 Extensions of the causality concept 


In Section 17.8 the intuitive or primitive concept of causality was employed, namely, 
that the output cannot precede the input. Some extensions of the basic ideas connected 
with causality are amplified upon in this section. These extensions arise in the context 
of scattering theory. Dispersion relations in scattering theory are the subject of an 
extensive literature, and, for this reason, the present and following section should 
be viewed as providing a very concise introduction to some of the most elementary 
aspects of the topic. 

Classical scattering from a spherically symmetric scatterer of radius ro is the focus 
problem of this section. The equation governing scattering is as follows: 
1 ow(,t) 


2 = 
Vv UG) = ar ? 


(17.171) 


where v is the velocity of propagation of the wave front, and the solution is sought 
for r > ro. The general solution of Eq. (17.171) can be written in the following form: 


Wkor.t) = Winker.) + Vouk), (17.172) 


where Win(k,r,t) denotes the incident ingoing wave, Wou(k,r,t) designates the 
outgoing wave, and k is the wave number. These functions take the following 
form, for r > ro: 


ek (r+v0) 
Vin(k,r,t) = a = (17.173) 


and 
elk (r—vt) 


Wout (k, r,t) = b(k) ; (17.174) 


r 
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where the coefficients a(k) and b(k) are independent of the spatial and temporal 
variables. The functions Win and Woyt are spherically symmetric and describe s-wave 
scattering. The case of higher multipole waves is treated in the references cited in 
the chapter end-notes. If consideration is restricted to wave packets of finite energy, 
then it can be deduced that the a(k) coefficient is square integrable (Van Kampen, 
1953a). Conservation of energy then requires that the b(x) coefficient is also square 
integrable. 

It is convenient to introduce an S-function as the ratio of the coefficient of the 
outgoing wave to the coefficient of the incoming wave, that is 

b(k) 


S(k) = ae (17.175) 


The scattered wave is given by 


elk(r—vt) 
Week, r,t) = a(k){S(k) — 1} (17.176) 
r 
The general solution of Eq. (17.171) can be written as follows: 
[o,@) 
vr, = / wik,r, Odk, (17.177) 
—0o 
with similar results for Win and Wout: 
[o,@) 
vin. = f vintkr.todk (17.178) 
—0o 
and 
[o,@) 
Vout (7, 1) = / Wout (k, r, dk. (17.179) 
—0o 


The preceding three results assume explicitly that the superposition principle applies, 
which, in turn, requires system linearity. In Eqs. (17.177)-(17.178), a common literat- 
ure convention is employed, where the same symbol is employed for the fields depend- 
ing on k, r, and t, and for the corresponding fields depending on only r and ¢. These 
are of course different functions: the reader should have no problem discerning which 
is intended, since the variable dependence makes it clear which field is under discus- 
sion. The fields Win (7, 0) and Wout(7, f) are real. From this result and Eqs. (17.175), 
(17.178), and (17.179), it follows that 


S(—k) = S(k)*, (17.180) 


which is the crossing symmetry relation for the S-function. Similar results hold for 
the coefficients a(k) and b(k). 
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The causality condition is employed in the following form. The incoming wave 
must appear at the scatterer before there can be an outgoing wave. Suppose the 
incoming wave has a sharp front, which arrives at the scatterer at time fo; then, 


1 ae ; 
PC ee / a(kye UH) di (17.181) 
10 J—co 


and 
Win(ro.t) =0, if t < to. (17.182) 


The outgoing wave can be written as follows: 


1 
Vout (70, t) = — / b(kye Pl) di (17.183) 
ro oe) 


and 
Yout(70,t) =0, if t < to. (17.184) 


Equations (17.182) and (17.184) become the mathematical representations of the 
causality statement just given. 
Taking the inverse Fourier transform of Eq. (17.181) leads to 


ura [© iku(t+to) 
a(k) = 2 | Vin (ro, eet de, (17.185) 
20 Joo 


which, on using Eq. (17.182), reduces to 
urgeléro 


a 20 


oo e 
/ Win(ro, Ne” di. (17.186) 
to 


If for convenience the scatterer location is fixed so that fp is positive, then the last 
result can be written as follows: 


urgeléro 


20 


a(k) = — / i Vin(ro, ek dt. (17.187) 
0 


The coefficient a(k)ye ° is therefore a causal transform and Win(70, ¢) is a causal 
function. Let k be a complex variable. Application of Titchmarsh’s theorem yields the 
conclusion that a(c) is an analytic function in the upper half complex k-plane. Hilbert 
transform connections can therefore be written between the real and imaginary parts 
of a(k). The interested reader is left to explore this as an exercise. 

It follows in a similar fashion that 


—ikro poo ' 
pipe = i, Voulro, Nek” de. (17.188) 
20 0 
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From this result, it is deduced that b(k)eikn ° is a causal transform and that Wout (ro, t) 
a causal function. Employing Eq. (17.175) leads to 
b ( k) elkro 


= = e2ikr 
So(k) = aero en S(k). (17.189) 


Since a(k)e~0 and b(k)e!”? are both analytic in the upper half complex k-plane, 
it follows that So(x) is analytic in the same region, provided that So(k) has no poles 
at the zeros of a(k)e~ 0 in the upper half complex k-plane. The connection b(k) = 
S(k)a(k) must hold for any complex k, and at a zero of a(k) the function S(k) must 
behave in such a manner as to offset this vanishing behavior of a(k), since b(k) does 
not vanish at a zero of a(k) for almost all k. Hence, it is concluded that the scattering 
function S(x) is analytic in the upper half complex k-plane. Dispersion relations can 
therefore be obtained for the scattering function. If the scattering function is written 
in terms of the phase shift n (A) via 


S(k) = ein, (17.190) 


then the cross-section for s-wave scattering, 09(k), can be written as follows: 
ja eS ade 17.191 
oo(k) = all — SGI" = 5 sin i(k). (17.191) 


It is left for the reader to explore in the exercises the dispersion relations that can be 
obtained for the scattering function, cross-section, and phase shift. 


17.12 Basic quantum scattering: causality conditions 


Elementary aspects of non-relativistic quantum scattering with an emphasis on the 
connection with causality are considered in this section. The same problem dis- 
cussed in the preceding section is reconsidered, but from a quantum perspective. 
The discussion follows the accounts of Schiitzer and Tiomno (1951), Van Kampen 
(1953a, 1953b), and particularly Nussenzveig (1972). The problem is governed by 
the time-dependent Schrédinger equation, 

Ws OW 

—-—Vvt+Vy = ih—, (17.192) 

2m ot 
where m is the particle mass, ft is Planck’s constant divided by 27, and V is the 
interaction potential. The scattering potential is taken to be zero outside r > ro. The 
solutions of Eq. (17.192) can be expressed as 


Wr.) =r 'ginD +r Poul’), (17.193) 


where gin (r,t) denotes the incident incoming wave packet and @ouyr(7,f) desig- 
nates the outgoing wave packet. Assuming the superposition principle to hold, and 


106 Linear systems and causality 


consequently the implied linearity of the system, it follows that 


lee) 
wir, t) =i wW(E,r, dE, (17.194) 
0 
where F is the energy and w(£,,, ft) is given by 
W(E,r,f) =r" Gin(E,r, 0) +17" @out(E, 1, 0). (17.195) 


The particle energy is given in terms of the wave number k by 


nk? 
= 53 (17.196) 
2m 
and @in(r, t) and Pout (7, f) can be expressed as follows: 
ec) . . 
Yin(T,t) = — i a(Eje i -#/F ap (17.197) 
0 
and 
ec) . . 
Gout(? 1) = / bBo 8H ap. (17.198) 
0 


From Eq. (17.196), it follows for real & that E is positive, and hence the integration 
intervals for the integrals in Eqs. (17.194), (17.197), and (17.198) are [0, 00). The 
scattering S-function is defined in the same manner employed in Section 17.11: 


sos. (17.199) 


The terminology for the more general scattering problem is S-matrix, but, in the 
context of the present problem, it is a function. The scattered wave packet is given by 


oo * * 
Pse(F, t) = / {1 —S(E)}a(BE)el 2/F gE. (17.200) 
0 
The conservation of the norm of the wave function can be cast in terms of 
dp 


V-J+— =0, (17.201) 


where p is the probability density given by 
p= (17.202) 
and J is the probability current density defined by 
J(r,t) = Ayu, (17.203) 


and the real part is understood in this expression. 
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Let ®(r,t) denote the probability flux through a sphere of radius greater than 
ro; being mindful of the limitations of this interpretation arising from uncertainty 
principle considerations, 


2m ih ag ag* 
(7,1) = — {oo areal (17.204) 


where / is Planck’s constant and g(r,t) = rw(r,t). Employing Eqs. (17.193), 
(17.197), and (17.198) leads to 


be p= at az fx | K! [eiE-Bt [acy a(B"ye -k Or _ HOEY* (Eel —Or 
ees ” _ b(E)*a(Ee i sg 
4 ee iE-E)t [aeyace’yrel coy b(E)B(E')*e(k-# 


4a(E)b(E’)* eit kr = bE ate" ye +] Jae’. 
(17.205) 


The total integrated flux over all time is given by 
ee) Irth 0° oo oo : a : 7 
/ P(r, t)dt = =. arf cals oe 
—0o 
ad Z, 
sit =f dE [ ral .-J8(E — ENE’, (17.206) 


where the terms [- - - ] should be obvious by comparison with Eq. (17.205) for ®(r, f), 
and Eq. (2.269) has been employed. Evaluating the integral over E’, Eq. (17.206) 
simplifies to 


|D(E)|7}dE. (17.207) 


[. @(r, t)dt = 


Assuming conservation of probability, it can be shown that 
[o,@) 
i; ®(r, t)dt = 0, (17.208) 
—oo 
and hence 


i k{\a(E)|? — |b(E)|7}dE = 0. (17.209) 
0 
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Itis assumed that the functions E!/*a(E) and E'/4b(E) are square integrable. Equation 
(17.209) is consistent with the unitary condition for the S-function: 


|S(E)|? = 1. (17.210) 


In non-relativistic theory there is no limiting velocity. It might appear reasonable 
to the reader that the causality statement of Section 17.11 could be transferred to 
the present problem, that is, if Win(7,f) vanishes at the boundary of the scatterer 
for all times t < fo, then Wout(7, 4) vanishes for all points outside the scatterer for 
t < fo. The difficulty with this is that there are no ingoing or outgoing wave packets 
that are exactly zero up to a certain time. A Schrédinger wave packet will instanta- 
neously spread out spatially (see, for example, Merzbacher (1970, p. 221). A feasible 
approach, to circumvent this difficulty, is to adopt the idea that, at a distance r and 
time f, the scattered wave packet does not depend on the incident wave packet at the 
same position for times greater than ¢ (Schiitzer and Tiomno, 1951). If the following 
connection between the scattered wave packet and the incoming wave packet for 
r > ro is written as 


[o,@) 
Psc(1,t) = / g(r,t—)gin(r, 1)dt’, (17.211) 
—oo 
then the Schiitzer-Tiomno requirement leads to 
g(ir,t—t)=0, fort—¢ <0. (17.212) 


Taking the inverse Fourier transform of Eq. (17.211), using the Fourier convolution 
theorem in the form 
F{Qsel(r, t)\(E) = F_|{g * Gin}(E) 
= 2n F—'g(E)F~'gin(E), (17.213) 


and using Eqs. (17.197) and (17.200) to evaluate the inverse Fourier transforms of 
Yin and Qc, leads to the following result: 


1 
G(r, E) = —{S(E) — le", (17.214) 
20 
where G(r, E) denotes the inverse Fourier transform of g(r, f), 


[o,@) 
G(r, E) = = / g(r, telZ/? dt. (17.215) 
20 Jo 
Note that the inverse Fourier transforms of @s. (7, t) and gin (r,t) each involve the 
Heaviside function. To write Eq. (17.214), it has been implicitly assumed that the 
requisite inverse Fourier transforms exist, which in turn requires that the functions 
Yin, Psc, and g are square integrable. Weaker conditions could be invoked, but it is also 
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necessary to have the appropriate conditions in place so that Titchmarsh’s theorem 
can be applied. It might happen in cases of interest that the Fourier transform of g 
behaves like a tempered distribution. In this situation, it would be necessary to invoke 
some of the mathematical machinery discussed in Chapter 10. The condition given 
in Eq. (17.212) allows Eq. (17.215) to be written as follows: 


1 ; 
G(r, E) = = / g(r, eB!” dt. (17.216) 
0 


From the preceding result it follows that G(r, E) is analytic in the upper half complex 
E-plane. The connection arrived at in Eq. (17.214) then leads to the conclusion that 
S(E) is an analytic function in the same region. To obtain the standard form of the 
dispersion relations for S(Z) requires information for E < 0. This information is not 
forthcoming from the causality principle. 

To discuss the scattering function in the complex k-plane, from Eq. (17.196) employ 
k = h-',/(2mE), and adopting the positive root for E > 0 leads to the conclusion 
that S(x) is an analytic function in the first quadrant of the complex k-plane. A cut 
can be made along the positive Z-axis, and the upper half complex E-plane of the 
first Riemann sheet then corresponds to the first quadrant of the complex k-plane. 
Setting up dispersion relations for S(x) still requires information for S(—k). With 
certain restrictions on the form of the interaction potential, it can be shown for real k 
(Wigner, 1964) that 


S(—k) = S(k)*, (17.217) 


which is of the same form as the result given for the classical case, Eq. (17.180). The 
function S(k) can be analytically continued into the second quadrant of the complex 
k-plane. There is a complication from bound states of the system. Bound states can be 
incorporated by making the replacement k — ikp with & real, and setting a(E,) = 0, 
then the definition of S(Z) makes it clear that the scattering function has a pole at 
each bound state. These poles appear on the positive imaginary axis in the complex 
k-plane. 

Van Kampen (1953b) introduced the following causality condition. The probability 
of finding an outgoing particle at some position 7; prior to the time ¢; cannot exceed 
the probability of finding an ingoing particle at r; before ¢,. For finite 7; this state- 
ment has limitations, as Van Kampen points out. For a finite 7; there is no unique 
decomposition of the total probability into a probability for the ingoing particle and 
a probability for the outgoing particle. This is due to the interference term that 
arises between ingoing and outgoing wave packets. To circumvent this problem, 
Van Kampen proposed the following alternative definition for the causality condi- 
tion. The outgoing probability current integrated over the interval (—oo, t;] cannot 
exceed the integrated current by an amount that is larger than the absolute value 
of the integral of the interference term. This statement can be cast in the following 
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form: 


[o,@) 

ax f 7 |gin(r,0) + Gout(r, 0)[? dr < 1. (17.218) 
A) 

Van Kampen gave a detailed account of the analytic properties of S(A) and considered 

the crossing symmetry constraint given in Eq. (17.217). He also derived dispersion 

relations involving the function S(k). The interested reader can pursue the details in 

the cited reference. 

Because scattering theory plays such a central role in many areas of modern physics, 
the reader should not be surprised to learn that significant work has been carried out 
on the derivation of dispersion relations for various types of scattering processes. 
Some of this work has been performed at a fairly sophisticated mathematical level. 
The treatment of this and the preceding section have of necessity been rather con- 
densed. Readers with the requisite background in scattering theory can pursue further 
developments, including the generalization to cover the situations where more than 
one scattering variable is considered a complex variable, by consulting the references 
in the chapter end-notes. 


17.13 Extension of Titchmarsh’s theorem for distributions 


In this section, the analog of Titchmarsh’s theorem for distributions is considered. 
(Refer to Section 4.22 for a discussion of the case of ordinary functions and to 
Section 10.2 for the notation employed for distributions.) Symbolic notation is used 
for most occurrences of distributions in this section, which is a common custom in 
the literature. The equations can all be recast in the more formal notation for dis- 
tributions employed in Chapter 10. The principal objective is to make a connection 
between analytic properties and Hilbert transform relations when distributions are 
permitted. This allows a discussion of causal behavior to be made when the input is 
a distribution. 

In this section the system is assumed to be linear. Let i; and 7; be the input and output 
response of a system, respectively. Subscript notation is typically used to indicate the 
variable dependence of the distribution, and helps remind the reader that distributions 
are under consideration. Suppose that the input is a distribution such that i, € D',, 
and that the output can be obtained by the action of the operator Y on the input, thus 


1 = Git, (17.219) 


where D’, denotes the space of distributions whose support is restricted to [0, 00) and 
the subscript ¢ for these distributions indicates a temporal dependence. The operator 
@G is taken to be linear. It is also assumed that it commutes with translations in time. 
That is, for a time shift by T, 


Vite = Gitar. (17.220) 
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The operator Y can be written as a convolution as follows: 
Giy = 21 * it, (17.221) 
so that 
ry = Br * Ut, (17.222) 


where g; is a system response function, which in this case is a distribution, and 
gr € D',. Let the input i; be a Dirac delta distribution 5(t), and suppose the system 
response is 7; = g;. If the input is changed to a time-shifted Dirac delta distribution 
6(t — tT), where T is treated as a continuous variable, then 


lee) 
i= | i-d(t — t)dr. (17.223) 
0 


It follows from the linearity condition that the response to a time-shifted Dirac delta 
distribution 6(¢ — tT) can be written as a convolution of the form of Eq. (17.222). To 
cover other types of inputs, and to improve the rigor of the preceding argument, it is 
necessary to add a continuity condition. 

The continuity assumption takes the following form. If a sequence of inputs {i,,;} 
converges to the input i, in the limit 7 — oo, and to the input i, ; there is an output 
response r;,;, then the sequence of output responses {r;,;} converges to the output 
response 7; in the limit j > oo. With this postulate in place, a more rigorous sketch 
of the derivation of Eq. (17.222) can be given. This formula is true for i; = 5(¢), 
using the definition of g; of the preceding paragraph, and, by the time-translational 
invariance requirement, the equation is also true for i; = 6(¢ — t). From the linearity 
condition it follows that 


i, = ee Cit, KS (t — Th), (17.224) 
k 


where c; are constants and also 


rr = 81 Y Chi,g5(t — Th). (17.225) 
k 


In the limit that t; is taken as a continuous variable, the convolution formula results. 
Since any distribution in D‘, can be expressed as series expansion of Dirac delta 
distributions, Eq. (17.222) is obtained for the case of general distributions belonging 
to D\,. 

The following result, due to Schwartz (1966a), is useful in the sequel. If T and S 
are distributions belonging to D’, , then the convolution of T and S is defined for all 
test functions @¢ € D as follows: 


(T * S,b) = (Tx, (Sy P(% + y))) = (Sx, (Ty, &(& + Y))). (17.226) 
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Since supp(7) = [0,00) and supp($) = [0,00), the new distribution T « S has 
supp(T * S) = [0,00) andTx*«Se€ Di, A sketch of the essential idea behind this 
result is as follows. If the support of ¢ is selected so that supp(@) C (—ov, 0), and if 
the function ¢g is defined by 


p(x) = (Ty, @@+y)), (17.227) 


then the support of ¢g is in (—oo, 0); therefore, 


supp(y) M supp(S) = 0. (17.228) 
Hence, it follows that 
(T *S,o) = 0, (17.229) 
and so 
supp(T * S) = [0, oo), (17.230) 


and thus T+ S € D,. 

The intuitive notion of strict causality is that there is no output before the 
application of the input. The preceding convolution result can be applied directly to 
Eq. (17.222) so that r; € Ds and hence r; is a casual distribution. To summarize, the 
output response of a causal system to a causal distributional input is also a causal 
distribution, and hence strict causality applies. 

Taylor (1958) established the counterpart of Titchmarsh’s theorem for distributions. 
To proceed, it is necessary to convert to the frequency domain, which is achieved by 
taking the appropriate Fourier transforms. The distributions i;, 7;, and g; are restricted 
to belong to D', 1.7’, so that 


Ly = Fi;, (17.231) 

Ry = Fri, (17.232) 
and 

Go = Fg. (17.233) 


The subscript w denotes an angular frequency. The notation .“/, is often used to denote 
the space D’, 1.7’. Application of the convolution theorem of Fourier transforms to 
Eq. (17.222) leads to 


Ro = Golo. (17.234) 


The Fourier transform of the convolution of distributions in Eq. (17.222) can be taken 
under different conditions. For example, if both i, and g; have bounded supports, that 
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is, if i, and g, € &’, or if i; or gy € D’ and the other distribution has bounded support 
(Zemanian, 1965, pp. 191, 206), or if one of i; or g; belongs to .”’ and the other 
distribution belongs to &’. 

The extension of Titchmarsh’s theorem can be cast for distributions as the 
following fundamental theorem. Let G, = Fg;, and let G(w + iw’) denote an ana- 
lytic function in the upper half complex angular frequency plane. The necessary and 
sufficient conditions that the distribution G,, is the boundary value of G(@ + iw’) as 
w' — 04, is that one of the following conditions is satisfied: 


(i) g € DLN, or 
1 
(i) G=—-—Gxpwv.-. 
al @ 


The condition in (ii) can be expressed in a more familiar form. If 


lim Gio + iw’) = Gy = Ao + iBo, (17.235) 
oa! >0+ 


where G,, Ay, and By are distributions, then (ii) becomes 


1% Buy doo! 
AgSaER / = (17.236) 
IT Jicoo O-O 
and 
1? Ay do! 
By = Pf ieee) (17.237) 
UT Jo O-w 


The reader should recognize these last two results as a Hilbert transform pair. Note 
that they are written in symbolic form, since the Hilbert transform of a distribution 
is evaluated on a suitable test function via (HA,,,¢). The proof of the preceding 
theorem can be found in Beltrami and Wohlers (1966b). This theorem also admits 
some further generalizations, which the interested reader can seek out in the ref- 
erences indicated in the end-notes. The fundamental idea is that the necessary and 
sufficient condition for a tempered distribution to be a causal tempered distribution 
is that the Fourier transform of this distribution satisfies a Hilbert transform relation- 
ship. This result was developed and extended by Taylor, Schwartz, Beltrami, and 
Wohlers. It is the key to the connectivity between causality and Fourier transforms of 
distributions. 

A fundamental result, due to Schwartz (1962), is the following. Let G, 
= Fg, € ./’, then a necessary and sufficient condition that g, € D', is that 
Go = —(1/m1) Gy * p.v.(1/o). 

Other alternative necessary and sufficient conditions can be given (see Beltrami 
and Wohlers (1967)). 
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The second condition of the fundamental theorem involving Hilbert transforms 
can be arrived at in two ways. Taylor (1958) showed that the necessary and sufficient 
condition for a distribution g, € ./, is that the distribution G,,, defined by 


Go = (1+ 0*)™ Fg,, (17.238) 


where M ¢€ Z™, belongs to the space 8’, the set of continuous linear functionals on 
Dy: and satisfies a subtracted dispersion relationship of the following form: 


2M+1 : > — ; 

a (1+ @*) Gy da 
Gi.= m1 4+ @2)-™ ae | . (17.239 
o 2, ante (+a) % + = ieee ( ) 


where the a are expansion coefficients. The proof of Taylor’s theorem requires the 
analytic extension of Fg; to the upper half complex angular frequency plane, and 
then complex variable methods are used to derive the dispersion formula. 

An alternative way to proceed to establish dispersion relations is to employ ideas 
developed by Schwartz. The strategy is to write a convolution of G,, with the dis- 
tribution p.v.(w~!) and ascertain for which distributions this convolution is defined. 
This objective can be achieved by introducing a new space of distributions denoted 
by D’,. A distribution G,, satisfies 


Go € D'y (17.240) 


1 


Jara ey: (17.241) 


The factor 1/,/(1 + w”) is inserted to lead to an improved asymptotic behavior as 
@ — oo ina convolution integral with p.v.(w~'), and the particular form is selected 
to avoid introducing any additional complications at the origin. Many such factors 
can of course be chosen. Any distribution G, € &' or G, € O¢ belongs to D'y. 
The Dirac delta distribution belongs to Dy and p.v.(w!) € Dy. The convolution 
Gy * p.v.(w!) is well defined for any G,, € &’, and in such cases it is unnecessary 
to introduce the additional factor 1/,/(1 + w). 
Any distribution g; satisfies g; € D’, if it has a decomposition of the form 


& = gH, (17.242) 


where g(t) is some locally integrable function and H(t) denotes the Heaviside distri- 
bution (step function). It is assumed that this product is well defined. A key result, 
which is obtained without recourse to analytic function theory ideas, is the following. 
If the distribution G,, satisfies Gy = Fe; € Dy, then g; € D\,, iff 


Gy = Gy * 8", (17.243) 
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where 5* is a Heisenberg delta function (recall Eq. (10.9)). Since 
Gu = Gy *6 = Gy * (5+ +87), (17.244) 
an alternative condition is that 
Gy xd =0. (17.245) 
Using the definition of 5* leads to the following reformulation of Eq. (17.243): 
1 1 1 1 1 
Gy = =Gy *6 — —-Gy * p.v.— = —— Go * p.v.—. (17.246) 
2 271 o al o 


Expressing G, in terms of its real and imaginary parts, G.=A,.+iBy, allows 
Eq. (17.244) to be written in the following manner: 


1 1 
By = —Ag * p.v.— (17.247) 
a o 
and 
1 1 
Aw = ——By * p.v.-, (17.248) 
uA o 


which are the Hilbert transform pair in symbolic notation. 

A sketch of the derivation of the requirement in Eq. (17.243) is as follows. First 
note that the inverse Fourier transforms of the Heisenberg delta distributions can be 
written in terms of the Heaviside function as follows: 

1 


F'8*(x) = 5 Hes). (17.249) 


There is an issue of phase choice for the Fourier transform that plays a role here. If the 
same phase choice as in Section 10.4 is employed, then it follows that F —l3=Qx) = 
(1/27)H(+x). Recall the comment after Eq. (10.75). In discussing causal functions 
and distributions, the conventional choice for the Fourier transform exponent is a 
positive sign, and the inverse Fourier transform consequently has a negative sign. This 
is opposite to the sign choice in Section 10.4. Taking the inverse Fourier transform 
of Eq. (17.243) leads to 


F'G,(t) = 2nF |G, (t)F~'8* (0) 


i 
= {27g(t)} {5-H 
IT 
= g(t)H@) 
= 8, (17.250) 


and hence g; belongs to the space g; € D',. 
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Notes 


§17.1 For some further reading on passive systems, see Page (1955, chap. 12). 
§17.2 For further reading on introductory aspects of linear systems see for example, 
Gross (1956), Brown (1961), Guillemin (1963), Zadeh and Desoer (1963), Fratila 
(1982), Bendat (1990), Oppenheim, Willsky, and Nawab (1997). Readers interested in 
examining the complications that start to emerge for nonlinear systems could consult 
Nayfeh and Mook (1979). 

§17.4 For further discussion on weighting and response functions, see Brown (1961) 
or Pippard (1986). 

§17.5 The most authoritative source for discussions on causality, particularly in the 
context of the connection to Hilbert transform relations, is Nussenzveig (1972). The 
books by Hilgevoord (1962) and Roos (1969) are also recommended, as is the paper 
by Toll (1956). A general introductory discussion can be found in Holbrow and 
Davidon (1964). 

§17.6 Conversion of a time-dependent signal to the frequency domain is usually 
made via the Fourier transform, but the Hartley transform can also be employed; 
see, for example, Agneni (1990) and Pei and Jaw (1990). For further discussion 
on Bochner’s theorems for linear passive systems, see Youla, Castriota, and Carlin 
(1959). 

§17.7 It is possible to replace the Fourier transform in the argument of this section 
with the Hartley transform; see Millane (1994). For more advanced mathematical 
treatments of the issues involving causality and analyticity, see Fourés and Segal 
(1955) and Freedman, Falb, and Anton (1969). 

§17.7.1 For additional reading on the subject of this subsection, see Remacle and 
Levine (1993), Kircheva and Hadjichristov (1994), and Lee (1995). 

§17.8 The books by Roos (1969) and Nussenzveig (1972) represent good places 
for further reading on the link between analytic behavior and the application of 
Titchmarsh’s theorem. To derive Hilbert transform connections for a linear, time- 
translational invariant, passive, causal system, it may be necessary to add further 
requirements. For some additional reading in this direction, see Wang (2002). 

§17.9 For further discussion on the acausal situation, see Bennett (1987a,b). 
§17.10 The key paper on this topic is Paley and Wiener (1933). For a generalization 
treating tempered distributions, see Pfaffelhuber (197 1a). 

§17.11 For an introduction to more advanced ideas on causality and the connection 
with scattering, Nussenzveig (1972) is the definitive source, and this reference has 
served as the basis for the discussion given in this section. For additional reading, 
see Van Kampen (1958a,b, 1961). Goldberger and Watson (1964) provide a detailed 
account of dispersion relations from a scattering perspective. For additional back- 
ground reading on the basic aspects of scattering theory, see for example, Schiff 
(1955), Wu and Ohmura (1962), or Merzbacher (1970). 

§17.12 Key early papers are Schtitzer and Tiomno (1951), Van Kampen (1953a,b, 
1957), and Giambiagi and Saavedra (1963). For further reading on causality and 
analyticity in scattering theory see Minerbo (1971), and Nussenzveig (1972) gives a 
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detailed discussion. The original suggestion to employ the causality condition as 
a supplementary constraint on the scattering matrix (S-matrix) is due to Kronig 
(1946). For some additional reading on dispersion relations in scattering theory, see 
Bogolyubov, Medvedev, and Polivanov (1958), Corinaldesi (1959), Thirring (1959), 
Goldberger (1960), Hamilton (1960), Sugawara and Kanazawa (1961), Hilgevoord 
(1962), Wong (1964), Barton (1965), Burkhardt (1969), and Nishijima (1974). For a 
discussion on some issues associated with the determination of the S-matrix and its 
relation to causality, the papers by Van Kampen (1957) and Wigner (1964) are worth 
a read. For one-dimensional scattering dispersion relations, Jin and Martin (1964) 
make a connection between the behavior of the scattering amplitude across the cut 
and its asymptotic behavior. 

$17.13 For further reading on the topics of this section, see Taylor (1958), Bel- 
trami and Wohlers (1965, p. 72, 1966a,b, 1967), Beltrami (1967), Roos (1969, pp. 
349-360), and Nussenzveig (1972, pp. 33-43). The underlying ideas for much of 
the discussion are due to Schwartz (1962, 1966a,b). The previously cited works of 
Beltrami and Wohlers contain extensions of a number of the results mentioned in this 
section. 


Exercises 


17.1 Ifa particular property represented by f(t) satisfies f(t) = 0, for t < 0, does 
it follow that the real and imaginary parts of the Fourier transform of f (¢) 
satisfy a pair of Hilbert transform relations? 

17.2 Evaluate f Eee G(w)e da for the damped harmonic model for ¢ > 0. 

17.3 Determine the displacement x(t) for the damped harmonic oscillator model 
when the driving force is given by 


0, t<0 
e’, ¢>0. 


ro={ 


17.4 If the damping constant D in the damped harmonic oscillator model satisfied 
D < 0, would the model be causal? 

17.5 If the damping constant D in the damped harmonic oscillator model was 
negative, would the system be passive? 

17.6 Evaluate g(t) = [°>, Gwe" dw for t < 0 using G(w) = 1/[m(@, — w?— 
itw°)| and ignoring terms of O(t) and higher. 

17.7 If every bounded input i(¢) produces a bounded output response r(f), is the 
condition ae |w(t)|dt < oo, where w(t) is the weight function, both neces- 
sary and sufficient for a system to be stable? 

17.8 Determine the form of the Hilbert transform connections between Re G(w) 
and Im G(w) for the problem represented by Eq. (17.110). 

17.9 Assume a harmonic oscillator, initially at rest at time ¢ = —oo, is acted upon 
by an external force f(¢) and is subject to damping characterized by I’, with 
I’ > 0. Show for this passive system that food Ct) dt! > 0. 
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17.11 
17.12 
17.13 
17.14 
17.15 
17.16 
17.17 
17.18 
17.19 
17.20 


17.21 
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Discuss the solution of the equation of motion 
X(t) + PX(t) + w2x(t) — rx() = ——E(0), 
m 


where I" and t are independent of time. 

For the model given in Exercise 17.10, is the system causal? Is the system 
passive? 

Prove Eq. (17.131). 

Derive the dispersion relations for the a(k) coefficient in Eq. (17.173). 
Derive the dispersion relations for the scattering function S(k) for classical 
s-wave scattering from a spherical scatterer. 

From the result of Exercise 17.14, what dispersion relation can be written for 
the phase shift? 

What dispersion relations can be written for the scattering cross-section for 
classical s-wave scattering from a spherical scatterer? 

Derive Eq. (17.204). 

Prove Eq. (17.208). 

Determine the form of the dispersion relations for the scattering function S(k) 
for non-relativistic quantum s-wave scattering from a spherical scatterer. 
Decide which of the following belong to D'y : (i) p.v.(@—'), (ii) a constant 
function, and (iii) any L* function. 

Show that the Heisenberg delta distribution 5+ belongs to D'y. Hence, or 
otherwise, prove 5+ « 6~ = 0. By writing p.v.(w!) = im{6,, — 55}, show 
that for a suitable distribution T, the following result (written in symbolic 
form) holds: 


HT =—{8- — 5+} «[[6° —8*} *T] = -T. 


What restrictions must be placed on T? 
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The Hilbert transform of waveforms 
and signal processing 


18.1 Introductory ideas on signal processing 


Signal processing plays a central role in a multitude of modern technologies. Think 
about those industries that are dependent on data communication, or on radar, to give 
just two examples, and the importance of signal processing becomes self-evident. The 
Hilbert transform plays a central role in a number of signal processing applications. 
Pioneering work on the application of Hilbert transforms to signal theory was carried 
out by Gabor (1946). 

A notational alert to the reader is appropriate at the start of this chapter. In the 
following sections the standard Hilbert transform operator H, the Heaviside step 
function H(x), the Hermite polynomials H,,(x), the Hilbert transfer function H(w), 
the fractional Hilbert transform Hy, and the fractional Hilbert transform filter H,(@) 
all appear, sometimes in close proximity, so the reader should pay careful attention 
to the particular symbols in use. 

Broadly defined, a signal provides a means for transmission of information about 
a system. For the signals of interest in this chapter, it is assumed that a mathematical 
representation of the signal is known. There are two important types of signals. The 
first are the continuous or analog signals — sometimes referred to as continuous- 
time signals. Unless something explicitly to the contrary is indicated, it is assumed 
throughout this chapter that all signals of this group belong to the class L?(R). Ina 
number of places, this requirement can be generalized. From a practical standpoint, 
the class L7(R) will cover many signals of interest. 

The second group contains the discrete or digital signals — also referred to as 
discrete-time signals. Chapter 13 dealt with aspects of the discrete signal. In this 
chapter, the focus is on continuous signals, which can be represented by a function 
of time, s(t), and these signals may be represented as real or complex functions. The 
system input and output are both continuous functions. If the input is measured at 
particular discrete points, a suitable interpolation scheme can be performed to render 
the data continuous. 

In order to extract information from a signal, some type of processing of the signal 
must be performed. Processing a signal corresponds mathematically to performing 
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some operation that changes its properties, or in some way extracts information from 
it. A key variable associated with a signal is the energy, £, defined by 


[o,@) 
E = |s(0)|? de. (18.1) 

—cCo 
A signal with finite energy obviously requires this integral to be bounded. 

A shift from the time domain to the frequency domain can be made by taking the 
Fourier transform of the signal. That is, the signal can be characterized by s(t), or by 
S(q@), where 

es) . 
S(@) = Fs(w) = / s(the'@ dt. (18.2) 
—0o 
Parseval’s theorem for Fourier transforms (see Section 2.6.3) allows the signal energy 
to be expressed in terms of the function S(@) via 


E= ie |S(@)|? do. (18.3) 


The term filter is employed to describe a mechanism for selectively clipping or 
screening out certain frequency components from a signal, so that the support for the 
signal is some restricted frequency interval. There are a number of specific filters, but 
some common categories are defined in terms of the system transfer function W(w) 
(see Section 17.6) as follows. Low-pass filters satisfy 


0, for |@| > ae 


W(w) = | (18.4) 


h(a), for || < We, 


where h(w) is some (non-zero) function of frequency and w, denotes the cut-off 
frequency beyond which the system transfer function is zero. A high-pass filter has a 
system transfer function whose value is zero for |~| below some cut-off frequency we: 


0, for |w| < we 


h(w), for |o| > ae. (18.5) 


W(w) = | 


A band-pass filter has a system transfer function whose support is [@min, @max], that is 


0, for @ < Wmin OF @ > Wmax 


W(w) = | (18.6) 


h(@), for @min < ® < @max- 
For a band-stop filter, as the name implies, the system transfer function has the support 
(—00, @min) LU (@max, 00), that is 

0, for @min S @ < @max 


= (18.7) 


h(w), for @ < @min OF @ > Wmax. 


W(w) = | 
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18.2 The Hilbert filter 


The Hilbert filter takes an input signal and returns the Hilbert transform of the signal 
as an output signal. This is also referred to as a Hilbert transformer, a quadrature 
filter, or a 90° phase shifter. Suppose a signal s(¢) has the form 


CO 


s(t) = > ag sin(ket + ox), (18.8) 
k=1 


where is a positive constant and the a; are expansion coefficients; then, 


CO 


Hs(t) = )° ag sin(keot + gy — 90°), (18.9) 
k=1 
and for a signal with the form 
lee) 
s(t) = D> ay cos(kwt + 9x), (18.10) 
k=1 
it follows that 
lee) 
Hs(t) = )° ag cos(koot + yy — 90°). (18.11) 
k=1 


From Eggs. (18.9) and (18.11), it is clear that there is a shift of phase of 90° on taking 
the Hilbert transform, hence the alternative name, 90° phase shifter. 

The Hilbert transformer functions by performing a convolution operation of 1 /zt 
with the signal, or in the frequency domain by employing a Fourier transform proce- 
dure. Let the input signal be denoted by s(t) and its corresponding Fourier transform 
in the frequency domain be S(@), and let A(t) denote 1 /zt. On the basis of the discus- 
sion in Section 17.6, it follows that the output response signal R(q@) in the frequency 
domain, after carrying out the convolution h * s, is given by 


Fr(w) = F[A(t) * s()](@) 
= Fh(w)Fs(o), (18.12) 


so that 
R(w) = H(@)S(o), (18.13) 


where the Hilbert transfer function, written in standard engineering format, is given 
by 


H(iw) = —isgnaw. (18.14) 
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Figure 18.1. (a) The function h(t); (b) the Hilbert transfer function H(ia). 


The function A(t) and the transfer function H(ia) are shown in Figure 18.1. 

The magnitude of H(ia) is a constant, except at w = 0. If the standard definition 
of the sgn function is employed (see Eq. (1.14)), then H(iw) has a discontinuity at the 
frequency origin, where H(iw) = 0. The phase angle, denoted by ZH(iw), switches 
sign at @ = 0. These two functions are illustrated in Figure 18.2. 

The phase function y(q) is defined by 


y(w) = arg{H(iw)} = = sgn w. (18.15) 


The idealized Hilbert filter discussed so far is not physically realizable. At best, one 
can only obtain close approximations to it. 

The Hilbert filter for the treatment of discrete time signals was discussed in Section 
13.8 (see in particular Eq. (13.71)). The interested reader could revisit that section to 
see the role of the Hilbert filter in the determination of the connection between the 
real and imaginary parts of X (w), the Fourier transform of the time sequence x[n]. 
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Figure 18.2. (a) The function |H(iw)|; (b) the phase angle of H(iw). 


18.3 The auto-convolution, cross-correlation, and auto-correlation 
functions 


The auto-correlation, cross-correlation, and auto-convolution functions find a number 
of applications in signal analysis. For example, the energy associated with a signal 
can be identified with the auto-correlation function. This section explores these three 
functions and considers some connections with the Hilbert transform. 

Let s(t) denote a signal and let s;;(t) be employed as shorthand to denote the Hilbert 
transform of s(t). The auto-convolution function is defined by 


Ps (t) = {8 * s}(t) = de s(t')s(t — t)dr’, (18.16) 


and there is an analogous definition for p,,, (t). The auto-convolutions s(t) and ps,, () 
are connected by the following formula: 


Ps(t) = —Ps,, (2). (18.17) 


To prove this result, take the Fourier transform of ps(f), and let the Fourier transform 
of s(t) be denoted S(@), then using Eq. (2.54) yields 


Fs(@) = F{s * s}(w) = Fs(w) Fs(w) = S?(o), (18.18) 
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and on using Eq. (5.3) it follows that 
F sy (0) = Fisy * si} 

= FHs(w)FHs(w) 

= {-isgnw Fs(w)}? 

= —S’(a), (18.19) 
so that 

Fps(t) = —F psy (0), (18.20) 


which leads, on taking the inverse Fourier transform of this result, to Eq. (18.17). 
The cross-correlation function (also called the correlation function) is defined by 


Pe ={f * kO= / SOs + od, (18.21) 


where f and g are two functions defined on R and the integral is assumed to exist. This 
result can be written, on making the change of variable ¢’ + ¢ = 1, in the following 
alternative form: 


pa) ={f 2} = / fle — dg(a)de. (18.22) 


In the preceding two equations the pentagram symbol « plays a role similar to the 
convolution symbol «. If g = f then the auto-correlation function is defined by 


od=(fxfo=f fe-ofear=f fe tofe@ar. (18.23) 


The reader needs to be alert to the similar symbolism employed for the auto- 
convolution and the auto-correlation functions. The cross-correlation and auto- 
correlation operations satisfy a number of correlation identities, and the reader 
interested in pursuing further discussion on this topic could consult Howell (2001, 
p. 396). 

The following identity holds for the cross-correlation function: 


Pssy (t) = —Psyzs(t). (18.24) 


Let f(t) denote the signal s(t) and let g(t) designate s7;(t). The proof of Eq. (18.24) 
takes advantage of the following correlation identity: 


F{f * g}(@) = F*(@)G(o), (18.25) 


where F’ and G are the Fourier transforms of f and g, respectively, and the 
superscript * denotes complex conjugation. The proof of Eq. (18.25) is left as an 
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exercise for the reader. From Eq. (18.22) it follows, on taking the Fourier transform 
and employing Eq. (18.25), that 


F{s x Hs}(w) = S*(w) F Hs(w) 
= ~isgnw|S(w)|’, (18.26) 


and similarly 


F{Hs « s}(w) = [FHs(o)]*S(o) 
= isgnw|S(@)|’, (18.27) 


and hence 
F Pssy(@) = —Fpsys(@). (18.28) 


Taking the inverse Fourier transform leads to Eq. (18.24). If the auto-correlation 
function is evaluated at t = 0, it follows from the definition in Eq. (18.22) that 


Pssi (0) = Psis (0), ad 8.29) 
and hence from Eq. (18.24) that 
Psst (0) = 0. (18.30) 


This means that, at ¢ = 0, s(t) and s(t) are uncorrelated. 
The application of the auto-correlation function to s(t) and s;;(t) leads to the 
following identity: 


Ps(t) = Psy (0). (18.31) 


This can be proved in a similar fashion to that outlined for Eq. (18.24). The correlation 
identity required can be obtained directly from Eq. (18.25), that is 


Ff * f}(@) = |F)/. (18.32) 


The energy associated with the real signal s(¢) is defined by 


E = p;(0) = / % s*()dt. (18.33) 


Employing Eq. (4.172) allows the energy to be expressed as follows: 


E= / 7 s(t)dt = / [Hs(t)]? dt. (18.34) 
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This result means that energy is conserved after taking the Hilbert transform of a 
signal. 

In some cases it is useful to introduce a normalized auto-correlation function, 
defined for a complex function f by 


[o,@) 
(t)*f(t + t)dt 
y@= Foo f f ; (18.35) 
(eg FEN Gide 
In situations where neither integral exists separately, it may be possible to evaluate 
T 
pf (ry f(t + dt 
yr(t) = J nt (18.36) 
Sop FOF (TD de 
as a finite quantity, and then examine the limit T — oo, so that 
T * 
t)*f(t + 0dr 
Yoo(t) = lim Jr fOFE +9 (18.37) 


Too fT. f(x)*f(r)dt 


In some situations it may be known that ri a f (t)*f (t)dt behaves linearly with 7, 
so that an alternative convergent form for the auto-correlation function can be defined 
as follows: 


_ re ae 
Yoo(t) = im 55 ff) ‘f(t + Ode. (18.38) 


There are counterparts for the results of this section for discrete-time signals. The 
reader with an interest in this direction can consult Oppenheim et al. (1999, p. 65). 


18.4 The analytic signal 


The analytic signal arising from the function g in the time domain is defined in the 
following way: 


f@ = g(t) + iAg(t). (18.39) 


Some authors call f the pre-envelope of the signal g(t). As a reminder to the reader, 
the complex unity is represented throughout this chapter by i, and not the more con- 
ventional 7 that is employed in the engineering literature. The origin of the definition 
in Eq. (18.39) is clear. The imaginary part of an analytic signal is connected to its 
real part by a Hilbert transform. As remarked in Chapter 1, the Hilbert transform 
is sometimes referred to as the quadrature function, and so the second term of the 
analytic signal in Eq. (18.39) is occasionally called the quadrature term. In the litera- 
ture, the analytic signal is also seen with a minus sign in front of the quadrature term, 
which reflects the opposite sign convention employed for the definition of the Hilbert 
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transform, relative to the one used in this book. A simple illustrative example is the 
function e’. Recalling that the Hilbert transform of cos wt is sin wt, for a constant 
w > 0, then 


e! = coswt + iH[cos af]. (18.40) 
Therefore, the analytic signal corresponding to cos wt is e'’. If the signal is sin wt 
for w > 0, the corresponding analytic signal is —ie!’ = e(@'—7/?), 
The key historical contribution is that of Gabor (1946). He started with a real signal 
of the form 
s(t) = acosat + bsinat, (18.41) 
where a and b are constants, and then formed the complex signal 


V(t) = s(t) +io(t) = (a— iby, (18.42) 


where o(¢) is formed from s(t) by replacing cos wt by sin wt and replacing sin wt 
by —cos wt. The significance of o (f) is that it is the quadrature of the signal s(t). The 
reader will immediately note the relationship between Gabor’s analytic signal and the 
conjugate series discussed in Section 3.13. Gabor went on to make the connection 
with analytic function theory, and he noted the Hilbert transform connection between 
o(t) and s(t). 

Recalling the definition of the projection operator P+ from Eq. (4.352), the analytic 
operator A can be introduced by the following definition: 


A=2P,=(/+iA), (18.43) 
so that, if z(t) denotes the analytic signal corresponding to the real signal s(¢), 
z(t) = (As)(t). (18.44) 


Here are some examples. If s(t) = e!’, then the corresponding analytic symbol is 
given by 


(As)(t) = (1+ sgna)el. (18.45) 
If s(t) = cos wt, then 
A{cos wt} = coswt + isgnw sin wt (18.46) 
and 


A{sin wt} = sin wt — isgnwcos oat. (18.47) 
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For the case s(t) = cos(@1t + g1) cos(wm2t + 2), (As)(t) can be evaluated either by 
employing a trigonometric expansion for the product of cosine functions, or by Euler’s 
formula. Using the latter approach it follows that 


(As)(t) = patente Be e Hotton eloat+e2) 4: e  ierttg2)y) 


1 
= 7lL + senor + o2)]eor heather ten) 
+ [1 + sgn(o1 — wp)JeKorenrtorea) 
+ [1+ sgn(@2 — @  )Jele2t—o1t-91 + 92) 
+ [1 — sgn(@ + az) Jeter tort 91 +92) } (18.48) 
Restricting to the case 0 < w; < 2, the preceding result simplifies to 
A{cos(w t + 1) cos(w2t + g2)} = 1 iorttorttei ton) a ello2t—ait—gi tea) 
2 
= cos(wit + yy )el2!t 2), (18.49) 
An important feature of an analytic signal is that, on making the switch from the 
time domain to the frequency domain, the signal contains only positive frequencies, 
which is often termed the one-sided character of the analytic signal. This can be 
demonstrated in a straightforward fashion by taking the Fourier transform of the 
analytic signal. From Eq. (18.39) it follows that 


Ff () = Fg(t) + iF Hg(t). (18.50) 


Suppose F'(@) and G(w) denote the Fourier transforms of f(t) and g(t), respectively. 
Then Eq. (18.50) simplifies, on using Eq. (5.3), to 


F(@) = G(@) + sgnw Fg(o) 


= G(w){1 + sgna}. (18.51) 
It follows that 
0, a<0 
F(a) = eee HO (18.52) 


The preceding result establishes the principal property of the analytic signal: that its 
Fourier transform contains no contributions at negative frequencies. As an example, 
consider the analytic signal 


sinat (1 —cosat) 
+1 


f@O= = fora > 0. (18.53) 


qt 
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The Fourier transform of the real part of f(t) is given by 


ae | 2 Gee) Sse ay (18.54) 
Tw 2: 


and the Fourier transform of the imaginary part of f(¢) is given by 


(1 — 
(+ COS aw) 


= sen w — Franti ceeeneaewyy: (18.55) 
Tw 2 


Hence, the Fourier transform of the analytic signal is given by 
Ff (w) = sgn wm — sgn(w — a). (18.56) 


The latter result is clearly one-sided, being zero for frequencies w < 0. The behavior of 
(xt)~! sin at, (t)~!(1 —cos at), and the corresponding Fourier transforms are shown 
in Figure 18.3 for the value a = z. The one-sided character of the analytic signal in 
the frequency domain is clearly evident in this figure. 

It is not uncommon to see in the literature the convention that S(t) denotes a signal 
in the time domain, and the same symbol is employed for the frequency domain, 
that is, S(w) is the corresponding signal in the frequency domain. This approach is 
avoided; with s(t) and S(w) employed as distinctive symbols to denote, respectively, 
the signal in the time domain and its corresponding representation in the frequency 
domain. Recalling Eq. (5.3), 


FHS(w) = —isgnw FS(a), (18.57) 


and the multiplier for the Hilbert transform operator based on the preceding formula 
(see Eq. (4.87)) is given by 


my(@) = —isgna, (18.58) 


Ret /@} Im{ fo} 
1 


Figure 18.3. The components of the analytic signal and their Fourier transforms. 
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so that 
FHS(w) = my(w)FS(a@). (18.59) 


The reader will note the correspondence with o (A), the symbol of H, discussed in 
Section 5.2 (see Eq. (5.37)). A relative multiplier my y(@) connecting X(w) with 
Y(@) can be defined in the following manner: 


FX (w) = my y(@) FY (a). (18.60) 
If the analytic signal arising from the real signal s(¢) is written as 
z(t) = s(t) + iHs(t), (18.61) 
then, on taking the Fourier transform, it follows that 


Fz(@) = Fs(w) + sgn w Fs(w) 


= mzs(w) Fs), (18.62) 
where 
Mz,5(@) = 1+ sgn (18.63) 
and 
Mz,5(@) = 1+imy(@). (18.64) 


Several properties of the Hilbert transform that were discussed in Chapter 4 can be 
used to derive the following results. From Eq. (4.198) it follows, using inner product 
notation, that 


(Rez(t), Imz(t)) = 0. (18.65) 
From Eq. (4.175), for two analytic signals z; (¢) and z(t), 
(Rez (t), Rez2(t)) = (Imz} (t), Imz2(f)), (18.66) 


which yields, in the special case z;(¢) = z2(t) = z(t), the following result: 
[oe Co 
‘) {Rez(t)}" dt = / {Im z(t)}? dt. (18.67) 
—Co —0o 
From Eq. (4.204), it follows that 


is Im z(t)dt = 0. (18.68) 


—cCo 
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The analytic signal z(¢) is an eigenfunction of the Hilbert transform operator with 
eigenvalue —i. That is, applying the Hilbert transform operator to z(t) leads to 


Hz(t) = —iz(t). (18.69) 


Let A operate on a complex signal, and in particular consider its action on an analytic 
signal z(t); then, from the definition Eq. (18.43) and the eigenfunction property just 
given, it follows that 


Az(t) = 2z(t). (18.70) 


Recalling the derivative property of the Hilbert transform, Eq. (4.137), it follows 
immediately that the operators A and d/dt commute, so that 


nv _ 4 


— = —As(t), 18.71 
a ae aaa 
or, more generally for n € N, 
d"s(t) d” 
A = —As(t). 18.72 
a ape ne!) 


If s;(¢) and s2(t) are two real signals, the action of the analytic operator on a linear 
combination of the two signals can be evaluated as follows: 


A{as,(t) + Bs2(t)} = aAs)(t) + BAs2(), (18.73) 


where a and 6 are constants. This follows directly from the fact that A is a linear 
operator. A more complicated situation arises for the evaluation of A {sj (4)s2(t)}. In 
general there is no simple resolution of this quantity; however, in a particular special 
case there is a major simplification. Bedrosian’s theorem (recall Section 4.15) can 
be applied to treat one special case. Let S}(@) denote the Fourier spectrum of 51 (4), 
which is defined by 


Si(@) = Fsi(@). (18.74) 
The descriptor “Fourier” is often omitted in the term Fourier spectrum, and it is 
common to simply refer to the spectrum of the signal. Suppose that the spectrum of 


s1(t) vanishes for |w| > @1, with @; > 0, and that the spectrum of s2(t) vanishes for 
|@| < @,. Then, by making use of Eq. (4.257), it follows that 


A{s1()s2()} = s1 DAs2(0), (18.75) 


which amounts to a major simplification. 
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A quantity of interest is the envelope function, defined by reference to Eq. (18.39) 
as follows: 


&(t) = |fOl = Vig? + [Ag (OP). (18.76) 
If Eq. (18.39) is written the form 
fO =EOe*®, (18.77) 
then &(f) is defined by Eq. (18.76) and (ft) is given by 


Hg(t) ) 
g(t) J’ 


o(t) = tan! ( (18.78) 
which is called the instantaneous phase. In connection with the analytic signal, the 
instantaneous frequency can be defined by the following expression: 
d¢(t) 
t) = ——. 18.79 

ol) = (18.79) 
The envelope function is often referred to as simply the envelope. The quantity S(t) 
is often referred to as the instantaneous amplitude of the analytical signal. There are 
other definitions that have been employed for the envelope function. One alternative 
definition involves a time derivative of the signal in place of the Hilbert transform 
of the signal. For various classes of signals, this alternative definition coincides with 
that given in Eq. (18.76). As an example of an envelope function, consider the case 
g(t) = sinc ?; then, using entry (5.42) from Table 1.5 in Appendix 1, the upper and 
lower envelopes are given by 


t 
6) =+ sine ; (18.80) 


This example is illustrated in Figure 18.4. At the points ¢;, where the function g(¢) 
intersects its envelope S(t), Hg(t;) = 0. 

If the construction of a complex signal is considered in a more abstract way, a 
principal problem is to determine an operator O such that a signal written in the form 


w(t) = u(t) + iv(t) (18.81) 
is constructed using 
v(t) = Ou(t). (18.82) 


What requirements must be placed on O such that the resulting complex signal has 
certain desirable properties? Vakman (1996) has given three conditions that should 
be satisfied by the operator O. If the initial signal u(t) is slightly perturbed by the 
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Figure 18.4. (a) Plot of the function g(t) = sinc ¢; (b) upper envelope of function; (c) lower 
envelope of function; (d) combination of graphs from (a)—(c). 
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addition of a very small signal u(t), then, in general, it is reasonable to expect that 
the signal u(t) is perturbed by a very small amount, say dvu(¢), that is 


O{u(t) + du(t)} = v(t) + dv(0), (18.83) 
and it is desirable that 
O{u(t) + du(t)} > v(t), as ||dul| > 0. (18.84) 


It is highly desirable that O is a continuous operator. 

A second condition that should be imposed is that the phase and frequency ought 
to remain unaltered when the signal is multiplied by a scalar. Let the signal u(t) be 
multiplied by the scalar c, with c > 0. If the phase is defined by 


po=ta- (ae) (18.85) 
cu(t) 
then it is required that 
Ocu(t) _ cOu(t) — Ou(t) (18.86) 


cult) cu(t)—si(B) 


in order for the phase to be invariant under scalar multiplication by a constant. Hence, 
Ocu(t) = cOu(t), (18.87) 


which is a homogeneity condition (recall Eq. (7.166)). This can be treated as a phase 
invariance to scalar multiplication condition. 

The third condition invoked by Vakman, is that the amplitude and frequency of a 
sinusoidal signal should be preserved under the action of the operator O. That is, for 
aa constant, 


Oacos(wt + 6) = asin(wt + ¢). (18.88) 


This has been called a harmonic correspondence condition. It is not difficult to demon- 
strate that the Hilbert transform satisfies the three conditions that have been given. It 
is left as an exercise for the reader to verify that this is indeed the case. 

Under the action of a translation of the signal u(t), it is reasonable to expect that 
the signal satisfies 


u(t) > u(t—a), then w(t) > w(t-—a) = u(t —a)+iv(t—a). (18.89) 
Since u(t) is determined from u(f), it is required that the following sequence apply: 


Ou(t — a) = Otqgu(t) = tgOu(t) = Tav(t) = v(t — a), (18.90) 
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where T, is the translation operator defined in Eq. (4.64). In a similar fashion for a 
constant b > 0, it is reasonable to expect that the signal satisfies 


u(t) > u(bt), then w(t) > w(bt) = u(bt) + iv(bt). (18.91) 
It is desirable that the following sequence applies: 
Ou(bt) = OSpu(t) = SpOu(t) = Spv(t) = v (bt), (18.92) 


where Sz is the dilation operator defined in Eq. (4.70). The reader will recognize that 
the two key requirements imposed in Eqs. (18.90) and (18.92) are the commutator 
conditions 


[O, tT] =0 (18.93) 
and 
[O,S,] = 0. (18.94) 


If O is a bounded linear operator acting on functions of the class Z?(R), for 
1 <p < @™, and if O is required to commute with the translation operator and the 
dilation operator for positive dilations, then O takes the following form: 


O=al+ BH, (18.95) 


where ow and £ are constants. This result was proved in Section 4.6. With the appro- 
priate choice of constants in Eq. (18.95), the very general constraints of having 
a translation-invariant operator (recall Eq. (4.69)) and the commutator condition 
[O,S,] = 0, for b > 0, lead to the identification of O in the equation u(t) = Ou(t) 
with the Hilbert transform operator. The choice a = | and § = 1 in Eq. (18.95) leads 
to the definition of the analytic operator A. 


18.5 Amplitude modulation 


Let s(t) denote a signal dependent on time and let S(w) denote its Fourier spec- 
trum, S(@) = Fs, and assume that this is band-limited to the some frequency interval 
[—aw, wo]. That is, S(w) has its support restricted to [—w0, wo]. If S € L*, then the 
time-dependent signal can be obtained by Fourier inversion as follows: 


w 

s(t) = ES / " S(w)e do. (18.96) 
2 Jao 

Suppose that s(t) is a radio transmission. It is obviously advantageous that dif- 

ferent radio stations in a given geographic setting broadcast signals with distinct 

frequency ranges. This can be achieved by carrying out a frequency modulation (FM) 

or an amplitude modulation (AM) of the signal. Electromagnetic radiation of the 
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appropriate frequency serves as the carrier, and the process whereby the message 
modifies the carrier is termed “modulation.” Recovery of the message at the receiver 
is called demodulation. In what follows, the focus is on amplitude modulation, which 
is achieved by constructing the new signal s,,(¢) as 


Sm(t) = s(t) cos(@et), (18.97) 


where the carrier frequency is denoted by we. The carrier frequency is much higher 
than the message frequencies. In the United States, the AM radio carrier frequencies 
are in the range 540 to 1700 kHz, and modulation frequencies for voice and radio are 
typically in the range 50 Hz to 10 kHz (Lindsey and Doelitzsch, 1993). The Fourier 
transform of s(t) leads to 


Sm(@) — F8m(w) = a s(t) cos(wet)e 1" dt 


1 1 
= ae —.) + ge + We). (18.98) 


On the positive frequency scale, Sm spans the range [we — w0,@. + wo], with a 
corresponding range [—@e—w0, —®c +a] on the negative frequency scale. The signal 
that arrives at the receiver must be demodulated, or detected, which is accomplished 
by multiplying s(t) by the factor cos(we¢f), that is 


Sd(t) = Sm(t) CoS(@ef). (18.99) 


The Fourier spectrum of sq(t) is given by 


Sq(@) = Fsq(w) = Sm(t) COS(@et)e 1" dt 


1% . 
>| s(t){1 + cos(2a@et)}e 1 dt 
2 Joo 


1 1 1 
58(w) + 7S(@ — 2we) + GS + 20). (18.100) 


The components with frequencies shifted from w are filtered out, leaving the ear to 
detect the frequency component corresponding to the signal s(t). The contributions 
on each side of the frequency w are referred to as the sidebands. The approach just 
outlined is called double-sideband modulation. 

A common form of modulation for radio broadcasting is amplitude modulation. 
Here, the carrier is combined with the signal to be transmitted, so that 


Sam(t) = A{1 + sm()} cos(@e¢f), (18.101) 


with the condition |s(¢)| < 1 so that A{1 + sm(f)} is non-negative. It is left as an 
exercise for the reader to determine the spectrum corresponding to sam (‘). 


18.5 Amplitude modulation 137 


In the double sideband modulation scheme the frequency range of the initial unmod- 
ulated signal is 2w9, while the total range of the modulated signal is 4a. It is desirable 
to reduce this doubling of the frequency range, and this can be accomplished by an 
approach called single-sideband modulation. In place of the modulation employed in 
Eq. (18.97), the following modulation is employed: 


Sssm(t) = S(t) cos(@et) — Hs(t) sin(@et). (18.102) 


This signal can be viewed as being formed by taking the real part of the analytical 
signal formed from s(t) and multiplied by e!’, that is, 


Sssm(t) = Re[{s(t) + iHs(t)}el*"]. (18.103) 


Demodulation of this signal at the receiver end is carried out by multiplying sssm (4) 
by cos(w¢t) and taking the Fourier transform, so that 


Sssm(@) = ee {s(t) cos(@et) — Hs(t) sin(wet)} cos(wet)e dt 


—oo 


1s” ; 
= =f s(t){1 + cos(2met)}e™'" dt 
2 Joo 


of 8° 
-= / sin(2wet)Hs(t) e' dt. (18.104) 
2 J—co 
The preceding integral is evaluated as follows: 


lee) : 1 ee) ‘ ; 
/ sin(2@¢t)Hs(t) eet dt = — / Hs(t){ee-2e0)" _ e Mota gy 
oa) 21 Joo 


= = (Fst — 2w.) — FHs(w + 2@¢)} 
= ati sgn (@ — 2w¢) Fs(w — 2a) 
+ isgn (w+ 2@¢) Fs(@ + 2@¢)} 
= slsan(o + 2m) S(@ + 2@¢)} 
— sgn(@ — 2m) S(@ — 2a¢)}, (18.105) 


and Eq. (5.3) has been employed. Equation (18.104) reduces to the following: 
1 1 1 
Sssm(@) = 75) ad qd — 2.) + ecg + 2@¢) 


1 1 
Gi sgn(@ + 2M.) S(@ + 2@¢) + a sgn(@ — 2@.) S(@ — 2a), 
(18.106) 
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which simplifies to yield 


1 1 
Sssm(@) = 75(@) + qu + sgn(@ — 2a ¢)}S(@ — 2a) 
+ itl — sen(@ + 2a.)}S(@ + 2a<¢). (18.107) 


For a signal s(¢) and its Hilbert transform Hs(t), the corresponding moduli of the 
amplitudes of the Fourier transforms of these two signals are identical. The two 
Fourier signals differ only in phase. The ear is fairly insensitive to the detection of 
phase changes for the Fourier components of a signal, with the result that if s(¢) 
denotes a speech signal; taking the Hilbert transform of the signal does not make it 
indecipherable. 


18.6 The frequency domain 


Consider a function with the analogous structure of the analytic signal, but defined 
in the frequency domain: 


F(@) = G(@) + iHG(o). (18.108) 


Take the Fourier transform of this expression, and denote the corresponding Fourier 
transforms of F'(w) and G(w) by f(t) and g(t), respectively; then 


f@O = g(t){1 + sgn zt}. (18.109) 


The outcome is that f (¢) is a causal function. As an example, consider the Lorentzian 
function defined by 


1 a 
mw a*+(@— wo)?’ 


I(@) = (18.110) 


where a and a are constants. The Hilbert transform of the Lorentzian is given by 


1  @— 0) 


HI — : 
) mw a2 + (w— wo)" 


(18.111) 


and F'(w) is therefore given by 


1 a zal (@ — 0) 


F — : 
) mt a* + (@ — wo)? we a + (@ — wo)" 


(18.112) 


The Fourier transforms of the real and imaginary parts of F'(w) are, for a > 0, 


g(t) = F[Re F(t)] = e 20a, (18.113) 
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and 

iHg(t) = iF [Im F(t)] = sgnt e100", (18.114) 
and hence 

f@) = FLFO) = e111 + sen th. (18.115) 


This final expression clearly displays the causal character of f(t). For this example, 
the separate behavior for g(t), iHg(t), and f(t) are illustrated in Figure 18.5 for the 
choice w) = O anda = 1. 


18.7 Some useful step and pulse functions 


Some functions that have considerable value in determining the shape of a signal are 
examined in this section. These step functions also find considerable use in many 
areas of applied mathematics. Section 18.8 examines which of these step functions 
have a non-divergent Hilbert transform. 


18.7.1 The Heaviside function 


The first step function considered is the Heaviside function, which is arguably one 
of the most important of the step functions in practical applications. Heaviside’s unit 
step function is defined by 


0, x <0 
Ha) = 41/2, x=0 (18.116) 
1, x > 0. 


Two definitions are in common use. The first definition leaves H(0) undefined, and 
H(x) for |x| > 0 involves the assignment given in the preceding equation. The second 
definition assigns a constant c to the value of H(x) at x = 0, with the choice of 
constant most commonly selected as the value 1/2. The Heaviside function has a 
jump discontinuity at x = 0. It is represented graphically as shown in Figure 18.6. 

The Heaviside step function is particularly useful for representing physical pro- 
cesses that are switched on at some particular time. For example, suppose a constant 
voltage is applied to a system, starting at time zero, then the shape of the voltage—time 
curve would be that of a Heaviside function. 

The step function shown in Figure 18.7(a) can be represented by a Heaviside 
function with a shift of the argument, that is H(x — a). With a change in sign 
for the argument of the latter Heaviside function, that is, H(a—-x), the graphical 
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Figure 18.5. The functions g(t), iHg(¢), and f(¢) given in Eqs. (18.113)—(18.115). 
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nN H(x) 


(b) 


Figure 18.6. The Heaviside unit step function. (a) The form when H(x) is not defined at x = 0. 
(b) The form when the function is assigned a value 1/2 at x = 0. 
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Figure 18.7. The Heaviside step function H(x — a) with a displaced origin. (b) The Heaviside 
function H(a — x). 


representation is as shown in Figure 18.7(b). This form of the Heaviside function 
could be used to model a process where a constant signal is turned off at some 
particular time. 

The Heaviside function can be used as an effective means for representing functions 
with one or more finite jump discontinuities. The following example illustrates this 
usage. Let 
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Figure 18.8. The function f(x) defined by Eqs. (18.117)—(18.118). 


gia)=—-x+1, -l<x<0, 
g2(x) = 2x 4 2, 0<x <4, 
g3(x)=(x- 2)", 4 <x, (18.117) 


and define the function f by 


f (x) = 91%) + g2(x) + g3(x). (18.118) 


This function is shown in Figure 18.8. The function has finite jump discontinuities at 
x = 0 and x = 4. Equation (18.118) can be written as follows: 


f@) =( —x)H@ 4+ 1) + Gx + DH@) + @? — 6x + 2)H@e — 4). (18.119) 


18.7.2 The signum function 


The signum (or sign) function has arisen in several places in the book so far, and 
was defined in Eq. (1.14). An alternative definition that is commonly employed is as 
follows: 


1, x>0 
= ; 18.12 
sgn x ae ers: (18.120) 


where no assignment is made for the value at x=0. The signum function can be 
written in terms of the Heaviside function: 


sgnx = 2H(x) — 1. (18.121) 
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18.7.3 The rectangular pulse function 


The rectangular pulse function (sometimes termed the “boxcar’’) of unit height was 
defined in Eq. (9.19) and illustrated in Figure 9.1. The alternative definition fora > 0, 


0, |x| >a 
Tog) = 41/2, |xJ=a (18.122) 
1, |x| <a, 


is also in use. The rectangular pulse function for the case a = 1/2 is often written as 
rect(x). The function II2,(x) can be written as a combination of two Heaviside step 
functions: 


Tlog(x) = Hx +a) —-H@— a). (18.123) 


The rectangular waveform shown in Figure 18.9 can be represented mathematically 
in different ways. Consider the cosine function cos(zx/2a) depicted in Figure 18.10. 
The function is negative for x in the interval (44 + l)a < x < (4k + 3)a, for integer 
k, and positive for (44 — l)a < x < (4k + l)a. Hence, the Heaviside function can 
provide a convenient representation of the rectangular waveform: 


(18.124) 
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Figure 18.9. Rectangular waveform. 
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Figure 18.10. Graph of the cosine function for the case a = 1 and the rectangular waveform 
resulting from this function. 
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Figure 18.11. Graph of the sine function for the case a = | and the rectangular waveform resulting 
from this function. 


Using the same type of subtraction procedure indicated in Eq. (18.123), itis possible 
to write H(cos(zx/2a)) in the following form: 


ee) 


H(cos(=~)) = S~ (Hi — 4k = Da) — He — 4k + Day}. (18.125) 


k=—00 


A rectangular waveform shifted by one unit can be obtained by employing the sine 
function sin(zx/2a). The situation is illustrated in Figure 18.11. This form of the 
rectangular wave can be written in terms of H(sin(zx/2a)) by employing 


(18.126) 


2a 


_(HX\\ 0, (4k +2)a<x < (4k +4)a 
Hi (sin( )={o Aka <x < (4k + 2)a. 
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Hence, 


H(sin(==)) = ~ (Ho —4ka) — Ho — (4k + 2)a)}. (18.127) 


k=—00 


18.7.4 The triangular pulse function 
Recall from Eq. (4.265) that the unit triangular function is defined by 


0, -3w <x<-l 
l+x, -l<x<0 
A(x) = ° 18.12 
aa |: oe ae ee er eee) 
0, 1<x<oo. 


The graphical representation of A(x) is displayed in Figure 18.12. The triangle 
function A(x) can be cast in terms of the Heaviside step function as follows: 


A(x) = «+ DH + 1) — 2xH(@) + (« — DH — 1), (18.129) 


and it can also be written in terms of the signum function. 


18.7.5 The sinc pulse function 


The sinc function was defined in Eq. (4.260) as sinc x = sin 7x/(zx). Note that some 
authors define the sinc function without the factor of pi included. The sinc function 
encloses unit area on the interval (—co, oo), that is 


(o,@) 
/ sincx dx = 1. (18.130) 


(ee) 
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Figure 18.12. The unit triangular function A(x). 
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Figure 18.13. The functions sinc x and sinc” x, and the Fourier transforms of these functions. 


Of related interest is the sinc” x function. This function also encloses unit area on the 
interval (—co, oo). The sinc function was illustrated in Figure 4.3. In Figure 18.13 the 
sinc function and the function sinc’ x are compared, together with the corresponding 
Fourier transforms of these functions. 

The sinc function has the interesting feature that its Fourier transform is the 
rectangular function IT, (x), and the Fourier transform of sinc? x is A(x/27). 


18.8 The Hilbert transform of step functions and pulse forms 


The Hilbert transform of both the Heaviside and sgn functions diverge. The problem 
lies not with the singular behavior on the real axis, but with the behavior at infinity. 
This can be contrasted with the Hilbert transform of a constant function, which is 
well behaved and has the value zero. 

The rectangular pulse IIzg(x) is defined in Eqs. (9.19) and (18.122) and has a 
Hilbert transform given by 


1 
GSS teal (18.131) 
4 a-—x 
The result is well defined except at x = +a, which correspond to the points of jump 


discontinuity for Il2q(x). For the related pulse functions given by H(cos(zx/2a)) and 
H(sin(zx/2a)), the reader is left to decide if the Hilbert transforms of these functions 
are well behaved. 
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The Hilbert transform of the unit triangular pulse function is given by 


1 1 2] 
HA) = + [tog] +x10g — |. (18.132) 
A x—1 x 
which is well behaved except at the discontinuous points of A(x) at x = +1. The 


Hilbert transform of the more general triangular pulse of the form 


0, |x| >a 
Ag(x) = |x| (18.133) 


1—-—, |x| <a 
a 


is left as a case for the reader to consider. 
The sinc function arises widely in applications. The Hilbert transform of this pulse 
function is straightforward to evaluate: 


H sinc(ax) 


~P sin (amt) dt 


H Joo amt(x — t) 


1 lo) . lee) 4 
; ss / sin(amt)dt Hi i ae 
xart 66 <a e —oo t 


—sgnacos(arx) “6 sgna 


am x xa 


= S88 1 — costar}, (18.134) 


anx 


and H(sin ax) = —sgnacos ax has been employed. As an exercise, the reader is left 


to try the example H sinc’ax. 


18.9 The fractional Hilbert transform: the 
Lohmann—Mendlovic—Zalevsky definition 


The idea of a fractional Hilbert transform (FHT) operation as it is applied in engineer- 
ing applications is examined in this section. Three distinct definitions that have been 
introduced in the literature are described. The standard Hilbert transform is applied 
in image processing because it can be used to enhance selectively particular features 
of an image. A motivation behind introducing a fractional Hilbert transform is that 
its application can affect the type of edge enhancement obtained for an image. This 
behavior is illustrated shortly. 

An example of Lohmann, Mendlovic, and Zalevsky (1998) is considered first. Let 
gi,i = 0,...,3 denote, respectively, the images u(x, vy), u(y, —x), u(—x, —y), and 
u(—y,x), which are constructed by successive rotation by 90°. The set g; can be 
replaced by the following function: 


g(x, y,p) = u(xcosd + ysin gd, —x sing + ycos®¢), (18.135) 
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where 


pa <P. (18.136) 
Each of the g; can be recovered with the choices p = 0, 1, 2, and 3, respectively. Ina 
sense it follows that 


gi > gi) > g(P), (18.137) 


which allows the four images to be recovered for the four integer values of p. It is 
possible to interpolate between images using fractional values of p. 

Lohmann, Mendlovic, and Zalevsky (1996a) introduced two different definitions 
of a modified Hilbert transform that they termed the “fractional Hilbert transform.” 
The first definition of the FHT introduced was based on a spatial filter with a fractional 
parameter, introduced in the same way as illustrated in Eqs. (18.135)—(18.136). The 
second definition was based on the fractional Fourier transform. The first of these two 
approaches is now considered. The transfer function of the Hilbert transform takes 
the following form: 


i, w>0 
Hi(w) = 0, w=0 (18.138) 
-i, w<0. 


The appearance of the extra subscript on H is explained shortly. Equation (18.138) 
can be rewritten in terms of the Heaviside step function as follows: 


Hi (@) = iH(@) — iH(—a). (18.139) 
Equation (18.139) can be put in the following form: 
Hi (@) = exp(ia/2)H(w) + exp(—iw/2)H(—a). (18.140) 
A fractional generalization of this result can be written as follows: 
H,(@) = exp(ip /2)H() + exp(—ipm/2)H(—a@). (18.141) 


Employing Eqs. (18.121) and (18.136) allows the preceding result to be rewritten as 
follows: 


H,(@) = cos @ + ising sgn w. (18.142) 


The parameter p is called the order. 
Using Eq. (18.141) as the definition of the fractional Hilbert filter function 
introduced by Lohmann et al. (1996a), several properties follow. 


18.10 The fractional Fourier transform 149 


(1) The conventional Hilbert filter is recovered when p = 1. 
(2) For the case p = 0, Ho(w) = 1, and a signal is unaltered by the action of Hp(w). 
(3) There is order additivity; that is 


Hpi -+p2(@) = Hp, (@)Hp, (@), (18.143) 


which follows directly from Eq. (18.141) on using H(w)H(—w) = 0. A sig- 
nal subject to Hp, (w) and Hp, (w) sequentially is equivalent to the single action 
of H,,+p)(@). From Eq. (18.143), it follows that the fractional Hilbert filter 
operation forms a semigroup. 

(4) The function H,(@) is periodic in the variable p and satisfies 


H,,(@) = Hpy4(o); (18.144) 


that is, the period in the variable p is four. 


An alternative approach to defining the fractional Hilbert transform is via the cor- 
responding fractional Fourier transform (FRFT). The FRFT is discussed in detail in 
Section 18.10. A transfer function Vg is defined by (Lohmann et al., 1996a) 


Vo = F_o{Hi Fo}, (18.145) 


where Fg denotes the fractional Fourier transform. This transfer function corresponds 
to a fractional Hilbert transform. The similarity with the corresponding result for the 
Hilbert transform, Eq. (5.3), should be obvious to the reader. To bring this definition in 
line with Eq. (5.3) requires the choice p = 3 inplace ofp = 1 in Eq. (18.142), to switch 
the sign. The parameter Q serves to specify the fractional order. A generalization of 
Eq. (18.145) has been given as follows (Lohmann ef al., 1998): 


Veg = F_o{Hp Fo}. (18.146) 


To deal with both Eqs. (18.145) and (18.146), a definition of the fractional Fourier 
transform is required, a topic which is now addressed. 


18.10 The fractional Fourier transform 


The fractional Fourier transform has been employed in mathematics for many years, 
but its use in signal processing started around the early 1990s. The fractional Fourier 
transform is defined by 


[ee 


Sq(u) = Fys(u) = / S(t)Kg(t, u)dt, (18.147) 
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where the kernel function Ky (t, u) is defined by 


1—icota 2 2 ; . 
exp }i cota —iutcsca], a Anz, for integern 
Raw 2x 2 
: 5(t—u), a = 2nz, for integer n 
é(t+u), a =nz, for odd integer n. 


(18.148) 


An alternative definition in use employs a = az/2 and utilizes the kernel function 
K,(t,u) in place of Ky(t,u), which simplifies the notation in some cases, such as 
Ki (t, @) in place of Kz/2(¢, w). In the literature the fractional Fourier transform oper- 
ator is also often defined with a superscript in place of a subscript designation. Why 
the fractional Fourier transform is defined using the kernel function of Eq. (18.148) 
will become apparent later. 

Some particular properties of the kernel function are now examined. The case 
a = 7/2 leads to 


1 ; 

Ky 2(t,@) = Jf (=) aa (18.149) 
20 

which is the kernel function for the normal Fourier transform. To prove various 

relationships for the kernel function Ky(t,u), it is advantageous to introduce the 

following simplifying notation: 


1 —icot 1 
i= VS) , b(a)=-=cota, cla) =csca. (18.150) 

2 2 

The principal properties satisfied by the kernel Ky (¢t, u) are as follows: 
Ka(t,u) = Kg(u, t), (18.151) 
K_a(t,u) = K*(t,u), (18.152) 
and 

Ka(-t,u) = Ka(t, —u), (18.153) 


which are all obvious by inspection of the definition of Kg (¢, u), and the key integral 
relationships are given by 


lee) 
/ Ka(t,A)Kp(a,uda = Ko+p(t,u) (18.154) 
—0oo 
and 


[. Ka (t, u)K3 (t, uo)dt = 6(u — uo). (18.155) 
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The kernel functions Kg (t, u) form an orthonormal set in the variable t, which is appar- 
ent from the last result. The proof of Eq. (18.155) follows directly from Eq. (18.152) 
and the definition given in Eq. (18.148). The proof of Eq. (18.154) requires some 
dexterity with trigonometric identities. It follows that 


0° . . 
/ Ka(t,A)Kp(A,u)da = a(a)a(Bei a+r bb) 
—0o 


x i, exp{id7[b(@) + b(B)] — id[tc(a) + uc(B)]}da. 


(18.156) 
Employ the result for B € R, that 
eit/4 
—, C>0 
© §CRBAgy = ee iBvac | VC (18.157) 
ae =, eo in/4 . 
, C<dO), 
/(-C) 
which allows Eq. (18.156) to be written as follows: 
e apa as _[tc(@) + uc(B)} 
Ka(t,)Kg(a,u)da = a(a)a(Byel® OHM PB) 7 ex | i 
[. ae V7 Pl Te) + BBN 


eit /4 
oe PGT aE 0 
VIB) BPD st! saalig 


[b(a) + b(B)] < 0. 


/—[b(@) + b(B)]’ 


The exponent of the lead exponential term simplifies as follows: 


it?b(@) + iub(B) 


[icla) +uc(ByP 5 | (a) | 
i = it }b(a) — ————____ 
A[b(a) + Bi) 4[b(a) + BDI 
2: 

up Sa eS 

wen {m8 ) Tia ca 
_el@del) 
2a) + BT 


(18.159) 


On making use of the trigonometric identity 


cota cot B — | 


cot(a + = é 
( P) cota + cot B 


(18.160) 


a short calculation shows that 


c?(a) i _ 
I TED 2 (18.161) 
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and also that 


c(a)c(B) 


pero (18.162) 


and hence 


_[tc(a) + uc(B)/? 


Og. oD - 
Aba) +58) i(t” + w")b(a + B) — ituc(a + B). 


(18.163) 


it?b(a) + iub(B) 


Considering for the moment the choice [b(a) + b(B)] > 0, the pre-exponential factor 
of Eq. (18.158) simplifies as follows: 


Va 2 ( | 
J[b(a@) + b(B)] E cota + cot B ‘ 


=/ E (—cot(a + B) — | 


a(a)a(B) 


= J/(-i)a(@ + B), (18.164) 
so that 
Jmeit/4 e 
a(a)a(B) TO +B = a(a + B). (18.165) 


For the case [b(a) + b(B)] < 0, 


Je it/4 


Tey aE) 


= Ji) e"/4a(a + B) =a(a+B). (18.166) 


Inserting the results from Eqs. (18.163), (18.165), and (18.166) into Eq. (18.158) 
leads to 


/ Kq(t,A)Kp(a,u)da = a(a + B) expli(? + uw)b(a + B) — ituc(a + p)| 
= Katp(t,u), (18.167) 


which is the desired result. 

A geometric motivation for the introduction of the fractional Fourier transform can 
be given. Consider the temporal and frequency behavior of a signal to be displayed 
in the time—frequency plane as shown in Figure 18.14. 

The construction of the signal in the frequency direction can be obtained by 
the operation (fs)(w). That is, the Fourier transform operation is equated with a 
z/2 counter-clockwise rotation in the time—frequency plane. Applying the Fourier 
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Figure 18.14. Time—frequency plane and the angle a characterizing the fractional Fourier 
transform. 


operation a second time yields 
FFs(t) = s(—1), (18.168) 


which can be viewed as two successive counter-clockwise rotations by 2/2 to yield 
the signal s(—t) on the negative portion of the time axis. The obvious question is as 
follows: starting from the time axis, what is the outcome of making a general rotation 
by @ radians in the time-frequency plane? Let Ry denote a rotation operator whose 
action is given by 


Ros = Sus (18.169) 


where Sy, denotes the signal evaluated along the direction wu in the time—frequency 
plane. The rotation operator is required to satisfy the following properties: 


Reet: (18.170) 
Ree (18.171) 
Ry/2 = F, (18.172) 
and 
RaRp = Rap. (18.173) 


The first two of these requirements involving the identity operator and the third are 
obvious; the fourth condition is reasonable based on the expectation that a rotation 
by a@ radians followed by a rotation by § radians should be equivalent to a rotation 
by a + # radians. The function Sy (u) can be expressed as follows: 


saw = [ S(t)Ko (t, u)dt. (18.174) 


The property given in Eq. (18.170) follows directly from the definition of Ky (t, ), 
as do the properties given in Eqs. (18.171) and (18.172). Equation (18.173) can be 
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obtained as follows: 
lee) lee) 
Ro Rps(u) = / Kalt, undt | s(v)Kg(u, du 
—0o —0oo 


— a swoae Ky(t,u)Kp(v, tdt 


= iz 8(v)Ko+p (vu, u)dv 


= Ro+ps(u), (18.175) 


where it has been assumed that the integration orders can be switched and Eq. (18.154) 
has been employed. It also follows that 


FuFp = Farp, (18.176) 


which is called the index additivity property of the FRFT. The definition given in 
Eq. (18.147) is therefore consistent with the desirable properties required for the 
FRFT. There is an alternative definition that makes more transparent the particular 
functional form for the kernel function. 

The inverse operation, that is the recovery of s(t) from Sy (uw), is given by 


[o,@) 
s(t) = / Sq (u)K—«(u, t)du. (18.177) 
—C 
Inserting Eq. (18.174) into the preceding result and making use of Eq. (18.154) leads to 


ie Sy (u)K_ (u, t)du = [ K_,(u, du [ s(t) Ka (t’, ude! 


= s¢ryat! f K_g(t,u)Ko(u, t’)du 


~ cr s(t’)Ko(t,t')de’ 


= ie s(t’)d(t — t’) dt’ 


= s(t), (18.178) 
where it has been assumed that the integration order can be inverted. 


An alternative approach to the FRFT is the following. The Hermite—Gaussian 
functions are defined by 


lin) = AnHn(/Qx) Ne™, (18.179) 
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where 


1 


oa JV Q2r-D2pl’ 


(18.180) 


and H;,(x) are the Hermite polynomials. These functions form an orthonormal basis 
on the interval (—oo, oo) as follows: 


[ Jin (x) Mim (x) dx = Sms (18.181) 


and are eigenfunctions of the Fourier transform operator: 
Fy (x) = eC"? hy (x). (18.182) 
The reader is requested to verify both of these results. A second definition of the FRFT 


is introduced in the following way. The FRFT is defined to be a linear operator that 
satisfies the eigenvalue equation 


Fly = (e“in)" in) = @” fy (x). (18.183) 
Let the signal s(t) be expanded in the form 
lee) 

sO => cote, (18.184) 
n=0 


where the coefficients can be found in the obvious fashion: 
lo) 
Ch = / h,,(t)s(t)dt. (18.185) 
—0o 


The evaluation of Fas(f) can be carried out as follows: 


[o,@) 
Fas(t) = Fa Y > enhn(t) 
n=0 
[o,@) 
=) Gri 
[o,@) 
= yee 
n=0 
00 ioe) 
me) / hn(t’)s(t’)de! 
n=0 00 


= if s(t)de! Ye" hay (hn (C1), (18.186) 


mee. n=0 
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which simplifies on introducing 


lee) 
Ka(t,t') = >> eg Int), (18.187) 
n=0 
to yield 
lee) 
Fus(t) = / s(t’)Kg(t, t’)d0’. (18.188) 
—0o 


Equation (18.187) is the spectral expansion for the kernel function. A standard 
property of the Hermite—Gaussian functions is given by 


[o,@) 
os eh, (t)hy(t’) = /(1 — icota) exp in| (? + ¢7) cota — 2t1' esc a] |. 
n=0 

(18.189) 


With a slight change of variables, t > t/,/(27), t' > t'/,/(27), and the introduction 
ofa factor 1/,/(27:), this is the definition of the kernel function given in Eq. (18.148). 
This second definition makes the reason for the particular choice of kernel function 
much more transparent. 

The proof of Eq. (18.189) starts first with a proof of Mehler’s formula: 


CO 


aH, H, n 2 meg 25 32: 
yO = a/v -Pyexp| fis “ seas \. (18.190) 
n=0 Ms —& 

From the result 
1 F 
ors val enh Hitt gy. (18.191) 
—0o 
it follows that 
de”. ON fP 2 os 
= fee te dy (18.192) 
dx” Jn [. > 
and by employing Rodrigues’ formula, 
d” —x2 
Hy (x) = (—1)"e” — (18.193) 


dx” ” 


the following integral representation for the Hermite polynomials is obtained: 


—23)" 00 ; 
ae ee / tent F2ixt dy. (18.194) 
Jn 0 
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Hence, 
oe) 2142 ©O 
> Ay (x)AnQ)r" ran eels (—2r)" is fe? +2ixt arf she t2ivs qe 
a 2"n! i oe n! wigs an 
DD oo 
pene i ent 2ixt arf e842 ds J (—2rst)" 
= ron ie oa n\ 
Dd 
2 ww [ eo + iat af e758 -2(rt—iy)s ds. (18.195) 
a —oo —cC 
For a > 0, note that 
| © atapsgy — VT 062/a (18.196) 
= a 
and therefore that Eq. (18.195) simplifies as follows: 
2 2: 
y Hy(x)Hn(yyr" _ ia et Dint grt iv)? gy 
n=0 2n! vu ey 
ae (oe) 
= 7 / exp | (= 7 2ti(ry x) har 
TH J—oo 


x 2 
a =G=x) 
Jd —-r?) 1-r 
xi), ads, Pees {= =O + ¥) 
= Jia i=72 


which completes the proof of Eq. (18.190). Using the definition of the Hermite— 
Gaussian functions given in Eq. (18.179), employing Eq. (18.190), setting r = e~'@, 
replacing x by ./(27r) x, y by ,/(277) y, and then multiplying both sides of the equation 
by /2e-7*' 7)”, it follows that 


(18.197) 


CO 


ie MOO) = J2/0= eye 


n=0 
207 xy _ (x? + y?)e~2ia 
x exp [x | eae . (18.198) 
On noting 
2 ; 
[— enzia =l|- 1cota, (18.199) 


e (1 —icota) = —icsca, (18.200 
) 
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and 
1+ (1 —icota)e~*” = —icota, (18.201) 


this leads to 


CO 


x eo An (x)hn(y) = (1 — icota) exp x{(x? + y?)[—1 — (1 — icota)e~7#7] 
n=0 


+ Qxye(1 —icota)} 


= ,/(1 —icota) exp[iz {(x? +y’) cota — 2xycsca}], 
(18.202) 


which completes the proof of Eq. (18.189). 
A simpler proof of Eq. (18.154) can be given in the following manner. Making use 
of Eq. (18.187), it follows that 


ie Ka(t,A)Kp(a,uda = is yeh (t)hn(A) 5 eM An ud 


m=0 


= yie Tine p (1) 3 iy) f hy (A) (A) dA 
n=0 m=0 


[ee 
= Vem int) 3 oP hin (UW) Sum 
n=0 m=0 


2 . 
= MOO hy (Ohn(u) 
n=0 


atp(t,u). (18.203) 


A couple of key properties of the fractional Fourier transform are as follows. Let 
Xz, (u) and Y, (u) denote the fractional Fourier transforms of x(t) and y(t), respectively; 
then, the Parseval relation holds for the FRFT and takes the following form: 


/ 7 x(t)y(t)*dt = / ~ Xqy(u)Yq(u)* du. (18.204) 
The particular case y(t) = x(t) yields 
ie Ix(t)|? dt = i |Xy(u)|? du. (18.205) 


If x(t) is real, then 


X_q(u) = X*(u). (18.206) 
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In addition, the following two properties hold: 
Fyx'(u) = cosa X/(u) + isin a uXy(u) (18.207) 
and 
Fa {ux(u)} = cosa uXy(u) + isina X)(u). (18.208) 


The reader is asked to provide the proofs of the preceding five relationships. 


18.11 The fractional Hilbert transform: Zayed’s definition 


Zayed (1998) introduced a generalization of the Hilbert transform which might rightly 
be called a fractional Hilbert transform. His definition is as follows: 


Hy f(t) — 


—icota 2/2 lee) icotax?/2 
rp [ Qj de (18.209) 
a —00 t 


A 


The case a = (2n+ 1)z/2, with n € Z, reduces to the standard Hilbert transform. A 
key result that is obtained from this definition is the following: 


FyHas(u) = —isgnuFys(u), forO<a<z. (18.210) 


The same result holds for z < a < 27, with the sign of the right-hand side of the 
equation reversed. The reader will note immediately that Eq. (18.210) has the same 
form as the important result: 


FHf (x) = —isgnx Ff (x). (18.211) 


The proof of Eq. (18.210) is straightforward and proceeds in the following manner. 
Let 


1 lee) icot a x?2/2 
g(t) = P| We ss (18.212) 
H Jo t 


—xX 
so that 


Hef (t) = ei Pe(4), (18.213) 
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and hence 
[oe . 2 
FyHys(u) = i Ka(t, ue 1?" gp) dt 
—Co 


‘ 2. 
z i: Kult, we ieee? aap [ One 
Eee é Te Joke t—x 


= 2 
-[- f (jeiotax?/2 apf Ka(t,we PeCLe Re dt 
58 a 


ee x—t 


CO ,—icsca ut 
e€ 


F oo : 1 
= —a(a)eirorn" / flO dye— P / dt 
ne a 


0% x-t 


lee) 
* 2 : 7 
= —a(a)el?ou i fxr} sgn [ucsca]e *S°*™ dx 
—0Co 
: oe ib(a) (x2-+u2)—i csc. ux 
= —isgn[ucsca] f(x)a(a)e dx 
—oo 


= —isgn[ucsc a] es f (&) Ka (x, u)dx 


—isgnusgn(csca) Fy f(u), (18.214) 


and Eq. (18.210) follows for0 <a <2; form <a < 27, 
Fully f (u) = isgnu Fo f(u). (18.215) 


The result H (e!*) = —isgn B H(e'®*) has been employed and the reader is asked to 
justify the interchange of integration order that has been made. 


18.12 The fractional Hilbert transform: the Cusmariu definition 


An alternative definition of the fractional Hilbert transform has been given by 
Cusmariu (2002), who defined the fractional Hilbert transform operator directly in 
terms of the normal Hilbert transform operator by the following relation: 


Hy, = cosa + sina H. (18.216) 
An advantage of this definition is that the forms of several of the standard properties 
of the Hilbert transform are preserved. 


From Cusmariu’s definition, the following particular cases are obtained directly 
from Eq. (18.216): 


Hy =1, (18.217) 
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with / the unit operator and 
Anjo = H. (18.218) 


Equation (18.59) has a counterpart for Cusmariu’s definition of the fractional 
Hilbert transform: 


F Hy S(w) = my, (@)FS(@), (18.219) 
where 
my, (@) = cosa — isgnwsina. (18.220) 
The proof of Eq. (18.219) can be performed as follows: 


FH,S(w) = F {cosa + sina H}S(w) 
= cosa FS(w) + sina FHS(w) 
= cosa FS(w) + sina(—isgn w) F S(@) 
= my,(w) FS(a). (18.221) 


Cusmariu’s definition leads to the following result: 

Hy Hg = HgHa, (18.222) 
that is, a commutative condition holds. Also 

Hy Hp = Ha+p, (18.223) 


so that the operator Hy satisfies a semigroup condition under composition. Equation 
(18.223) can be readily established on recalling H? = —J/, so that 


Hg = (cosa + sina H)(cos B + sin B H) 
= cosa cos 6 — sina sin B + {sina cos 8 + cosa sin B}H 
= cos(a + B) + sin(a + B)H 
= Ay+p. (18.224) 


Anumber of additional properties for Hy can be given. From Eq. (18.223) it follows, 
on setting 8 = —a, that 


AyH_-q = I, (18.225) 
and applying H;! to both sides of this result yields 


H_y =Hy!. (18.226) 


162 Waveforms and signal processing 


Using inner product notation, for two signals s;(t) and s2(¢), 
(HaS1, 52) = (81, H_a82), (18.227) 
which can be derived as follows: 


(Hes1,52) = cos a(s1,52) + sina (Hs, 52) 
= CoS a(S}, 52) — sina(s}, Hs2) 


= (Sp Hgsy); (18.228) 


and Eq. (4.176) has been employed. An immediate consequence of Eqs. (18.227) and 
the semigroup property is 


(Ha—p81,52) = (Has1, M52). (18.229) 
From this result the special case for 6 = a@ is given by 
(81,82) = (Hes1, Has2), (18.230) 


which is the analog of Eq. (4.175). For s1(¢) = s2(t), 


i . S(Odt = / ~ [Has(t)]° de. (18.231) 


[o,e) —oo 


This result indicates that the action of the fractional Hilbert transform on the signal 
preserves the energy of the signal. This is a generalization of Eq. (18.34). 
Some additional relationships that are straightforward to prove are as follows: 


(Hq51,82) + ($1, HyS2) = 2 cos ar(s}, 82), (18.232) 
(Has, Hps) = cos(a — B)(s,s), (18.233) 


and using Eq. (4.204) yields 
[o,@) [o,@) 
/ Hys(t)dt = cosa | s(t)dt. (18.234) 
—0o —0o 
The analytic signal z(¢) corresponding to s(t) is an eigenfunction of Hy: 
Hyz(t) = e z(t). (18.235) 


Let sy (t) = Hys(t), then the action of the derivative operator 0/da@ on Sy (ft) is given by 


ISq(t) 
da 


= Aeatn)/28(t) = SQe+n)/20), (18.236) 
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so that 
JH, 
cs = Heatn)/2- (18.237) 
A related result is 
OH, 
H— =-AHy,. (18.238) 
0a 


Hence it follows on using Eq. (4.198) that 


a 
(Hos =H) =0. (18.239) 
da 


18.13 The discrete fractional Fourier transform 


As a precursor to discussing the discrete fractional Hilbert transform, it is necessary to 
introduce first the discrete fractional Fourier transform (DFRFT). The discrete frac- 
tional Fourier transform can be defined by reference to Eqs. (18.187) and (18.188) in 
the following fashion. Let 7, denote the DFRFT matrix whose elements are discussed 
by the following (Pei and Yeh, 1997; Pei, Yeh, and Tseng, 1999; Ozaktas, Zalevsky, 
and Kutay, 2001, p. 210): 


N-1 


- e thor /2h hin» for N odd 
(Fodim = a N-2 
Nan by_piha—iym + Ye" /?hyhim, for N even, 


k=0 
(18.240) 


where hy; is the /th element of the vector h;, and these functions play the role of the 
discrete analogs of the Hermite—Gaussian functions that are defined in Eq. (18.179). 
A digression is made to discuss the basics concerning the discrete Hermite— 
Gaussian functions, following the approach of Candan, Kutay, and Ozaktas (2000). 
The idea is to set up a finite difference analog of the differential equation satisfied 
by the Hermite—Gaussian functions, which is then solved in matrix form. Given a 
constant A, the Hermite—Gaussian functions h,(x) satisfy the differential equation 


df(t) 


TAL O =O, (18.241) 


where A = —27(2n + 1). With the shorthand D = d/dt and the usual notation for 
the Fourier transform, the preceding equation can be cast in the form 


SSO = AO, (18.242) 
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where the operator S' is introduced as follows: 
S=D?+ FD’F7!, (18.243) 


and the Fourier transform operator employed has a 27 factor in the exponent. The 
operator D is approximated by a difference operator h~*D*, defined by 


St+h)—2fO+fE-h) 


h- Df (t) = a 


(18.244) 


where h represents a small increment in the evaluation point. From the Taylor series 
expansion of f (¢ + h), the following formal connection can be written: 


fitth =e fH, (18.245) 
so that the operator in Eq. (18.244) can be written as 


elD any ne e 7 D 


72 = D? + O(n’), (18.246) 


hp? = 


and hence h~** is an approximation to D*. An operator S is defined by the 
replacement of D? by h~?D? in Eq. (18.243), so that 


S=h?D + Fh? DF 
=h?D + Fre —24 0%) F | 


= h-?D* + 2h-*{cos(2ht) — 1}, (18.247) 


where Fe"? F—! =e?!" has been employed. Using the preceding result, Eq. (18.243) 
can be expressed in the following form: 


fit th) +f (t —h) + 2{cos(2xht) — 2} f(t) = Raf (2). (18.248) 


Discretization of the time variable by introducing t = nh, with h = 1/,/N, where N 
is the number of discrete points, and setting f[n] = f (nh) /h’, leads to 


f(ln+14+fln— 14+ cll fin] = 2N7!f[n), (18.249) 
where 
c[n] = 2 cosQQrn/N) — 4. (18.250) 
Equation (18.249) can be written in the matrix form 


Sf = Af, (18.251) 
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where the factor N~! has been incorporated into 4. If the DFT matrix is denoted by 
F, then it can be shown that the matrices S and F commute, and it follows that S and 
F share a common set of eigenvectors. 

The matrix S can be put into the following form: 


E 0 
psp-! — 18.252 
o=(€ 9), 08259 


where E is a tridiagonal matrix of dimension |(N/2) + 1] and O is a tridiagonal 
matrix of dimension |(V — 1)/2]. The matrix P is constructed such that the vector 
g calculated from g = Pf has the first |(V/2) + 1] components constructed from 
the even combinations f[k] + f[—*], and the following |(V/2) + 1] components 
constructed from the odd combinations f [k] — f[—A], with the first component of g 
being taken as ,/(2) f[0]. The periodic condition 


Sik +N] =fIk) (18.253) 


is employed to convert f[—k] to f[N — k]. The eigenvectors of E are right-padded 
with zeros to form the vectors e, with k = 0 to |(N/2)], and the eigenvectors of O 
are left-padded with zeros to form the vectors 0, with k = | to \(V — 1)/2]. The 
vectors h; are formed in the following manner: 


ho; = Pex, (18.254) 
hox+1 = Pox, (18.255) 
and are referred to as the discrete Hermite—Gaussian functions. 


As an example of the preceding scheme, set NV =9; then the matrix S takes the 
following form: 


55 1 0 0 0 0 0 0 1 

1 2reos() 4 1 0 0 0 0 0 0 

0 1 roos(Z) —4 1 0 0 0 0 0 

0 0 1 5 1 0 0 0 0 

0 0 0 1 roos() 4 1 0 0 0 
s= 

0 0 0 0 1 2oos(S) —4 1 0 0 

0 0 0 0 0 1 = 1 0 

0 0 0 0 0 0 1 2eos( 47) - 1 

1 0 0 0 0 0 0 1 2eo0( 


(18.256) 
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and the corresponding P matrix is given by 


J/2 0 0 0 0 0 0 0 0 
0 1 0 0 0 O 0 0 1 
0 0 1 0 0 0 0 1 0 
1 0 0 0 1 0 #0 1 0 0 
P= Pp 0 0 0 0 1 1 0 0 0 (18.257) 
0 0 0 0 1 -1 +0 0 0 
0 0 0 1 0 0 +-1 =O 0 
0 0 1 0 0 0 0 -1 O 
0 1 0 0 0 0O 0 0 -!il 
The matrix PSP~! takes the following form: 
—2 af2 0 0 0 0 0 0 0 
V2 200s( =) -4 1 0 0 0 0 0 0 
0 1 reos(*) 4 1 0 0 0 0 0 
0 0 1 —5 1 0 0 0 0 
psp-! — | 0 0 0 1 2reos() -3 0 0 0 0 L 
0 0 0 0 0 200s =) -5 1 0 0 
0 0 0 0 0 1 —5 1 0 
0 0 0 0 0 0 1 2eo( =) -4 1 
0 0 0 0 0 0 0 1 2e0s( =) -4 
(18.258) 
from which the matrices and E and O follow: 
—2 n/2 0 0 0 
2 
22 cos( =) _4 1 0 0 
4 
E=|0 1 2oos()—4 1 0 (18.259) 
0 0 1 —5 1 
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and 
2 cos (F)- Sool 0 0 
1 —5 1 0 
O= 4 : 18.260 
0 i 2e0s (Z)—4 1 ( ) 
20 
0 0 1 2 cos (F)- 4 


The eigenvectors of E are in zero-padded form: 


eo = {0.697 551, 0.571 624, 0.242 29, 0.058 724 8, 0.013 846 8, 0, 0, 0, O} 

e; = {—0.532 553, 0.268 717, 0.687 125, 0.376 572, 0.173 872, 0, 0, 0, 0} 

eo = {—0.422 972, 0.542 044, —0.130 564, —0.521 202, —0.488 451, 0, 0, 0, 0} ¢, 
e3 = {0.222 982, —0.415 262, 0.584 029, —0.157 672, —0.641 783, 0, 0, 0, 0} 

e4 = {0.0344 177, —0.102 265, 0.333 193, —0.747 15, 0.564 895, 0, 0, 0, 0} 


(18.261) 
and the eigenvectors of O in zero-padded form are given by 
0; = {0, 0, 0, 0, 0, 0.035 667 5, 0.180 932, 0.542 108, 0.819 823} 
02 = {0, 0, 0, 0, 0, 0.171 478, 0.560 888, 0.609 01, —0.533 954} (18.262) 


03 = {0, 0,0, 0, 0, 0.412 866, 0.683 567, —0.565 796, 0.205 31} 
04 = {0,0, 0,0, 0, —0.893 792, 0.430 587, —0.122 882, 0.025 112 6} 


The eigenvectors hy calculated from Eqs. (18.254) and (18.255) are in ordered 
form: 


ho = {0.697 551, 0.474 91, 0.171 325, 0.041 524 7, 0.009 791 18, 0.009 791 18, 
0.041 524 7, 0.171 325, 0.474 91} 

h,; = {0, —0.579 703, —0.383 328, —0.127 938, —0.025 220 8, 0.025 220 8, 
0.127 938, 0.383 328, 0.579 703} 

hy = {—0.532 553, 0.190 012, 0.485 871, 0.266 276, 0.122 946, 0.122 946, 
0.266 276, 0.485 871, 0.190 012} 

hg = {0, —0.377 562, 0.430 635, 0.396 608, 0.121 253, —0.121 253, —0.396 608, 
— 0.430 635, 0.377 562} 

hy = {—0.422 972, 0.383 283, —0.092 322 5, —0.368 546, —0.345 387, 
— 0.345 387, —0.368 546, —0.092 322 5, 0.383 283} 

hs = {0.222 982, —0.293 635, 0.412 971, —0.111 491, —0.453 809, —0.453 809, 
— 0.111 491, 0.412 971, —0.293 635} 

he = {0, 0.145 176, —0.400 078, 0.483 355, 0.291 941, —0.291 941, —0.483 355, 
0.400 078, —0.145 176} 

h7 = {0.034 4177, —0.072 312, 0.235 603, —0.528 315, 0.399 441, 0.399 441, 
— 0.528 315, 0.235 603, —0.072 312} 

hg = {0, —0.017 757 3, 0.086 890 6, —0.304 471, 0.632 007, —0.632 007, 
0.304 471, —0.086 890 6, 0.017 757 3} 

(18.263) 
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The eigenvectors are normalized to unity and are orthogonal. 


18.14 The discrete fractional Hilbert transform 


The work of the previous section is now exploited to discuss the discrete fractional 
Hilbert transform (DFHT). Recall that the transfer function for the discrete Hilbert 
transform is defined by 


-1, 0O<w<T 
H(w) = 4 0, o=0,0=7 (18.264) 
i, —~<w<0. 


To review, the discrete Hilbert transform can be evaluated in the following manner. For 
a discrete signal x[x], let X[n] denote the corresponding discrete Fourier transform. 
Now multiply X[n] by the mask M1, where Mj is defined by 


[0, -i, -i,..., —i,0,i,1,...,i], Mis even 
eae ee 
M = SSE (18.265) 
[0, -i, -i,...,—i,1,1,...,1], N is odd. 
— a ee ee 


(N—1)/2 (N—1)/2) 


The discrete Hilbert transform is computed from X[n]M[n] by taking the inverse 
discrete Fourier transform, so that 


Apx[n] = IDFT[X[n]M [n]]. (18.266) 


The opposite sign convention can also be found in the literature for Eqs. (18.264) and 
(18.265). 

Pei and Yeh (1998, 2000) have given the following scheme for determining the 
discrete fractional Hilbert transform. First compute the DFRFT of the signal x[x] as 


Xqln] = AyxI[k]. (18.267) 


Let the mask function M,, be defined by 


[cosa,e '*,e %,...,e , cosa,e,e”,...,e%], Nis even 
a ee 
N/2)-1 N/2)-1 
Mp = —ia a ~ia gia ia ae F (18.268) 
[COSCO 2, Cr 035 5EF oy Eee taba ee Is N is odd, 
~ —_— 


(N—1)/2 (N—1)/2) 
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where a@ = px /2. Now multiply Xj[n] by the mask M, and then take the inverse 
fractional Fourier transform to form 


M,,X[n] = F-q{Xqln|Mplnl}, (18.269) 


and #p,,x[”] is referred to as the discrete fractional Hilbert transform. When p = 1, 
Eq. (18.268) reduces to Eq. (18.265). The choice p = 0 gives the mask function 
Moll, 1,..., 1], and the input signal is unaltered by this mask. When p = 2, the mask 
function is M>[—1, —1,...,—1], and the output signal is unaltered except for a change 
in sign. For the case q = 1, the DFRFT 7, reduces to the DFT. So the scheme just 
outlined for the DFRHT reduces to the conventional discrete Hilbert transform for 
the appropriate choice of p and q. 


18.15 The fractional analytic signal 


Four different suggestions for the definition of the fractional analytic signal are exam- 
ined, and each is labeled with an appropriate subscript. Zayed (1998) has defined the 
fractional analytical signal as follows: 


Z1, (t) = s(t) + 1Ays(t), (18.270) 


where Hz, is defined in Eq. (18.209). If0 <a < z, it follows from this definition that 
Z\,,(@) vanishes for w < 0. To see this, take the FRFT of order w of Eq. (18.270) and 
employ Eq. (18.210), then 
Z\y (@) = Sy (@) + 1FyHys(@) 
= Sy(w) — i? sgn w Fys(w) 
= Sq(w){1 + sgn }, (18.271) 


which is the analog of the result for the non-fractional case. 
The fractional Hilbert transform 


Hys(t) = s(t) cosa + sina Hs(t), (18.272) 


can serve as a basis for formulating a definition of a fractional analytic signal. 
Cusmariu (2002) has suggested three different possible definitions. The first is 
also given by Eq. (18.270), with Eq. (18.272) being employed in place of Zayed’s 
definition for Hy, so that 


zy, (t) = s(t) + iHys(t). (18.273) 


It is left as an exercise for the reader to determine whether Z2,(w) generated from 
Eq. (18.273) satisfies a result similar to Eq. (18.271). 
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Cusmariu’s second suggestion was to define the fractional analytic signal by the 
following result: 


23, (t) = Hyz(t). (18.274) 


This choice has some geometric appeal. By employing the eigenfunction property 
given in Eq. (18.235), (Hyz)(t) can be quickly cast in terms of z(f). It follows 
immediately that 


J()|" = z@?. (18.275) 
It also follows, by taking the Fourier transform of Eq. (18.274), that 
|Z3,(@)| = |Z(w)|. (18.276) 
The third suggestion of Cusmariu involves the definition 
z4,(t) = cosa@ s(t) + isin a Hs(t). (18.277) 


Which of these definitions of the fractional analytic signal will turn out to be the most 
useful in practical applications is yet to be determined. 


18.16 Empirical mode decomposition: the Hilbert-Huang 
transform 


In this section the focus is time series. A time series is a collection of data for a 
fluctuating variable sampled sequentially at differing times. The notation X(t) is 
used to denote the value of a time series at a particular time ¢. Interest will center on 
continuous time series, where the sampling takes place continuously in time. 

Anew and promising technique that has been developed to deal with the analysis of 
time series data is explored. The method has been recently labeled the Hilbert-Huang 
transform, named for Norbert Huang, the principal architect of the approach. One of 
the traditional techniques employed to analyze time series data is the Fourier trans- 
form. This approach has limitations when the data is nonlinear and non-stationary. A 
stationary time series has statistical properties such as a mean and variance that are 
independent of time. An individual random variable x; is characterized by a probability 
distribution function, 


Px, (Xo) = PlXt, < Xo], (18.278) 


where P[x;, < xt] is the probability associated with the set of all outcomes such 
that x, < xi), Where x) is a particular value of x;,. For two random variables a joint 
distribution function is defined by 


Prin Xi Xt Xt) = Pty SX Xt SX]. (18.279) 
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Formally, a stationary time series is defined by the requirement that the joint 
probability distribution of {X;,,X;,...,X;,}, is equivalent to the joint probability 
distribution of (X;,41,Xp+7,---,Xt,+r}. That is, the joint probability distribution is 
independent of a shift of the time origin by T. 

The starting point in the Hilbert-Huang approach is called empirical mode decom- 
position (EMD). The essential idea in EMD is to decompose any time-dependent 
data series into a series of intrinsic mode functions (IMFs). Each IMF represents a 
particular intrinsic oscillation of the system. N. E. Huang ef al. (1998) defined an 
IMF by the following two requirements: (i) the number of extrema and zero crossings 
must be equal, or differ by at most one; (ii) the mean value of the envelopes formed 
from the extrema should be zero at any time. 

Here is the algorithm used to carry out the EMD procedure. 


(1) Locate each maximum and construct the envelope curve connecting the maxima 
using a cubic spline interpolation. 

(2) Locate each minimum and construct the envelope curve connecting the minima 
using a cubic spline interpolation. 

(3) Construct the mean of the two envelopes — call it m, (¢). The first subscript index 
refers to the particular IMF under construction and the second index indicates the 
particular cycle under consideration. 

(4) Construct the difference between the time series and m1, (4), so that 


hy (t) = Ayo(t) — mi (t), (18.280) 


where /119(t) = X(t). The function h1,(¢) should be close to an IMF, but, due to 
fitting imperfections, this function requires additional refinement. 

(5) Treat hj; (¢) as the new input data and repeat steps (1), (2), and (3), calling the 
new mean m 2(t) and constructing the new difference function 


hyo(t) = his (t) — mi2(e). (18.281) 
(6) Repeat the procedure k times so that 


Ay) = heey — my), (18.282) 


with appropriate stopping criteria applied. 

(7) The final 44; (¢) is subtracted from the originaLX (f) to yield fz9(t), and the process 
is repeated starting with the data set 429(t) and the IMF /,/(t) determined in a 
similar fashion. 

(8) The following assignment is made: 


cit) = hie), (18.283) 


where the & subscript counts the number of steps required for the stopping criteria 
to terminate the cycling process. In general, the value of k employed will be 
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different for each c;(t). The outcome is 


XO = oct) +m, (18.284) 
i=1 


where r,,(t) represents a residue term. 


The first part of the preceding cycle is illustrated in Figure 18.15 for the discrete time 
sequence constructed from the function 


X (t) = floor[2 — sin zt] sin 2zt, (18.285) 


(a) 


Figure 18.15. (a) Initial time series X (¢). Part (b) Envelopes of the maxima and minima in place 
and the mean 711 (t) of the envelopes. (c) First estimation of the intrinsic mode function given by 
An@) =X@ — mi). 
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where floor[x] is defined to be the greatest integer < x. The function is sampled at 
time increments of 107? s. The second stage of the cycle is shown in Figure 18.16. 
Continuing the process leads to the output shown in Figure 18.17. For this simple 
example the r,,(t) in Eq. (18.284) is effectively zero and can be ignored. The decon- 
volution of the original X (¢) into a sum of three intrinsic mode functions is shown to 
be excellent based on the difference plot in Figure 18.17. This example is relatively 
free of some of the complicating issues that can arise. 

The process of isolating the different functions c;(f) is called sifting. An advantage 
of the method is that it is adaptive, being tied directly to the form of the data and 
the changes induced by the sifting process. A couple of different ideas have been 
advanced (N. E. Huang et al., 1998, 1999, 2003a) to terminate a cycle. The process 


(a) 


= 


= 


-l 


2 


Figure 18.16. (a) Time series 4; (¢) from the previous cycle. (b) Envelopes of the maxima and 
minima in place and the mean mj 2(t) of the envelopes. (c) Second estimation of the intrinsic mode 
function given by /1o(t) = Ay, (0) — mio (0). 
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Figure 18.17. (a)—(c) Intrinsic mode functions cx (t), k = 1,2,3, constructed for the original data 
series. (d) ae cx(t). (e) The difference X (t) — yoy cx (t). 


is terminated when the function hj, (¢) satisfies the two conditions stated for an IMF. 
A second approach is to define an S-value such that the sifting process gives the 
same number of extrema and zero crossings for S successive sifting cycles. With this 
approach, different IMF sets can be generated according to the choices of S; used 
for each c;(t) determination. Values of S; in the range of about 3 to 5 appear to be 
effective. A third idea is to employ a curvature criterion (N. E. Huang ef al., 1999, 
2003a). Another way in which the sifting process can be terminated is by assigning 
some predetermined cut-off value to the weighted sum-of-squared deviations, denoted 
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Dy, and given by 


a ae Pace 
Dyas ene hie] ; (18.286) 


5} 
1=0 hig 


where T is the total time interval under consideration and zero crossing times are 
excluded from the sum. 

The overall process is terminated when the residue 7,,(t) is either a constant, a 
monotonic function, or a function with a single extremum. If the initial data set has 
a particular mean trend, then the residue term should reflect that trend. 

A second discrete time example is constructed based on the choice 


3 5 7 9 
X(t) = cos( 32) + cos( 32) + cos( Tat) + cos( $2) — 3, (18.287) 


with the function displayed in Figure 18.18. The function is sampled at time incre- 
ments of 1077s. The remaining two IMFs are displayed, along with the residual 
contribution, in Figure 18.19. 


-6 (c) 


Figure 18.18. (a) Initial time series X (¢) based on Eq. (18.287). The first two intrinsic mode 
functions are shown in parts (b) and (c), respectively. 
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Figure 18.19. (a), (b) Third and fourth IMFs; (c) resulting residual term 74(f). 


For readers having access to Mathematica or related software, a simple program 
can be readily constructed to carry out the type of calculations just discussed. This is 
left as an exercise for the interested reader. 

Equation (18.284) gives the temporal behavior of the time series. To convert to a 
frequency-time description, the residue term is ignored and the Hilbert transform of 
the IMF set is taken, so that 


¥() =HX() = “P °° X(t)dt 


a Sar 
i © o(t/)dd! 
us ~y Pf cit ue (18.288) 
a ie £=% 


i=] 


In the Fourier transform approach, taking the Fourier transform of a time series 
converts from the temporal domain to the frequency domain. The Hilbert transform 
of a time signal is another time-dependent signal. The frequency connection is made 
via the corresponding analytic signal, which is given by 


Zi) =X() +i¥() = a(de. (18.289) 
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The factors a(t) and 0(f) are given by 


a(t) = /[X7(t) + Yo], (18.290) 
and 
MO. 
(t) = tan (2). (18.291) 


where a(t) is the instantaneous amplitude of the analytic signal and 0(¢) is the 
instantaneous phase. The instantaneous frequency is introduced by the following 
expression: 


dé 


(18.292) 
The notion of instantaneous frequency has its origins in the work of Ville (1948). The 
instantaneous phase can be derived from Eq. (18.292) as follows: 


t 
A(t) = 6(0) +f a(t')dt’. (18.293) 
0 


The concept and definition of the instantaneous frequency has proved to be a rather 
contentious one. 

The Hilbert transformed IMFs serve as a basis for the original time series, so that 
the original time series is given by 


X(t) = Re {» a,(t) exp (i i: a(t’) a’) | (18.294) 


k=1 


with Re denoting the real part. By comparison, a Fourier analysis would lead to a 
result of the form 


CO (oe) 
X(t) = Re pp oxi = > + Stax cos wyt + by sin wxt}, (18.295) 
k=1 k=1 


where w,; = ka /to and the Fourier coefficients a, and b; are determined in the standard 
manner for the expansion of X (¢) on the interval (0, 2t9) by the following formulas: 


1 2to 
a= = X (t) cos w xt dt, (18.296) 
0 Jo 
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and 


1 2to 
bp = — | X(t)sinagt dt. (18.297) 
0 


The Fourier coefficients and circular frequencies in Eq. (18.295) are time- 
independent. By comparison of the two expansions for X(t), it is clear that 
Eq. (18.294) is the more flexible form; in addition, it is more likely to provide a better 
physical interpretation in many instances where the Fourier technique is limited. 

Using Eq. (18.294) it is possible to construct contour diagrams, with the amplitude 
and frequency represented as functions of time. This is a most commonly employed 
mode of data presentation. The frequency-time representation of the amplitude is 
called the Hilbert amplitude spectrum, or, more concisely, the Hilbert spectrum, and 
is denoted by H (a, t). Various statistics can be defined for the Hilbert spectrum. The 
marginal spectrum is introduced by 


T 
h(w) = if H(o, t)dt, (18.298) 
0 


where T denotes the total time span for the data set. The marginal spectrum provides 
a measure of the total amplitude. The mean marginal spectrum is defined by 


1 T 
n(@) = al H(q, t)dt. (18.299) 
0 
The instantaneous energy is given by 
1 f*% 
IE(t) = F / H? (a, t)da, (18.300) 
0 


where wy represents the uppermost frequency for the data set. Measures for the 
degree of stationarity of the data can also be defined. The interested reader can pursue 
further details in N.E. Huang et al. (1998). 


Notes 


§18.1 Fora short survey of key ideas, see Bogner (2001); for more detailed discus- 
sions, see Hahn (1996a,b) and Oppenheim et al. (1999). One way to carry out data 
interpolation is via the sinc approach; see, for example, Olkkonen (1990). 

§18.2 Forsome general background, see Jackson (1989). Discussion on the practical 
implementation of Hilbert filters can be found in Hahn (1996a,b). For some further 
reading on the topic of Hilbert filters, see Cain (1972), Eu and Lohmann (1973), 
Read and Treitel (1973), Sabri and Steenaart (1974, 1975, 1976, 1977), Dutta Roy 
and Agrawal (1978), Ansari (1987), Wang (1990), Reddy et al. (1991b), Damera- 
Venkata, Evans, and McCaslin (2000), and Zhechev (2005). Additional background 
on filters, and some of the other topics of this chapter, can be found in Dorf (1993). 
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For some applications dealing with error-distored and noisy data, see Simpson and 
Blackwell (1966), Hinich and Weber (1984, 1994), Nakano and Tagami (1988), and 
Perry and Brazil (1998). Fora mathematical analysis, see Parker and Anderson (1990). 
Anderson and Green (1988) discuss the situation for error propagation for signals that 
belong to L°. 

§18.3 For further reading on the auto-convolution, cross-correlation, and auto- 
correlation functions involving the Hilbert transform ofa signal, see Dugundji (1958), 
Spanos and Miller (1994), and Hahn (1996a). For an application to the estimation 
of time delay differences, see Grennberg and Sandell (1994), and for discussion in 
the treatment of two-dimensional correlation spectra, see Noda (2000). The technical 
report by Bendat (1985) contains a number of useful formulas, and much of the report 
can be found in Bendat and Piersol (2000, Chap. 13). 

§18.4 Adiscussion of two of the principal definitions of the envelope function can 
be found in Dugundji (1958). A good account of the conditions required in formu- 
lating the analytic signal, as well as discussion of some alternative conditions, is 
given by Vakman (1996). For an important alternative consideration, see Loughlin 
(1998). The analytic signal can be developed in terms of the Hartley transform; see 
Pei and Jaw (1990). A two-dimensional application is discussed by Barnes (1996), 
and a more general analysis is provided by Bilow and Sommer (2001) and Fels- 
berg and Sommer (2001). For some additional reading on the analytic signal, see 
Oswald (1956), Wolf (1958), Urkowitz (1964), Voelcker (1966a), Brown (1974), 
Vakman and Vainshtein (1977), Langley (1986), Vakman (1994, 1997), Carcaterra 
and Sestieri (1997), Feldman (2001), and Qian (2006). For a different approach to the 
analytic signal, see Craig (1996). See also Rao and Kumaresan (1998). For some key 
comments on the instantaneous frequency, see Loughlin and Tacer (1997) and Nho 
and Loughlin (1999). For signals impacted by Doppler shifts, see Lerner (1960). A 
discussion of analytic signals on the circle can be found in Qian, Chen, and Li (2005). 
§18.5 For a recent work describing an implementation scheme for demodulation, 
see Skwarek and Hans (2001). Acomparative study of different approaches to demod- 
ulation is carried out by Potamianos and Maragos (1994). For additional reading, see 
Voelcker (1966b), Leuthold (1974), Logan (1978), and Nahin (2006). 

§18.7.5 The since function occurs widely in signal processing; for a practical 
application, see Boche and Protzmann (1997). 

§18.8 For the evaluation of an extended Hilbert transform of sgnx, see 
Duoandikoetxea (2001, p. 120). Wavelet bases that form a Hilbert transform pair find 
application in signal processing. For a discussion of the design issues, see Selesnick 
(2001, 2002). 

§18.9 Lohmann et al. (1996a) provide further discussion, Lohmann eft al. (1998) 
review applications of fractional transforms in optics, and Alieva, Bastiaans, and 
Calvo (2005) do the same for optical signal processing. Applications in image pro- 
cessing can be found in Lohmann, Ojeda-Castafieda, and Diaz-Santana (1996b), 
Lohmann, Tepichin, and Ramirez (1997), Davis et al. (1998, 2000, 2001), and Davis 
and Nowak (2002). 
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§18.10 For some historical references, see Wiener (1929) and Condon (1937b). 
Some later developments can be found in the following works: Namias (1980), 
McBride and Kerr (1987), Kerr (1988), Almeida (1994), Ozaktas et al. (1996, 
2001), Santhanam and McClellan (1996), Zayed and Garcia (1999), and Pei and Ding 
(2001). 

§18.13 The discrete fractional Fourier transform is discussed in Pei and Yeh (1997), 
Pei et al. (1998, 1999), Candan et al. (2000), and Ozaktas et al. (2001, chap. 6). For 
a discussion of the eigenvalues and eigenvectors of the discrete Fourier transform, 
see McClellan and Parks (1972) and Dickinson and Steiglitz (1982). 

§18.14 For further reading, see Pei and Yeh (1998, 2000), Tseng and Pei (2000), 
and Pei and Wang (2001). 

§18.15 See Zayed (1998) and Cusmariu (2002) for further discussion on the 
fractional analytic signal. 

§18.16 The key papers on the topics of this section are by N. E. Huang et al. (1996, 
1998, 1999, 2003a). For applications in nonlinear water waves, see Schlurmann 
(2002) and Veltcheva (2002); in system identification of linear structures, see Yang 
et al. (2003a, 2003b); in seismic surface waves, see Chen, Li, and Teng (2002); 
in molecular dynamics, see Phillips et a/. (2003); in the treatment of satellite data 
for plasma structures, see Chen et al. (2001); for some medical applications, see 
Echeverria et al. (2001) and W. Huang ef al. (1998, 1999); and for applications to 
financial time series, see Huang et al. (2003b). The volume by Huang and Shen 
(2005) is highly recommended for its discussion of basic ideas and applications. For 
further reading on the mathematical analysis of intrinsic mode functions, see Sharpley 
and Vatchev (2006) and Chen e¢ al. (2006). For an analytical approach to the sifting 
process, see Deléchelle, Lemoine, and Niang (2005). A wavelet based determination 
of the Hilbert spectrum for non-stationary signals is treated by Olhede and Walden 
(2004). For discussion on alternative approaches to nonlinear analysis, see, for exam- 
ple, Simon and Tomlinson (1984), Tomlinson (1987), Braun and Feldman (1997), 
Feldman (1997), and Gottlieb and Feldman (1997). Further discussion on time series 
can be found in Wiener (1960), Papoulis (1965), Priestley (1988), and Chatfield 
(1989). 


Exercises 


18.1 Suggest a form for an idealized transfer function whose purpose would be to 
act as a differentiator and a Hilbert transformer. 

18.2 Determine the envelope function for the signal s(t) cos(wot + gy), where s(f) is 
a non-negative band-limited function. What role does the value of wo play in 
relation to the bandwidth of s(t)? 

18.3 If x denotes a cross-correlation, is f * g = g xf true for general functions on 
R such that f * g exists? 

18.4 Can f « g be expressed as a convolution of functions simply related to f and g? 


18.5 


18.12 
18.13 


18.14 


18.15 


18.16 


18.17 


18.18 


18.19 


18.20 
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Show that the auto-correlation function p,(t) satisfies the inequality 


p(t) < / f de: 


Let sa(t) denote the analytic signal formed from the real signal s(t) whose 
Fourier transform is S(w). Express sa (f) in terms of S(@). 

Does a bounded signal have a bounded instantaneous amplitude? Discuss. 
Evaluate the limits (i) limg_s94 a7! rect(x/a) and (ii) limg_s94 a7! sine(x/a). 
Evaluate the Hilbert transform of the following: (i) H(x)e~*, (ii) sgnx e7"", 
(iii) T12(x) e~*", and (iv) H(x)T2(x)e™. 

Determine the Hilbert transforms of the following: (i) H(x) coszx, 
(ii) H(x) sin wx, (11) Taz (x) cos x, and (iv) M27 (x) sin x. 

Evaluate the Hilbert transform of the following function: 


1 -1 a -1 a = -1(@ 
Fessa) = =] tan (=) +0 (=) 2 tan (*)]. 


where a is a constant, and plot the functions f(x,a@) and Hf for the values 
a = 0,0.5, and 1. 

Prove Eqs. (18.181) and (18.182). 

Evaluate the fractional Fourier transforms of (i) rect (x), (ii) sinc x, and (iii) 
chirp(x), where the chirp function is defined by chirp(x) = e7'”/ A gins? 
Determine the fractional Fourier transform of the following functions: (i) e~” x ; 
(ii) Am (x), and (iii) e'**. 

Using Zayed’s definition of the fractional Hilbert transform, Eq. (18.209), 
determine if the semigroup property under composition, Hy»Hg = Hy+,, holds. 
Evaluate | H,S(q@)| using Cusmariu’s definition of the fractional Hilbert 
transform operator, where S(w) is the Fourier transform of the signal s(f). 

Let the matrix S have a distinct set of eigenvalues. If the matrix F commutes 
with S, show that the eigenvectors of S are also eigenvectors of F. 

For readers with some basic Mathematica skills, or equivalent knowledge with 
a different software package, write a short program to deal with the following 
problem. For the choice of function given by Eq. (18.285), explore the con- 
struction of the IMFs on a larger time scale, for example from [0, 15]. What 
problems, if any, emerge? How can any problems that emerge be overcome? 
For the same example as in Exercise 18.18, set up a stopping procedure in 
the construction of the IMFs based on a weighted sum-of-squared deviations 
criterion. 

Determine the IMFs that result from a discrete time series (with a sampling 
interval of 10~? s) for the function X (t) = cos(amt) + cos(bmt) + cos(cmt) + 
cos(dzt) on the time interval from 0 to 5 s, using some different choices for the 
set of constants {a, b,c, d}. 
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Kramers—Kronig relations 


19.1 Some background from classical electrodynamics 


The principal intent of this chapter is to arrive at the classical Hilbert transform 
connections that apply between the real and imaginary components of the general- 
ized (complex) refractive index, and for the complex dielectric constant. Connections 
of this type are frequently termed dispersion relations in the physics literature. But 
for the two functions just mentioned, and for many associated results, they are most 
often referred to as the Kramers—Kronig relations. Historically, these were the first 
applications of the Hilbert transform concept in the physical sciences, and were dis- 
covered by Kronig (1926) and independently by Kramers (1927). These authors were 
interested in issues connected with the dispersion of light, and from this emerged the 
term dispersion relation to describe the Hilbert transform relations found by Kramers 
and Kronig. The reader will recall that dispersion refers to the frequency variation of 
the refractive index (or some other optical property), and dispersion formulas provide 
a connection between the refractive index and the frequency. Functions such as the 
dielectric constant, refractive index, and permeability, which will be defined shortly, 
are referred to as optical constants. These functions characterize the interaction of 
electromagnetic radiation with matter. Though in widespread use, this terminology is 
somewhat of a misnomer, since the optical constants actually depend on the frequency 
of the incident electromagnetic radiation interacting with the material, and are hence 
not true constants. 

The electric polarization P(x) of a medium, that is, the dipole moment per unit 
volume for a collection of molecules, is given by 


P(x) = ) > Ni(pi). (19.1) 


where Nj; and p; are, respectively, the average number per unit volume and the 
associated dipole moment of molecules of type 7 in a small volume element cen- 
tered at x, and the angular brackets denote an average taken over this volume 
element. (Vector quantities are shown in bold type in this chapter.) The electric 
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displacement D is defined in terms of the electric field E and electric polarization as 
follows: 


D=eE+P, (19.2) 


where €9 denotes the vacuum permittivity. The variable dependence of the various 
fields and associated electrodynamic quantities will often be suppressed, unless there 
is a specific purpose to make this apparent, for example making the jump between the 
time and frequency domains. The reader needs to be cognizant of the units employed 
when comparing the formulas of the present work with other sources. The SI system 
of units (Systeme International d’Unités) is employed in this chapter. In other unit 
systems, such as the esu and emu systems, various changes occur. The factors to be 
alert for are 477, €9, c (the speed of light in a vacuum), and zo (the permeability of 
the vacuum). In particular, to match up with many results in the literature, a factor of 
(4xre9)~! in equations based on SI units is replaced by unity, which converts to the 
esu (electrostatic) and emu (electromagnetic) unit systems. For the remainder of this 
chapter, the applied electric field is assumed to be of low strength, and consequently 
the system response can be treated as linear in the field strength. The simplifying 
assumption that the medium is isotropic is adopted, which means that the vectors E 
and P are oriented in the same direction. In this case, 


P= e0xE, (19.3) 


where x denotes the electric susceptibility. The latter quantity is also called the 
dielectric susceptibility by some authors. Employing this result allows the electric 
displacement to be written as follows: 


D=cE, (19.4) 
where ¢, the permittivity of the medium, is given by 
é=eo(1+ x). (19.5) 


Some authors refer to the permittivity as the electric permittivity, or, less commonly, 
the dielectric permittivity. The dimensionless ratio ¢/¢9 is called the relative permit- 
tivity or the dielectric constant. The electric polarization has units Cm~?, where C 
denotes the SI unit of charge, the coulomb, m is the SI unit of length, the meter, 
and the electric field strength is given in units of Vm7!, where V is the SI unit of 
potential, the volt. The vacuum permittivity has the units J~' C? m7!, where J is the 
SI unit of energy, the joule. The electric susceptibility is dimensionless. 

When an electric field is applied to a collection of identical molecules, there are 
two principal consequences. If the molecule has a permanent electric dipole moment, 
then the electric field will cause an alignment of the individual molecular moments. 
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The electric field can also induce a temporary dipole moment in each of the molecules, 
the strength of which is proportional to the applied electric field, that is 


pa, (19.6) 


where a is the polarizability. 
The analog of Eq. (19.4) for magnetic interactions, adopting the same assumptions 
previously stated for the medium, is 


B= yH, (19.7) 


where H denotes the magnetic field, B is the magnetic induction, and jz designates 
the permeability. The latter term is also referred to as the magnetic permeability. 


19.2 Kramers—Kronig relations: a simple derivation 


The Hilbert transform connections between the real and imaginary parts of the dielec- 
tric constant are derived in this section. The asymptotic behavior of the dielectric 
constant for large frequencies is the first topic considered. The sample is subjected to 
a beam of electromagnetic radiation of given frequency; that is, the beam is treated 
as monochromatic. If the frequency of the external field is significantly larger than 
the binding energy of the electrons, then a simple model to describe the motion of 
the electrons can be adopted. Writing the charge on the electron as —e, the equation 
of motion is given by 


mx = —eK, (19.8) 


where x denotes the second derivative of the particle displacement with respect to 
time and m is the mass of the electron. The spatial variation of the electric field can be 
assumed negligible, since the displacements of the electrons from their equilibrium 
positions are small compared with the wavelength of the incident electromagnetic 
radiation. The electric field is assumed to vary harmonically in time as 


E = Epe”, (19.9) 


where Epo incorporates the amplitude and polarization vector of the field. Experimental 
electric fields are real quantities, and this fact is handled in the equations by commonly 
using two different approaches. One procedure is to assume that the real part of 
equations like Eq. (19.9) is taken. In the literature, this is sometimes made explicit 
by the appearance of the symbol Re, and often it is implicitly implied, simply by 
stating that the real part is to be taken, and the reader needs to keep this fact in mind. 
The latter approach is taken in this book. The alternative procedure used is to add a 
complex conjugate term, so that Eq. (19.9) would be written as E = Ege"! + Exel’, 
or the commonly seen form: E = Ege” + c.c., where c.c. stands for the complex 
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conjugate of the preceding term. In this chapter the discussion is restricted to the case 
of linear polarization (plane polarized light), which has the electric field vector always 
oriented in one direction. Other types of polarization are dealt with in Chapter 21. 
The solution of Eq. (19.8) is given by 


eE 


x=, (19.10) 
M@ 


and the resulting electric polarization is as follows: 


NZe?E 
2 


P=—NZex=— (19.11) 


M@ 


where NV is the number of molecules per unit volume and Z is the number of electrons 
per molecule. Using Eqs. (19.3), (19.5), and (19.11), it follows that 


2 
@ 
OND fe for w > ov, (19.12) 
E0 (2) 
and 
Z 2 
wr = Niet (19.13) 
Eom 


The quantity wp is termed the plasma frequency of the medium. Equation (19.12) 
shows that the dielectric constant is bounded asymptotically as w — oo. 

The next step is to develop a simple model for the frequency dependence of é(a), 
and from this derive dispersion relations for the permittivity. Following this, a gen- 
eralization is made to a model-independent discussion of the dispersion relations for 
€(w). Suppose the forces that hold the electrons near their equilibrium positions are 
analogous to the restoring forces in a spring. If a light beam is incident on the dielec- 
tric, the electrons will undergo oscillation about their equilibrium positions due to the 
electric and magnetic fields associated with the light. If the model is restricted to the 
non-relativistic regime, the magnetic effects can be ignored. The equation of motion 
for an electron (with charge —e) bound by a harmonic restoring force, subject to a 
damping force —myx, and acted upon by an external field E(x, ¢), is (suppressing the 
variable dependence of x for the field) as follows: 


mk + myx + max = —eE. (19.14) 


Assuming E(x, t) = Ege’, then the solution of the preceding equation is given by 


—eE 


7 mos —w* —iyo) 


(19.15) 
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The electric polarization is given by 


Ze*E 
P = —NZex = a“ tee (19.16) 
m(wy — @ — iyo) 


A generalization can be made by assuming that the binding frequency is not the same 
for all electrons. Let f; denote the number of electrons with binding frequency w; and 
damping constant y;; then, 


Pe Ys ui —. (19.17) 
j 


Employing Eqs. (19.3), (19.5), and (19.17) leads to 


2 : 
SO) a9) 4NE = ui (19.18) 


2 tah 
EO Eom 7 5 — wo —1lV¥jw 
This is the Lorentz model for a dielectric material. The factors f; are referred to as 
oscillator strengths, and they satisfy the obvious sum rule condition 


pe as (19.19) 
J 


In a more advanced treatment using quantum theory, the oscillator strengths are 
defined in terms of the intensities of the transitions from the ground electronic state 
to the excited states. Equation (19.19) still applies, but the sum is interpreted as a 
summation over the discrete states together with an integral over the continuum states 
involved. 

In the vicinity of an absorption band, the dielectric constant has the behavior shown 
in Figure 19.1. The typical observation is that ¢(@) becomes larger with increasing 
angular frequency, this is the so-called normal dispersion behavior. In the vicinity of a 
region with strong absorption, ¢(w) shows abrupt changes as a function of frequency, 
and decreases as the angular frequency increases for a certain range of frequencies. 
This is the region of anomalous dispersion, and it is clearly displayed in Figure 19.1. 
The refractive index shows a frequency behavior similar to the dielectric constant. 

In the limit w > oo, Eq. (19.18) yields 


. &(@) Ne* 
l ~ 1 19.20 
im aa Lh (19.20) 


and, on using Eqs. (19.19) and (19.13), Eq. (19.12) follows. So the model is 
asymptotically consistent with the free-electron model described earlier. 
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Re e(w) 


Im e(@) 


(0) 


Figure 19.1. Behavior of the real and imaginary parts of the dielectric constant in a region where 
absorption occurs. 


From Egs. (19.18) and (19.5), the electric susceptibility is given by 


Ne? 
x(o) = — ys ui —. (19.21) 


The generalization to complex frequencies is now examined. To avoid confusion, 
the convention of Chapter 17 (Section 17.7) is employed, where a complex angu- 
lar frequency is written as w, = @; + iw, and the assignment w = a, is used 
when there is no risk of confusion. The first observation to note from Eq. (19.21) 
is that 


x(—@;) = x(@:)*. (19.22) 


This is an example of a crossing symmetry relation of the type discussed in 
Section 17.7. The crossing symmetry relation provides a means to extend the range 
of definition of the electric susceptibility to negative frequencies. Negative frequen- 
cies are of course unphysical, but the generalization to such frequencies is a useful, 
though not essential, feature employed to derive the Kramers—Kronig relations. The 
function x (w-) is analytic in the upper half complex angular frequency plane. Let 


f= V(o _ yp); then, for w; > y;/2 and y; > 0, the poles of x (w-) lie in the 
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x 


R 


Figure 19.2. Contour for the evaluation of dispersion relations for the electric susceptibility. 


lower half of the complex angular frequency plane at w, = + B; — (1/2)iy;. Consider 
the contour integral 
§ X (z)da, 
C WOW , 


where C denotes the contour shown in Figure 19.2. This contour will find multiple 
applications in both this and the following chapters. It is the most frequently used 
contour employed to derive dispersion relations. From the Cauchy integral theorem, 
it follows that 


f° X(@x)dorr [ X(@;)do, i x(@ + pel )ipeldo 


_R Wa, otp OR Or pels 
cd 10); Pald 
x (Re )iRe'’ dé 
ae eS 19.23 
= [ w — Re? ( ) 
In the limit R — oo, Eq. (19.23) simplifies to 
o-p d oo d Xu . 
/ X (ar) Or +/ X (ar) Or = -i f x(w + pel”)dé, (19.24) 
—oo WO— Or wtp O- O 0 
where the following asymptotic behavior has been employed: 
ast 
xX(@)=-—+, forw > ov. (19.25) 
2) 
Taking the limit p > 0 in Eq. (19.24) yields 
1 ao 7d 
P| SDE ay (19.26) 
wT Jiro O-O; 


If the electric susceptibility is written in terms of its real and imaginary components, 
thus: 


X(@) = xXr(@) + ixi(@), (19.27) 
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it follows from Eq. (19.26) that 


Xi(o) = “P / TAO ED: (19.28) 


9 O- @, 


and 


Xr(@) = “P if ANE (19.29) 


-~ O-O 


These are the Hilbert transform connections between the real and imaginary 
parts of the electric susceptibility. From the crossing symmetry relation Eq. (19.22), 
it follows that 


Xr(—@) = xr(@) (19.30) 


and 
Xi(-@) = — Xj (@). (19.31) 


Using this last pair of results allows Eqs. (19.28) and (19.29) to be written as follows: 


2o ° xr (wr) da, 
Xi(o) = =P / we (19.32) 
IT 0 or — Q-, 
and 
2 a i do, 
Xr(@) = ——P / eK) - (19.33) 
IT 0 Or = O-, 


These are the Kramers—Kronig relations for the electric susceptibility. They are also 
referred to as the dispersion relations for the electric susceptibility. The corresponding 
results for the dielectric constant are 


2 oo r ty T 
ei(@) = pf AC, es (19.34) 
TT 0 On” — Wr 
and 
2 a Ej d Ir 
ér(@) — £0 = -=p | a (19.35) 
IT 0 @” — Wr 


In Eq. (19.34) the reader should note the significance of the contribution —¢9 in the 
integrand. This point will be amplified in the following section. 

The underlying assumptions that have been utilized directly or implicitly to arrive 
at the Kramers—Kronig relationships are summarized as follows. 


(i) The electronic motion is sufficiently slow so that magnetic effects can be 
ignored; that is, the non-relativistic regime is employed. 
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(ii) The strength of the external electric field is assumed to be sufficiently small, 
so that nonlinear effects can be ignored. 

(iii) The medium has been assumed to be isotropic, which allows the tensor character 
of the electric susceptibility and the permittivity to be simplified to a single 
term. For an anisotropic medium this simplification no longer holds. 

(iv) The density of the medium has been assumed to be low. 

(v) The spatial variation of the electric field has been ignored. 

(vi) The difference between the applied external field and the local field has been 
ignored. 

(vii) No fraction of the electronic population is assumed to be freely mobile. 

(viii) No radiative reaction forces are included. 

(ix) Binding forces for the electrons are assumed to be harmonic. 

(x) The application of classical ideas has been assumed in place of a quantum 
mechanical description. 


Some of these issues are revisited in this and the following chapter. At this juncture 
it is noted in particular that no explicit reference to causality has been invoked. In 
summary, the derivation of the Kramers—Kronig relations given in this section for the 
electric susceptibility and the permittivity is to be regarded as being highly model- 
dependent. For the latter reason, it might be supposed that these relations would be 
of restricted validity. This is not the case, as the following section explains. 


19.3. Kramers—Kronig relations: a more rigorous derivation 


In this section the Kramers—Kronig relations are derived under much more general 
conditions than were employed in the previous section. Some of the simplifying 
assumptions given in the list of the preceding section are retained, but the classical 
damped harmonically bound electron model can be dispensed with. This means the 
Kramers—Kronig relations can be applied much more widely in applications. 

The electric displacement D(x, ft) and the electric field E(x, t) are related at a 
particular frequency by 


D(x, a) = e(@) E(x, o). (19.36) 


In this chapter, a common convention of using the same symbol for the field and 
its Fourier transform is adopted. The field and its corresponding Fourier transform 
are, of course, two different functions in general, so this convention does force 
upon the reader the requirement for added diligence in deciding which field is under 
discussion. To aid the reader, the arguments employed for the field will convey the 
required information. 

The time and frequency domains are connected by assuming the general Fourier 
transform connections: 


D(x, f) = I * D(x, oe! dw (19.37) 


—oo 
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and 


E(x, 1) = d, ~ E(x, a)e da, (19.38) 


—co 


and the inverse Fourier transform relationships are given by 
lL f= 
D(x, @) = =| D(x, pe dt (19.39) 
2 J =o 
and 


1 re 
E(x, 0) = =— / E(x, el de. (19.40) 
[oe] 


Employing Eqs. (19.36), (19.37), and (19.40) gives 


oo * 
D(x, f) =| &(w)E(x, w)e da 
—00 
1 se . 00 oe 
=a e(wje aw f E(x, fe de’ 
T J—oo —oo 


i) . os) . , 
= — ew dw f E(x, ()e'" de’ 
20 J—oo —00 


oo : oo ne ca 
a 20 Ee = 1 e 10 dw [ E(x, fe’ de’ 
2m Joo lL €0 = 


ioe) oe) ; ; 
_ ~ Bea, e)at' [ e 12) da 
T J—oo —0o 
od oe & H ! 
£2 f° ntas [2 ierorae 
Qn —oo —o0o €0 


CO CO 
= eo f E(x, )6(t— dé + eo f E(x, /)G(t—¢’)dt’. (19.41) 
—0o —0oo 
The functions ¢(@) and E(x, ¢’) are assumed to be sufficiently well behaved to allow 
the interchange of the order of integration, and the following definition has been 
employed: 


27 J_ol £0 


G(t) = xf. Ee = 1 a de. (19.42) 


The function G(t) plays the role of a response function. For this definition to be 
useful, it is assumed that {e(w)ep. ee 1} € L?(R), and this will allow the inverse 
Fourier transform relationship to be obtained. Actually, this requirement could be 
modified somewhat to include functions of other classes, but the given condition is 
likely to the most useful in a practical setting. The stated condition implies an appro- 
priate asymptotic behavior for {e¢(@)é9 '_ 1} as w > oo. This issue is revisited 
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shortly. Systems with conducting properties are excluded from the present discussion. 
Conductors require an important modification, and this is addressed later. Equation 
(19.41) simplifies to give 


D(x, 1) = e0E(x,f) + £0 a G(t)E(x,t — ¢')dt’. (19.43) 


Since D(x,t) and E(x,¢) are real quantities, the function G(f) is also real. 
Equation (19.43) can be rewritten as follows: 


lee) 0 
D(x, ft) = £0 {Ex t) +f G(t’)E(x,t — ¢’)dt’ +f G(t)E(x,t — iar | : 
0 —oco 
(19.44) 


This result makes it clear that there is a non-local temporal relationship between 
the electric displacement and the electric field. If the electric field is switched on in 
the infinite past, then the first integral on the right-hand side of Eq. (19.44) shows, 
depending on the exact structure of G(t), that the displacement D(x, t) depends non- 
locally on the electric field up to time ¢. The second integral, however, indicates that 
D(x, t) depends on the electric field for times in advance of the time ¢. This would be 
a breakdown of causality. As a fundamental assumption, the system is assumed to be 
causal, which requires that 


0 
/ G(t’)E(x, t — t')dt’ = 0; (19.45) 


that is, 
G(t)=0, fort < 0. (19.46) 


This means that the fundamental connection between the displacement and the electric 
field takes the following form: 


D(x, 1) = £0 {tx t)+ i G(t')E(x, t — iar : (19.47) 
0 


Making use of the definition of G in Eq. (19.42), it follows, on taking the inverse 
Fourier transform, that 


OO) gr / ~ G(pe™ dt, (19.48) 
€0 —0o 


and from the causality condition, Eq. (19.46), it follows that 


oo * 
one a2 : G(ne de. (19.49) 
€0 0 
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Taking the real and imaginary parts of this formula yields 


[o.@) 
ee) 4 -|/ G(t) cos wt dt (19.50) 
€0 0 
and 
: CO 
xO = f G(t) sin wt dt. (19.51) 
€0 0 


Because the real and imaginary parts of the dielectric constant can be derived from 
knowledge of G, it is anticipated that these two functions are interrelated. 

Since G(t) is real, it follows from Eq. (19.49) and on setting, for complex 
frequencies, w, = @; + iaj, that 


X(—@;) = x(@:)" (19.52) 
and 
&(—w7) = e(@z)*, (19.53) 


which are the crossing symmetry relations for the electric susceptibility and dielectric 
constant, respectively. From Eq. (19.53), it follows, for real angular frequencies, that 


Er(—@) = &(@) (19.54) 
and 
&i{(—@) = —€i(@). (19.55) 


That is, the real part of e¢(w) is an even function of the angular frequency and the 
imaginary part of ¢(w) is an odd function of the angular frequency. The crossing 
symmetry results were derived in Section 19.2 from a model-dependent approach; 
see the jump from the model given in Eq. (19.21) to Eq. (19.22). What has just 
been done is clearly a much more general approach relative to the treatment of the 
preceding section. 

The behavior of G(t) for t + oo can be obtained from Eq. (19.42). Since 


Go == f Ee = 1 coset de =i f E = 1 sinot do} 
2m |J—-cool €&0 —oL €0 
(19.56) 


it follows on using the Riemann—Lebesgue lemma (see Section 2.14) and the previous 
restriction on {é(@)é — 1}, that 


lim G(t) = 0. (19.57) 
tc 
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The discussion so far has assumed that distribution functions are not under 
consideration. Consequently, the response function G(f) does not have a jump dis- 
continuity. Since the causality condition specifies the behavior of G(t) for t < 0, it 
follows that 


lim G(t) = 0, (19.58) 
t>0+ 


so that the behavior of G(f) for t > 0 links up with the behavior for ¢ < 0. The interpre- 
tation of this result is that there is no instantaneous dielectric response to an applied 
electromagnetic field. 

The question of the asymptotic behavior of the dielectric constant is now 
considered. Applying integration by parts to Eq. (19.49) leads to 


&(@) .G0) G0) .G"(0) i 
1=1 5 is 


oo 2 
; / G"(He' da. (19.59) 
0 


€0 @ w 03) 7) 


Employing the result for G(0) given in Eq. (19.58) yields the following asymptotic 
conditions for the real and imaginary parts of the dielectric constant: 


Er(W) fk 
—— 1 01-7 |, a0 a, (19.60) 
EO (a) 
and 
1 
il) (=). as @ —> 00, (19.61) 
E0 (a) 


In several later applications it will be sufficient to assume ¢;(@) ~ O(1/w?**) as 
@— oo with 6>0. In these same applications the alternative assumption that 
ei(@) © O(1/a* log® w), for > 1, could be employed, without changing the out- 
come. Equation (19.60) coincides with the result obtained from the free-electron 
model discussed in the previous section; see Eq. (19.12). The Phragmén—Lindel6f 
theorem (Section 3.4.2) is employed to make the link between the asymptotic behav- 
ior on the real axis, with the asymptotic behavior for complex angular frequencies. 
Equations (19.60) and (19.61) hold for complex angular frequencies. 

Equation (19.49) can be used to extend the dielectric function or the electric sus- 
ceptibility as a function of a real angular frequency to a function of the complex 
angular frequency w- in the upper half complex angular frequency plane, so that 


BO) ts / 7 G(thel@!'— 2%! dav. (19.62) 
€0 0 

It is clear from Eq. (19.62) that, for @; > 0, the additional factor e~®’ in the integrand 
will improve the convergence of the integral. If the discussion of this section had 
commenced with a harmonic time-dependent factor e’, then G(t) would also have 
the opposite phase choice in Eq. (19.42). In this case, the dielectric constant would 
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be continued analytically as a function of a complex angular frequency into the lower 
half complex angular frequency plane. 
Consider the contour integral 


{e(wz)e9 | — IJdoz 


’ 


C @— @z 


where C denotes the contour shown in Figure 19.2. From the Cauchy integral theorem, 
it follows that 


i fe(opeg! = Udo ic {e(@r)eg | — Ido 


_R @ — Oy otp @ — Or 


‘f {e(@ + pele, | — lhipe’® do r ‘ {e(Re! eq! — 1jiRel? do _ ‘ 
7 pe? 0 w — Re? we 
(19.63) 


Taking the limits p — 0 and R — oo leads to 


‘pf {e(@)é> | — 1}day le af {e(Re™)e,! =ifjer do _ ew) 1 
HT Joo @— Oy R>o0 Jo w — Re? EO 
(19.64) 


The integral on the large semicircular section of the contour in Figure 19.2 was 
previously dealt with by employing the known algebraic decay of the electric suscep- 
tibility, which was derived from the harmonically bound electron model discussed in 
Section 19.2. Here, the more general asymptotic expansion given in Eq. (19.59) is 
employed for e(w). Hence, it follows that 


= ie (19.65) 


i pf” {e(w)éy | — ldo, — &(w) 
a —0o @— Wr E0 

Equating the real and imaginary parts, and using the even character of ¢,(w) and the 

odd behavior of ¢;(@), leads to the Kramers—Kronig relations given in Eqs. (19.34) 

and (19.35). 

A few more comments on the asymptotic behavior are appropriate. Suppose that 
lime + oo €9 ‘e(o) = &o9, where &o0 iS some constant other than one; then, the pre- 
ceding derivation could be carried through unaltered, except for the replacement 
of €5 eo) — 1 bye 'e(@) — €99. The resulting dispersion relations are modified 
appropriately. Relativistic considerations do play a role, and this issue is discussed 
in Section 19.6. A second point concerns the following question. What is the effect 
of working directly with e9 : €(@) in place of e5 d €(@) — | in the preceding analysis? 
If an angular frequency wy, is selected much larger than w in Eq. (19.63), then the 
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integral along the real frequency axis can be written as follows: 


lim 
R>oo J_p O— Oy wo, O-O 


OL E(@r)EQ da, +P f- E(@r)EQ da, ae [ E(@r)EQ da, 


OL @— a 


Suppose lim ¢9 's(w) = &o9 and ar is selected sufficiently large so that e5. le(@) 
@—> oo 

can be replaced by &g, then the first and third integrals in the preceding expression 

can be written as follows: 


=o ~@L €(ay) day Re (a; ) day : é 1 1 
€) Jim + =€oo lim _ da; 
R>oo|J_R W— Or oy O- O RowJg, (Or +O O,—-@ 


OL — W 
OL +@ 


= Eg le | 
>0, asa > ow. (19.66) 


This is the cancellation feature of the Hilbert transform in the asymptotic regime, 
a feature first explored in Chapter 3. The Hilbert transform of a constant is zero 
because of the same cancellation effect. The integral along the large semicircular arc 
in Eq. (19.63) is given by 


T 9(Re!®)iRe? do u : 
/ ets a = ies! f jim e(Re"”)d0. (19.67) 
0 @— Ke 0 > 00 


ey! lim 
If lime, +00 €9 's(a,) = &o0, that is, suppose ¢(w,) behaves asymptotically like a 
constant for complex frequencies, then 
7 e(Rel)iRe' do 


ee ae 
£9 ae ; eer IT Ego. (19.68) 


Since a constant may be inserted in the numerator of the Hilbert transform without 
changing the value of the integral, the dispersion relations obtained are identical in 
form to those given previously. The essential modification is that there is a non- 
zero contribution from the integral on the semicircular arc, which gives the required 
constant term in the dispersion relation expression. Working directly with the function 
£9 's(@,) — €o avoids the need for a detailed evaluation of the integral along the 
semicircular arc, since this contribution can be shown to vanish as R > oo. Note also 
that working directly with eg 18(@,) — bo0 helps with the convergence properties of 
the Cauchy principal value integral, and hence has implications for the numerical 
approximation of the integral. 

If e(w,z) became unbounded, then the derivation leading to Eq. (19.65) breaks 
down. In this case it would be necessary either to insert some type of weighting 
function, or to subtract from ¢(w,) some appropriate factor such that the resulting 
function remained bounded in the limits w, — too. 
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Here is a summary of the principal ideas that have been employed. The causality 
principle has played a central role. The assumption of system linearity has been 
imposed. A bounded condition on the dielectric constant or electric susceptibility is 
also required, with the link between the asymptotic behavior on the real frequency 
axis and in a general direction in the complex angular frequency plane being made by 
way of the Phragmén—Lindel6f theorem. All three of these constraints are required 
to derive the Kramers—Kronig relations in the form that has been given. Extension of 
the basic form of the Kramers—Kronig relations is developed later in this chapter. 


19.4 An alternative approach to the Kramers—Kronig relations 


In this section an alternative approach to obtain the Kramers—Kronig relations is 
considered which bypasses the use of complex variable theory. The key idea is to 
examine the Fourier transform of the optical constant. The reader should recall that 
the Hilbert transform and the Fourier transform are closely linked; see Section 5.2. 
Taking the Fourier transform of Eq. (19.50) leads to 


[o,e) Pee) ee iat! oe 
i | Er(@) = 1 eit da = ‘| e iot aw f G(t) cos wt dt 
-wol £0 —00 0 


Xr lee) 
= lim cos wt’ dw f G(t) cos wt dt 
0 


A> CO =}: 


(ee) Xr 
lim / Gendt [ cos wf’ cos wt dw 
A>oo Jo —h 


me in(t/ — t)A in(¢’ + t)A 
= lim, | co | ig Ser | a 
A> 00 0 


t'—t +t 
=n f° Good -9 +00 +o)er (19.69) 
0 


where the last line follows on using Eq. (2.254). Employing the even character of 
€+(@) leads to 


6ije2 i {=o = 7 cos wt da. (19.70) 
Tw JO 


€0 
In a similar fashion, it follows from Eq. (19.51) that 


ae ie a 00 
/ €\(@) erlet da = ’ e ivr aw f G(t) sin wt dt 
co €0 —00 0 


Xr lee) 
= lim sin wt’ aw f G(f) sin wt dt 
0 


A> CO = 
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ages “60 | ee lar 
A> 00 Jo t'—t +t 
=n i G(t){o(t — t) — 6(t/ + D}d¢. (19.71) 
0 


Employing the odd character of ¢;(w) leads to 


© o. 
6H / SO) in ora (19.72) 
T JO E0 


It follows directly from Eqs. (19.70) and (19.72) that 


lee) x 7 
i {22 “= 7 cos wt dw = / A) sin wt dw. (19.73) 
0 ee 


E€0 0 


This is an example ofa sum rule. The first sum rule encountered, Eq. (19.19), involved 
an ordinary sum. The terminology sum rule is also used to embrace extensions from 
the discrete to the continuous case, that is, integral constraints. The reader should 
note that this sum rule applies under rather general conditions, and is not tied to a 
particular model of a dielectric material. It can be used as a consistency check on the 
quality of measured values of ¢,(@) and ¢;(w). There are some issues associated with 
the use of sum rules, and that discussion is postponed to the latter part of this chapter, 
and additional discussion is given in the following two chapters. 
Starting with Eq. (19.50) and using Eq. (19.72) leads to 


2 lee) [o-e) J F 
HO ia= cost a | MODs ead 
au JO 0 €0 


€0 
2 ; [e-e) &; oo! x ; 
= — lim i} OO ao! | sin wt cos wt dt 
0 €0 0 


IT A-00 

1. © ei(w’) {1—cos(a’ —w)A 1-—cos(o’+a)A ; 
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TT A>oo Jo E0 On) wo +a 
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| 
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ia. 3 orn j 1 1 : 
€\(0’) + daw 
mEq n>0 [Jo aw -o ow+o 
i 1 1 / 
+ e\(@ ) + ——— ¢ |dw 
OL a —-w o+o 


— lim. lim | / i Ea =< =) eo | Ja 
0 


n—>0 A—00 w —w wo +a 
[o,e) ao x , x 
+ / Ea {=< ae Oe 2) } Jaw (19.74) 
otn w-@o w+w 


Provided ¢;(@) is a well behaved function on the interval [0, oo), which is expected to 
be the case since the experimental dielectric constant is assumed to be an integrable 
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function, then the second pair of integrals Eq. (19.74) make a zero contribution, by 
the Riemann—Lebesgue lemma. Hence, 


=p [ ow! €;{(a’)da’ 
0 


qu wo —w? ~ 


€:(@) — 6) = (19.75) 


In a similar fashion, it follows from Eqs. (19.51) and (19.70) that 


2: CO lee) 
§(@) = — / sin wt ar [ {er(@’) — €0} cos w't da’ 
T JO 0 


D: ee) Xr 
= lim {er(w’) — eo} do’ / sin wt cos w't dt 
TT A> Jo 0 


7! [ee a eee a 
x 170 0 aye o-aw wt+a! . 


+f | (o') — £0] see ee 
r E 
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= Fit ins | / » ge) {a is es jac 
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n—>0A—>00 ota’ a—a! 
(oe) / x L >. / yy 

+f [ei(w’) — €0] jae #2 + ee al |ao'} , (19.76) 

otn O+@ O-@ 

and hence 

2 (oe) -\) d / 

ei(w) = Pp [ Se (19.77) 
as ) o~ —W 


Equations (19.75) and (19.77) are the Kramers—Kronig relations for the dielectric 
constant. The preceding derivation did not involve explicit reference to the theory of 
functions of a complex variable. 


19.5 Direct derivation of the Kramers—Kronig 
relations on the interval [0, oo) 


In this section the derivation of the Kramers—Kronig relations is considered once 
again, but this time directly on the interval [0,00), thereby avoiding the need to 
invoke the crossing symmetry relations that were used in Sections 19.2 and 19.3. 
First note from Eq. (19.49) that 

€(i@) 


lee) 
ps i: G(e~™ dt, (19.78) 
0 


€0 


and, since G(f) is real, then, along the imaginary axis in the upper half complex 
angular frequency plane, ¢(iw) is a real quantity. This fact is employed in the sequel. 


200 Kramers—Kronig relations 


Figure 19.3. Contour for the derivation of the Kramers—Kronig relations on the interval [0, 00). 


Consider the integral 


> 


{e(@z)@9 | — 1} do 
ere 


2 
w; 


where C is the contour indicated in Figure 19.3. Application of the Cauchy integral 
theorem leads to 


2 2 2 2 
oO — wf orp wo — of 


i fees! — 1]der of fees! — 1]de, 
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0 fe (@ + pel?) ey - i| ipe? da x /2 fe (Re'’) Gi. - | iRe'? do 
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0 feGioes" = i| ida; 
+f : =0. (19.79) 
R wo? + Oo; 


Taking the limits o — 0 and R > oo yields 


(@;)e9'—1tda, in je(w)eg' — 1 (i@;)eg | — 1} da; 
pf” = . pues lif eae si 


(19.80) 


Noting that the integrand of the integral on the right-hand side of the preceding result 
is real, taking the real part of this equation gives 


ei(o) = ep f° tex(@ = eo}do (19.81) 
0 


w2 — w” 
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Starting instead with the integral 


2 2 ? 
— wf 


f w-{e(wz)éy | — 1}da, 
Cc 


(a 


using the same contour shown in Figure 19.3, and applying the Cauchy integral 
theorem, gives 


Pre ox{e(@re9 | — Ido, 2g a ox{e(@r)e9 | — dor 
0 


2 2 2 2. 
— OF otp Or — WO 
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= 0. 


(19.82) 


Evaluating the limits p > 0 and R > oo leads to 


pf w'{e(w' Jeg | — Ido! " im{e(w)eg' — 1} _ [ wife (iajeg | — do; 
0 0 


w — ow? 2 w+ we 
(19.83) 
The imaginary part of the last result yields 
2 © wy e(@’)da! 
ee ae Pf DESO: (19.84) 
x Jo @—w? 


Equations (19.81) and (19.84) are the standard form of the Kramers—Kronig rela- 
tions. This approach clearly establishes that the crossing symmetry conditions are not 
a required ingredient in the derivation of the Kramers—Kronig relations. The preced- 
ing approach also avoids dealing with the optical constant evaluated at unphysical 
negative angular frequencies. 


19.6 The refractive index: Kramers—Kronig relations 
In this section the focus is on a non-conducting medium, and the discussion is 
restricted to the homogenous isotropic linear case. With the assumption of a har- 
monic time dependence of the standard form e~'®’, the Maxwell equations applied 
to an infinite medium lead to the Helmholtz equation 


(V? + wew*)E = 0, (19.85) 


with an analogous result for the magnetic induction. Suppose the propagation direc- 
tion is along the x-axis and the solution is of the form of a plane wave, then, from 
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Eq. (19.85), it follows that 
E(x, t) = Eo(ae!™ i +. Be —ivty (19.86) 


where k denotes the wave number and a@ and £ are constants. Since experimental fields 
are real quantities, the standard convention of taking the real part of an expression 
for E(x, ¢) in terms of complex quantities is adopted. From Eqs. (19.85) and (19.86), 
the wave number is obtained from 


k? = pew. (19.87) 
The phase velocity of the wave is defined by 


oe (19.88) 
nN 


where c is the speed of light in a vacuum, taken by definition to be 299 792 458 ms~!, 
and 7 is the index of refraction. The term refractive index is used synonymously with 
index of refraction. The phase velocity can also be written in terms of the wave 
number as 


v=. (19.89) 


Equations (19.87)-(19.89) can be combined with the result c= 1/,/(woeo) (using 
n= 1 for a vacuum), where j19 denotes the permeability of the vacuum, to give 


Ne = pec ses 


= ; (19.90) 
HOE 


The symbol change n — N has been made. The quantity N is called the complex 
refractive index, and is written as follows: 


N(@) = n(@) + ik(@), (19.91) 


where, as before, n(@) denotes the ordinary refractive index and k(w) is a direct 
measure of the absorption of the wave as the beam propagates through the medium. 
On writing 


ca(w) 


20” 


K(@) = (19.92) 
where a(w) denotes the absorption coefficient of the medium, the propagating beam 
intensity in the x-direction is attenuated like e~“)*, The reader should be alert to the 
almost identical notational representation commonly employed for the polarizability 
and the absorption coefficient; the context should always make it clear which quantity 
is being discussed. 
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The permeability often satisfies 44 ~ 40 to a very good approximation, and accord- 
ingly the factor wo lin Eq. (19.90) is dropped. Using Eq. (19.91) allows n(w) and 
kK (q@) to be written in terms of ¢;(@)/eo and €;(w)/e€o, so that 


n(w) = v| = [é:o) fp V(x? +4 ei(o)) | (19.93) 
and 
K(w) = vf = [-ex(o) a V(e@? a e(o)) | \. (19.94) 


Note that e;(@) > 0 for m > 0, which requires that the medium in the absence of 
a variable electric field is in a state of thermodynamic equilibrium, a fact that has 
been implicitly assumed. The particular choice of signs in Eqs. (19.93) and (19.94) 
is chosen so that wave propagation takes place in the positive x-direction. 

Neglecting the permeability, it follows from the connection given in Eq. (19.90) 
that N(@, +i«;)? — 1 is an analytic function in the upper half of the complex angular 
frequency plane, and hence, employing the discussion in Section 19.3, the following 
results are obtained: 


ee) AK? _. 1\2 __ / 
n(w)k (@) = 2p [ nee Sse (19.95) 


wo — w” 


and 


n(w)? —k(@)* —1= 


+p [~ oo n(or')K (deo! (19.96) 
0 


1 wo — Ww” 
From a practical standpoint, these dispersion relations are not the most useful forms, 
since n(w) and x(q@) are both present in the integrands. These formulas could be 
used to provide consistency checks on experimental data, but would not allow the 
construction of one optical function from the other. Sum rules can be derived directly 
from these dispersion relations. More important dispersion relations are obtained by 
considering the function NV (@, + iw) — 1. The latter function is analytic in the upper 
half of the complex angular frequency plane. The justification for this assertion is 
given momentarily. In the lower half plane this function has branch-cut features, and 
the degree of complexity of these is significant if a realistic model of the medium is 
employed. 

There is no linear relationship between physically measurable quantities for which 
the proportionality factor is the refractive index. Contrast this situation with the 
relationship between D and E, where the proportionality term is the permittivity (see 
Eq. (19.4)). In order to obtain the dispersion relations for N(@,; + iwj) — 1, it is 
necessary to proceed in a different manner. 
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The asymptotic behavior of the complex refractive index can be evaluated from 
Egs. (19.93) and (19.94), and hence 


n(w) © V2), as w@ —> OO; (19.97) 
that is, 
n(w)* — 1% ee) 1=O(w*), asw—> o, (19.98) 
and for the imaginary part 
K(@) © en =O(w), asa—>o, (19.99) 


where Egs. (19.60) and (19.61) have been employed. 

Since the function ¢(w,) is analytic in the upper half complex angular frequency 
plane, it follows that N(w,) — | is also analytic in the same region. For a system in 
thermodynamic equilibrium, the heat dissipation of an electromagnetic field, which 
is always greater than zero, is proportional to the imaginary component of the permit- 
tivity. In the upper half of the complex angular frequency plane, the permittivity has 
a non-zero imaginary component everywhere except along the imaginary frequency 
axis. The latter fact is proved later (see Eq. (19.235)). Along the imaginary axis, 
the permittivity decreases monotonically, approaching ¢9 as w — oo. Thus, there are 
no zeros for the permittivity in the upper half of the complex frequency plane, or 
along the real axis. The preceding arguments assume explicitly that spatial dispersion 
effects can be ignored. The issues associated with spatial dispersion are considered 
later, in Section 20.9. It is therefore concluded that the complex refractive index has 
no zeros in the upper half of the complex angular frequency plane and on the real 
axis. The only possible singularity in the upper half plane for the complex refractive 
index resides at w = O for the case of conductors, and when this occurs either the 
contour to be employed is suitably modified, or the integrand function involving the 
complex refractive index must be tailored so as to eliminate this singularity. 

Consider the function f(w,) = c{N(@-) — 1}, with c a suitably chosen constant; 
then, from Eqs. (19.97) and (19.99), it follows that 


If(@r)| < 1. (19.100) 
Let 


M(R) = max \fRe”) (19.101) 


over a semicircle in the upper half complex plane, of radius R and centered at the 
origin. From the Phragmén—Lindeléf theorem (recall Section 3.4.2) it follows that 
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either f (w,) is bounded in the upper half plane, 


If(@z)| <1, (19.102) 
or 
log M(R 
lim int |e | = 0), (19.103) 
R->0o R 


where @ is a constant. If M(R) exhibits an asymptotic behavior for large R of the 
form M(R) ~ e®*, witha > 0, then clearly Eq. (19.103) results. If M(R) behaves for 
large R like M(R) © R~”, with m > 0, then Eq. (19.102) applies and the left-hand 
side of Eq. (19.103) evaluates to zero. The function {e(@,) — eo} leads to an M(R) of 
the form M(R) © R~”, with m > 0, a result following from the bounded condition 
for {e€(@,;) — &9} and Titchmarsh’s theorem (see Section 4.22). From the definition 
Eq. (19.90), and assuming the permeability factor can be ignored, it is concluded that 
N(q@-) — 1 also has an M (R) satisfying M(R) + R~”, for some m > 0. Consequently, 
the condition given by Eq. (19.102) holds, and N(w,) — 1 is a bounded function in 
the upper half complex angular frequency plane. It follows that N(w,) + | is also a 
bounded function in the same region. 

From the definition Eq. (19.90), and retaining the assumption that the permeability 
factor can be ignored, it follows by Titchmarsh’s theorem and from the results of 
Section 19.3 that 

[o,@) 
i 


where C is a positive constant, and hence 


€(@; + 1@};) a 


2 
1 dw, <C, fora; > 0, (19.104) 
€0 


00 2 
/ No Sse = i dix eC: foray 0: (19.105) 
= 60 
In view of the fact that N(w,) + 1 is a bounded function for w; > 0, 


lee) 
i IN (@: + iw) — 1]? da, < C’, (19.106) 
lee) 


where C’ is a positive constant. Applying Titchmarsh’s theorem allows the Hilbert 
transform pair to be written, and so 


K(@) = af {n@,) — Udor (19.107) 
a —oo @— Wr 
and 
1OVete Pf il) de (19.108) 
mT Joo WO, 
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From Titchmarsh’s theorem it follows that 
oo - 
N(w) —1 = Rte dt, (19.109) 
0 


where R(t), which plays the role of a response function, does not have the same 
physical realization as does the response function G(¢) given in Eq. (19.49), which 
links, via Eq. (19.43), the electric displacement with the electric field. 

The crossing symmetry relation for the refractive index is given by 


N(-@;) = N(@-)*. (19.110) 
This result follows directly from Eq. (19.109). From this result it follows that 
n(—@) = n(@) (19.111) 
and 
K(—@) = —k(q). (19.112) 


Using these two conditions, the Hilbert transform pair can be written as follows: 


2 [o-e) ¥ _ 1 / 
k(w) = “p | me i (19.113) 
Tv 0 O* — Ww 
and 
2. lee) id / / 
ry ee -=P | Sees (19.114) 
4 0 wo —W 


These are the Kramers—Kronig relations for the refractive index. They are also 
commonly referred to as the dispersion relations for the refractive index. 

In contrast to the dispersion relations given in Eqs. (19.95) and (19.96), the pre- 
ceding pair of dispersion relations allows the function x (w) to be determined from 
knowledge of n(w) — 1 and vice versa. A principal difficulty in the determination of 
one optical constant from another is the limitation that the experimentally determined 
optical constant is never measured over an infinite spectral interval. There are two 
principal ways to proceed. The first is to assume that, to a very good approximation, 
the integration interval may be restricted, for example, 


2 w'k(a')da’ 


2 
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where the angular frequencies w, and w2 are selected so that outside the interval 
[@1, @2], the function « (@) is sufficiently small so that the integrals 


pf a! k(w’)da’ 
0 


w2 — @ 


and 


pf ok (w’)da’ 


Dis pal 
9 (63) (62) 


make a very small contribution relative to the value obtained for the integral over the 
interval [w), #2]. An alternative strategy is to attempt an extrapolation of the measured 
experimental data to the asymptotic regime @ — ov, and to the low-frequency domain. 
This is achieved by adopting a model of the medium. For example, the high-frequency 
limit could be modeled along the lines discussed in Section 19.2. 

The other issue that needs to be considered is the requirement for data smoothing. 
Since the measured data are typically discrete, or comprise a combination of discrete 
and continuous data over some different frequency intervals, good data fitting routines 
with reliable error estimations are essential. High quality data fitting is particularly 
important in the region around the singularity in the integrand. Errors in data fitting 
close to the singular frequency have the potential to be significantly magnified as the 
contributions to the integral are evaluated as w’ — w. In optical data analysis the 
position of the singularity is usually varied over a wide spectral interval, and hence 
excellent data fitting over the same range is essential if an accurate Kramers—Kronig 
transform of the data set is to be obtained. 

Employing the definition of the absorption coefficient given in Eq. (19.92), and 
making use of Eq. (19.114), leads to 


HOA <p | ade (19.116) 
0 


wo — 2" 


Historically, this is the first form of the dispersion relation obtained by Kronig (1926). 

If in the preceding developments the asymptotic behavior of n(w) was n(w) > 
n(0o), aS @ — oo, and n(co) was some constant other than unity, then the derivation 
of the dispersion relations could be repeated with n(w) — | simply replaced by n(w) — 
n(co). However, if the restriction is imposed that the front velocity of the wave 
does not exceed the speed of light as @ — ov, then the requirement n(w) — 1 as 
@ — oO follows. This can be viewed as a relativistic constraint on the system. The 
front is the leading edge of the electromagnetic pulse. The issue involved here is 
commonly referred to as the principle of relativistic causality: causal influences, that 
is, information, cannot propagate at speeds in excess of the speed of light. This is also 
commonly stated in the form that no signal can transmit information outside of the 
source light-cone or, as it is commonly termed, the forward light-cone. The light-cone 
is the space-time surface on which the electromagnetic disturbance travels from its 
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source. Relativistic causality is also often stated in more than one way. The idea that 
is invoked in the preceding discussion is often referred to as Einstein causality. The 
reader is directed to Nussenzveig (1972) for further information on causality. 


19.7 Application of Herglotz functions 


In this section a somewhat lesser known approach to the derivation of the Kramers— 
Kronig relations is considered. The derivation is carried forward with a fairly general 
optical property X, with the principal restriction being that the imaginary part of X 
satisfies the following condition: 


Im X(w) > 0. (19.117) 


Since the imaginary component of X typically represents the dissipative behavior of 
the system, or can be selected in a manner so that it is directly proportional to this 
contribution, Eq. (19.117) applies. Herglotz functions play an essential role in the 
sequel. 

The following theorem due to Herglotz is central to the following development. 
Let g(w) be analytic in |w| < 1, and suppose Im g(w) > 0 in the same domain; then 
the function g(w) admits the integral representation 


2m aid 

i) = if £_ + 486) +0. (19.118) 
0 el? —w 

In Eq. (19.118), 6(@) is a non-decreasing bounded real function and C is a real 

constant. A function satisfying these two conditions is called a Herglotz function. 

Equation (19.118) can be converted to a result for the upper half plane in the following 

way. Employ the conformal mapping 


1l+w 
l—w 


Z=1 


; (19.119) 


which converts the interior of the disc to the upper half complex plane. Introducing 
the change of variable 


eo 4] 
that is 
0 
t= —cot 5, (19.121) 


and making use of the substitutions f(z) = g(w) and a(t) = B(8), yields 


f@) aac+ f- te da(t) + C. (19.122) 
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In Eq. (19.122), A is a positive real constant, and the Az term arises from the possible 
jump of 6(@) at 0=0 and 6 =2z7. Cauer (1932) and Wall (1948, p. 277) can be 
consulted for some additional comments on the derivation. Equation (19.122) is the 
key formula needed to derive the Kramers—Kronig relations between the real and 
imaginary parts of a general optical property. 
Suppose X (w-) satisfies the condition given in Eq. (19.117) and is analytic in the 
upper half complex frequency plane. Then it is a Herglotz function, so that 
~14+0'a, 


X(w)= 40+ f 
(60) 


As —z 


da(w") + C 
= Aw, + io + C 


da(w’). (19.123) 


# fe [(1 + a) (@! — @) — o' a7] + i@j(w? + 1) 


—~co (a! — w;)? + we 


In Eq. (19.123) and the remainder of this section, frequency terms are rendered 
dimensionless by dividing each by | Hz, when this is necessary for dimensional 
considerations. At this juncture it is assumed that a(t) is differentiable everywhere; 
then the Stieltjes integral can be rewritten using da(w) = a’ (w)dw. This assumption 
is considered further in the following development. Taking the limit w; > 0, using 
Eq. (10.1), and denoting w; by w, then Eq. (19.123) can be recast as follows: 


© [1+ 0'w)(w! — w) — oo?) 


X(@) = Ao+C+ pe oes lor aye ee a! (w')do’ 
1 
oo ee ees 1 
+ lim / OE) Gad (19.124) 
00 Jog (@! — w)*% + w; 


which simplifies to yield 


a’ (w’)da’ 


~1+o0'o 
Ri) SAG AE EP 


/ 
co ow -—@ 


lee) 
+ in i d(w’ — w)[w? + 1Ja’!(w')do’ 
—0o 
~1l+oa'ao 


, a 
a —W 


‘(o!)do! + in(1+@7)a'(w). (19.125) 


=40+c+P | 


—0o 
The imaginary part of Eq. (19.125) leads to 


eo (19.126) 
a’ (w) = ————~.. : 

(1 +2) 
For a homogeneous medium, the right-hand side of Eq. (19.126) is expected to be 
a continuous function for insulators. For conducting materials, the same continuity 
condition applies, except at = 0. For inhomogeneous materials, the situation is less 
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obvious, and it is not at all clear that Im X (w) is necessarily a continuous function. 
Inserting Eq. (19.126) into Eq. (19.125), and taking the real part, yields 


(19.127) 


1 © (1+ a'o) Im X (a’)do’ 
ReX =A P 
Se aie i @= Milo? 


One possibility is that X (w) satisfies a crossing symmetry constraint of the following 
form: 


(oy =X): (19.128) 


which implies that the imaginary component is an even function and the real part is 
an odd function. If Eq. (19.128) holds, then Eq. (19.127) can be rewritten as follows: 


© Im X (o’)da’ 


Ww — Ww 


2 
ReX(w) = Aw+C “pf (19.129) 
Tv 0 


An alternative possibility is that X (@) satisfies the crossing symmetry constraint 
X(-@) = X*(o). (19.130) 
In this case, Eq. (19.127) can be recast as follows: 


wo’ Im X(a')da’ 
(a = w)(1 + ww)" 


21 2 lee) 
ReX(@) = Ao + C— al (19.131) 
1s 0 


Employing a partial fraction simplification of the integrand yields 


2 (oe) /T Xe Yd / 2 Co ‘I X / / 
ReX(H) HAO 4 / eee CPE Pf ee ede 
w JO 0 


1+ a2 1 w2 = aw 


(19.132) 


The constants A and C in Eq. (19.129) can be determined in the following manner. 
The limit w > 0 yields 


C =ReX(0). (19.133) 


The behavior of the integral in Eq. (19.129), asm — 0, can be best examined by writing 
2w(w? — w')~! = (w— @')! + (w +0’) ~". Dividing both sides of Eq. (19.129) by 
w and examining the limit w — oo leads to 


ReX 
pie) (19.134) 
ow @—>0o 
Substituting these results into Eq. (19.129) yields 
20 fF? Im X (odo! 
Re{X (cw) — X(0) — w{@7!X(@) ku soo} = -~p | eee (19.135) 
IT 0 oO~ —W 
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In a similar fashion, Eq. (19.132) can be rewritten as 


Re{X(@) — X (0) — of@ 'X()}o-+00} 
=p [~ wo’ Im X (a')da" =P [ Im XY (o’)da’ 
0 0 


/ 


a wo — a a 
_ 72" p [~ Im X(a’)da’ 
0 


wo! (w -_ w’) . 


ow 


(19.136) 
ma 


In Eq. (19.136) it is assumed that the integral P ‘tne w'—' Im X(w')da’ is convergent. 
To see how the preceding development applies, some applications involving the 
complex refractive index N(w) are considered. Let 


X(w) = N(w) — 1. (19.137) 
This particular choice is analytic in the upper half complex frequency plane, and 
ImX(@) = k(@), which satisfies Eq. (19.117). From the result that ReX(w) = 


n(w) — 1, and using the asymptotic behavior n(w) — 1 = O(w~”), as w > 00, which 
follows from Eq. (19.98), leads to 


a Re X(w)| AiG (19.138) 
@W—> Oo 


The crossing symmetry condition given by Eq. (19.130) applies for the choice 
employed in Eq. (19.137), and hence from Eq. (19.136) it follows that 


~a'k(a')dw’ 2 [ K(a’)da’ 
0 


/ 


n(w) — n(0) = al (19.139) 


w — w? a a) 
In this form, the result applies to insulators. The case of conductors is excluded 
because of the behavior of (w) asw — 0, K(w) © 1/,/a, which can be obtained from 
Eq. (19.178). The refractive index n(w) for a conductor displays a similar behavior 
as w — 0, that is n(w) © 1/,/m. Equation (19.139) can be recast as follows: 


K(a’)da’ 


ee 19.140 
RO) SO) ae [ Or = wy ( : ) 


which is a single subtracted form of the dispersion relation for the refractive index. A 
more general single subtractive dispersion relation can be derived by subtracting the 
dispersion relation for n(w”) from the dispersion relation for n(@). 

As an alternative selection for _X (w), consider 


X(@) = oN(o). (19.141) 
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For this case, Eq. (19.117) is satisfied, Re X¥ (0) = 0, and 
wo! ReX(o)| = lim n(w) = 1. (19.142) 
@—> oo wW-> 0o 


The crossing symmetry condition given in Eq. (19.128) applies in this case, and hence 
Eq. (19.135) yields 


2, © w'k(a’)da” 
A -=p | sae (19.143) 
ua JO 


wo — Ww” 


This is the standard form of the Kramers—Kronig connection relating n(w) — 1 tox (w) 
(recall Eq. (19.114)). 
Another choice for _X (w) is 


X(@) = wo{N(@) — 1}, (19.144) 
which satisfies Eq. (19.117), Re X (0) = 0, and 
w !ReX(a) =0, (19.145) 


W—> Oo 


with the result that Eq. (19.143) is obtained from Eq. (19.135). 

The Kramers—Kronig relations come in pairs. Some basic properties of the Hilbert 
transform can be employed to obtain the second Kramers—Kronig formula. Equation 
(19.127) can be written as 


Re X(@) = 4w + C — Hf (w) — oHg(o), (19.146) 


where the functions f and g are introduced as follows: 
(19.147) 


and 
g(@) = of (a). (19.148) 


To proceed further, the following restrictions are imposed: (i) A = 0, which assumes 
that Re X(@) has an appropriate asymptotic behavior as w — oo; (ii) X(—w) = 
X*(q@), which is a common crossing symmetry condition satisfied by many optical 
properties; (iii) g(t)—€L?(R), for 1<p<ov, and (iv) ReX(m)€L7(R), for 
1<q<o. The latter requirement is sufficient to ensure that the Hilbert transform 
of Re X(q@) exists; in order to ensure that it is bounded, the condition on g must be 
changed to 1 < q < oo. Applying the Hilbert transform operator to Eq. (19.146) leads 
to 


HReX(o) = H[C] — Hf (@) — HloHe(o)). (19.149) 
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Let h(w) = Hg(w), then the moment formula of the Hilbert transform (recall 
Eq. (4.111)) can be applied to yield 


H[wh(w)| = wHh(o) — -[- h(x)dx. (19.150) 


If condition (ii) applies, then Im_X(¢) is an odd function and hence g(t) is an even 
function. Recalling that the Hilbert transform of an even function is an odd function 
(see Section 4.2), then A(x) is odd, and so Eq. (19.150) simplifies to give 


H[oh(o)] = oHe(o). (19.151) 


Condition (111) allows the inversion formula of the Hilbert transform to be applied as 
follows: 


H’f(w) =—f(), H’g(w) = —g(o), (19.152) 


and, recalling that the Hilbert transform of a constant is zero, Eq. (19.149) can be 
recast as 


HReX(@) = f(@) + og). (19.153) 
This result simplifies on inserting the definitions of f and g to yield 
Im X(@) = H Re X (a). (19.154) 
Employing condition (ii) leads to 


© Re X (a’)da’ 


w2 — ww 


Im X(o) = 2p | (19.155) 
0 


This is the standard form of one of the Kramers—Kronig relations. 
As an application, consider the choice given in Eq. (19.137), and note that 


at ReX(o)| 205 aay | a9 (19.156) 
@—>0o @-> oo 
Conditions (ii), (111), and (iv) are satisfied, so that Eq. (19.155) yields 


K(@) = “pf LC ey (19.157) 
0 


wo — Ww” 


which is the well known Kramers—Kronig connection between «(w) and n(w) — 1. 
An alternative approach can be given to obtain the second of the Kramers—Kronig 
pair. The real part of Eq. (19.125) yields 


a! (oda. (19.158) 


oy 2 (re 
ReX(o) =4o+C+P [ + 0° + (o' —a)o 


/ 
ass a’ —@ 
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This result can be rewritten as follows: 


ReX(@) = dw+ C—ar(1+ w)H[a'(o)| + w{a(oco) — a(—oo)} 
= Aw + C—x(1+o*)H[a’(o)], (19.159) 


where a(q@) is taken to vanish as |w| — oo. The latter result can be justified by 
reference to Eq. (19.126). If both sides of the preceding result are multiplied by 
(1 + w*)~! and the Hilbert transform operator is applied, then application of the 
inversion property of the Hilbert transform yields 


A Co ReX (a) 
'w) = = 19.160 
a nam | Cee 
Inserting this result into Eq. (19.126) yields 
ReX 
Mmroersconon (19.161) 
1+ 
The Hilbert transform of (1 + w?)~! Re.X (w) can be simplified by writing 
seo BP aojge es ye (19.162) 
(o—o)\1+to2) (lt@2) |l4+o02  wo-aw 1+? J? ; 
and hence 
wo (© ReX(a’)da’ 
Im X(@) = A — Cw + H[Re X(@)] + 
TJooo 1+? 
1 (% wo’ ReX(a’)da’ 
19.163 
: ss [. lee? 
The two constants A’ and C’ are introduced by the following definitions: 
1 [o,@) wR X / d / 
Ae / aE SCE (19.164) 
H Joo 1+? 
and 
1 6% Rex (a')da’ 
= i Oke (19.165) 
tJ_o Ita? 


with both integrals assumed to be convergent. On assigning the values c} = A + A’ 
and cz = C’ — C, Eq. (19.163) yields 


Im X(@) = cj tow + A[Re X(o)]. (19.166) 
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If X (w) satisfies the crossing symmetry condition given in Eq. (19.128), then 


2 © w! Re X(a’) da!’ 
Im X¥(@m) = cj + cow + —P é (19.167) 
TU 


0 w — w'2 


If X(@) satisfies the alternative crossing symmetry condition of Eq. (19.130), then 
Eq. (19.166) leads to 


© Re X(a’)da’ 


wz — w!2 


2 
Im X(@) =¢) toot “p | (19.168) 
1s 0 


The constants Eqs. (19.167 and 19.168) can be fixed in the same manner as previously 
discussed. The results are as follows: 


Im X(o) = Im X(0) + of! Im X(@)} 


@—> Oo 


2 Seay ; 1 1 ; 
+ =p | w Re X(w) } =—; + +} dow (19.169) 
ar JO 


w2 _ w!2 ow! 
and 


= 20 %° ReX (w’)da’ 
Im X(@) = Im X (0) + w@{@ Im X(@)}y+00 + —P — a 
ue 0 wo — Ww 


(19.170) 


To arrive at Eq. (19.169) requires that the integral ie wo! ReX(w')da’ be conver- 
gent, and to obtain Eq. (19.170) assumes that lim,-, 9 {oP i ae (w — w*)-! ReX(a’) 
da} is zero. 

For the choice of X(w) given in Eq. (19.137), Im X(0) = 0 for insulators, 
{o~! Im X(w)} = 0, and Eq. (19.130) applies, so Eq. (19.170) leads to 


@—> Oo 


ren “ep f° ey ee (19.171) 
Tv 0 


oO —o 
which is the standard form of one of the Kramers—Kronig pair. 

For the choice of X (w) indicated in Eq. (19.141), the crossing symmetry constraint 
given in Eq. (19.128) applies; however, 


is SN ON bo = is n(w)deo = 00, a) 
0 0 


(ay) 


so that Eq. (19.169) cannot be applied for this choice of X (w). 

A small modification of the previous choice gives the case shown in Eq. (19.144), 
and this fixes the previous divergent integral problem. For this choice, Im X (0) = 0 
and {o! Im X (w)} = 0, and the crossing symmetry condition of Eq. (19.128) 


@—> Oo 
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applies. Hence, Eq. (19.169) leads to 


o(o) = =P [ wo {n(a’) nfs : at = ae (19.173) 


This result simplifies to give 


oo 12 yaad 2 nh j 
ok(w@) = =P | (@ w + a*){n(o’) — I}dw 


w2 — @ 


+ - [we — I}dw 
0 
= ep finer) — Niet 
0 


I 


alt (19.174) 
and hence Eq. (19.171) is recovered. 

To summarize: an alternative to the standard approach of using contour integration 
and the Cauchy integral formula for deriving the Kramers—Kronig relations has been 
demonstrated. The derivation still utilizes the analytic behavior of the property under 
consideration. Only elementary properties of the Hilbert transform are required to 
obtain the second of the Kramers—Kronig relations from the Herglotz representation 
of the optical property as a Herglotz function. 


19.8 Conducting materials 


The previous sections have dealt with the situation for non-conducting materials. In 
this section the case of a conducting medium is investigated, with the focus on the 
changes that arise in the derivation of the Kramers—Kronig relations for this case. The 
key starting point is the Maxwell equation 

vine (19.175) 

ot 

where J is the current density, which is given by J = oE and o denotes the con- 
ductivity. If the electric field is assumed to have a time dependence of the form 
e "then dD /dt = —iwép(w)E, where the subscript b denotes the component of 
the permittivity arising from bound electrons, and hence 


V xH = —iwep(w)E + 0 (0)E, (19.176) 
where o (0) denotes the conductivity at w = 0. On writing the last result as 
VxH = —iwe()E, (19.177) 


the permittivity is identified as 


Oto iE HFG) _ (19.178) 
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Figure 19.4. Contour for the derivation of dispersion relations for the permittivity of a conductor. 


and the bound-electron contribution ¢)(@) can be split into real and imaginary com- 
ponents. The form of the conductivity term in the preceding result can be modified to 
incorporate free-electron effects away from w = 0; however, that issue is not pursued 
at this point, since the focus of interest here is the structure of e(@) at zero angular 
frequency. From Eq. (19.178) it is clear that, in the limit w — 0, the permittivity of a 
conductor exhibits a singularity. Since the dc conductivity o (0) is real, the singularity 
of €(@) resides in the imaginary component of the permittivity. 

To derive Kramers—Kronig relations for the permittivity of a conductor, consider 
the integral 


{e(wz)e9 | — IJdo- 


5) 


Cc W— Wz 


where C denotes the contour shown in Figure 19.4. The permittivity of a conductor 
is an analytic function in the upper half of the complex angular frequency plane, but 
there is the added complication of a pole at zero angular frequency, and hence the 
necessity to modify the contour used previously in Figure 19.2. From the Cauchy 
integral theorem it follows that 


oe Ida, Gipaaalns —l}ide!’ do yg ks — 1}do, 
= 8 6 


R O— Or w — de9 WO — Or; 


[ {e(w + pe')eg | — lhipe' da if i, {e(w ep | — doy 


ped ot+p @ — Wr 
™ fe(Re)e, | — 1}iRe'’ do 
+f = Rae = 0. (19.179) 


Taking the limits p > 0,5 > 0, and R > oo leads to 


+imfe(a)eo! —1}+ we) = 


(oe) a 
Pf {e(@r)éy_— Hdor 0, (19.180) 


55 W— Oy 
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where the following limit has been employed: 
lim de(de") = ia Oe”. (19.181) 


The Cauchy principal value in Eq. (19.180) includes both the obvious singular point 
at @, = w and the singularity at w, = 0. Taking the real and imaginary parts of Eq. 
(19.180) leads to 


0 1 eg ") — eg}da’ 
pe gere. P| ler) eu = (19.182) 
@ Tw Joo wo-@ 
and 
1 Wa. / d / 
Sy aeeS P| A) a (19.183) 
T Joo O-@ 
Using the crossing symmetry relations in Eqs. (19.54) and (19.55) yields 
0 ) Cc M\ d (3 
&(@) — a) = =p [ lero) — eo}day (19.184) 
o a 0 aw — ow? 
and 
2 © w'e:(@')do! 
So) <eo= a CENCE (19.185) 
x Jo w — a? 


The reader should note that as w’ — 0 in the integrand in the last result, w’e;(@’) is 
well behaved. From the preceding derivation it is clear that the dispersion relation 
expressing €;(w) — €9 as the Hilbert transform of ¢;(@) applies to both non-conductors 
and conductors. However, the dispersion relation representing ¢;(w) in terms of the 
Hilbert transform of ¢;(@) — €9 contains, for conductors, an additional contribu- 
tion, depending on the conductivity of the medium, which is not present for the 
corresponding dispersion relation for an insulator. 

For the case of the refractive index of a conducting system, the principal point that 
needs additional discussion is the limit w + 0. Assuming the permeability contribu- 
tion can be ignored, that is, considering the restriction to non-magnetic materials, it 
follows that 

lim N(@) > v|72 | ae. rv| 
a0 


(a) 


| (19.186) 


2w 


Hence, the complex refractive index does not have a simple pole at w=0 but a 
singularity of the form N (w) * 1/,/@ as w > 0, which is integrable. As a result, Eqs. 
(19.113) and (19.114) can also be applied to conductors. 

The conductivity could be treated as an independent optical property distinct from 
the dielectric constant. However, since these two optical properties are directly related, 
it is more a matter of convenience to use one function versus the other. There are two 


19.9 Asymptotic behavior of dispersion relations 219 


definitions commonly employed to relate the conductivity and the permittivity. These 
connections, along with the derivation of dispersion relations, are discussed further 
in Section 20.4. 


19.9 Asymptotic behavior of the dispersion relations 


In this section, the asymptotic behavior of the dispersion relations is investigated for 
some particular choices of the asymptotic behavior of the integrand. This builds on and 
extends ideas developed in Section 8.3. The approach considered is based closely on 
a treatment of Frye and Warnock (1963). The results obtained find application in the 
development of sum rules for optical constants. Examples of this type are developed 
in the following two sections. 

Let f(x) =O(7! log~* x) aS x00, withA>0, and suppose that f’(x) 
is continuous, then the Cauchy principal value integral ¢P jie Ff (x)dx/(t — x), where 
xo > 0, satisfies 


fore) t 
wf _ = fOodx + Ollog™* 1), ast > 00. (19.187) 
x0 —x x0 


To obtain Eq. (19.187), the integral ¢P fie f(x)dx/(t — x) is partitioned in the 
following manner: 


» b-x 


0 x0 


pf” xf (x)dx e 
t 


Cape roe 


t—x 


pf oe _ [Oreo ie xf (x)dx 


ef f (x)dx 
t 


py ek 


=Nh+h+h+h. (19.188) 


The asymptotic behavior of each of these integrals is now examined separately. Let 
C denote a positive constant that is not necessarily the same at each occurrence. The 
J, integral can be written for t > oo as follows: 


t t(1+p) 
q = | feoas f S (x)dx 
x0 t 


t t(1+p) 
= [ roars [ x! log-* x dx 
x t 


0 


t is 1 t+p) q ee ree 
=| ro +f a 8 x} 


t 
= [ ferax+ 00g” t), ast— oo. (19.189) 
x0 
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The particular case of A = 1 requires a different treatment of the second integral on 
the right-hand side of Eq. (19.189); however, the outcome is unchanged. To handle 
Jb, employ the fact that x < t — tp, that is, (t — x)~! < (tp)~!, then it follows that 


t(1—p) 
Ib| < coy! f log-*xdx, ast— oo, (19.190) 
x 


0 


and, on introducing the substitution x = e”, this leads to 


logt(—p) ey gq 
Ib] < wy" | < ast > ©. (19.191) 
Y 


log xo 


Integration by parts yields 


\isl < (to) o( ) + aa eae (19.192) 
2| sa f> : 
log* t — yAtl 
hence 
1 
Ini = 0 7 }; as t > OO. (19.193) 
log’ t 
To deal with the J; integral, first note that 
t+) dy 
P| = 0, (19.194) 
t=py = % 
then 
t(1+p) — tf (t)\dx 
ieee i (xf) = FO}de hens 
«(1—p) sca 
which simplifies on using the mean value theorem to give 
t(+p) ; 
h= -| {x f(x)} leg dx, (19.196) 
t(1—p) 


where x <é <t. The 4 integral can be evaluated asymptotically, for a non-zero 
constant C, as 
_  2Atp | 2h0 
3 = élog*tle x log*t! ¢ 


(19.197) 


and hence 


1 
lb = O| ———_], ast>~. 19.198 
3 (Gam -) ( ) 
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The /4 integral can be written as follows: 


4] < 


Cc 2 1 1 
<— | {e+ Jas 
log* t Jed+p) (Xf —x 


aoe le | e 
~ log* t : l+pJ? 


and therefore 


I= O(log~* t), ast> oO. 
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(19.199) 


(19.200) 


Putting Eqs. (19.189), (19.193), (19.198), and (19.200) together leads to Eq. (19.187). 
Using a similar procedure, it can be shown that if f(x) = O(x~*) as x — oo, with 
1<A<2,o0rd > 2,and f € C! for some x > x9 with xp > 0, then, as tf > 00, 


pf oo. [tr yar +0 (55; 1). ast—> oO. 


0 


(19.201) 


For the case f (x) = O(x~7) asx > oo, with f € C! for some x > xo and xy > 0, 


Oe cae ol 1 
h= -/ {> F jax. 
t J xo x t-Xx 


i 
76) -0 (= : ast > ©. 


and hence 


(19.202) 


(19.203) 


It is left as an exercise for the reader to examine the behavior of /|, /3, and J, for this 


case. The outcome is as follows: 
oe dx 1 
= = [ Fe yar +0 (St ), ast > oo. 
j ae 


Let g(y) denote the integral 


© f (x)dx 


g(y) = : 
yr-x 


and write, for y > xo, 


x0 dx [e-e) dx 
ve) = coe tee f eee 


0 VX 


Now, 


y fe - [PO fords + 007 1), as y > 00, 
0 


(19.204) 


(19.205) 


(19.206) 


(19.207) 
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and 


yp { FO" = [ feva+ O(kK(y)), as y= oO, (19.208) 
x0 


where the function £(y) is determined from the asymptotic behavior of f(x) as x > 
oo. Combining these last two results allows the asymptotic behavior of g(y) as y > 
oo to be determined. 

The principal contents of this section can be summarized by the following theorem. 
Let 


=a f oe (19.209) 


and assume f € C ! for some x > xo. If 
f@) =O), 1<A, asx> 0, (19.210) 


then 


[o,@) 
sway f f(x)dx + O(y), 1<A<2, ordA>2, asy>o, 
0 
(19.211) 


and 
lee) 
g(y=y! iy f(x)dx + O(y* logy), 24=2, asy > ov. (19.212) 
0 


If 


fo) = 0 = ). A>0, asx>o, (19.213) 


x log” x 


then 


g(y= ad SF (x)dx + o(— ). A4>0, asyroo. (19.214) 


ylog* y 


This collection of results, or parts thereof, is sometimes referred to in the physics 
literature as the superconvergence theorem. Applications of this theorem are given in 
the following developments. 
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Examination of the limit w — 0 for Eq. (19.185) yields 


Adee he is nee (19.215) 
0 


IU (a) 
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This sum rule applies for non-conductors. Dielectric losses in a material are governed 
by the quantity ¢;(w). It follows from Eq. (19.215) that insulators, for which ¢,(0) —&9 
is fairly small, do not show significant dielectric losses. Making use of Eq. (19.178), 
for the case of conductors it is possible to write 


2 © wy! 1 éi(w’) — 0 (0)/a' }da’ 
Er(@) — £9 = Pf tei¢ x ou : (19.216) 
4 0 oO*~ — Ww 
and this is an example of a dispersion relation with a subtraction. Since 
[o,@) d / 
a) 0s. wg 0, (19.217) 
0 a — wW 


which the reader will recall from the fact that the Hilbert transform ofa constant is zero, 
the subtraction in Eq. (19.216) does not alter the value of the integral. Examination 
of the limit w > 0 in Eq. (19.216) leads to 


(0) €0 = 2 i {ei(@’) — 0 0) /@ \dw . 
0 


- (19.218) 


(2) 


The integrand of this sum rule is well behaved in the vicinity of w’ — 0. This can 
be demonstrated by using Eq. (19.18) for the permittivity of the bound electrons. If 
the fraction of electrons in free motion is denoted by fo and the assignment w; = 0 is 
used in Eq. (19.18), then the dielectric constant for the free charge carriers is given 
by 


&() ice Ne fo 
EQ ~ ggm w + iyow 
=i 
Qe 73 2 
= “4 (2-1) a ee (19.219) 
EomyYy \ @ % 


The restriction of the Lorentz model to free charge carriers is often referred to as the 
Drude model. The latter model allows for a theoretical treatment of the susceptibility 
of metals to be made within the framework of classical theory. From Eq. (19.219), it 
follows that 


2 
aC) ae ic i (1+0@?)), asw— 0, (19.220) 
EQMY6 


E0 


and 


(22) 


ew) — Ne*fy | 1 


+ o)| , asa-—> 0. (19.221) 
€0 Eomyo 


The limit w — 0 for Eq. (19.184) does not yield a sum rule. 
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Equation (19.34) can be rewritten using the substitutions y = w*,x = w?, and 


f(x) = {er(/x) — €0}/./x as 


lO) 2 pf EOE. (19.222) 
(60) 0 y-x 


The change of variables for the integral has been made so the central theorem in 
Section 19.8 can be directly employed. Making use of the result in Eq. (19.60) yields 
f (x) = O(x73/?), as x — 00, and using Eq. (19.211) leads to 


. 1 re 
EOD) a f@)dx +O), asy > 00, Cea) 
wo Y JO 
and hence 
2 9° a ! 3 
&i(@) = — | {ér(w') — eg}dw’ + O(w"), asw— o. (19.224) 
TOW Jo 


Comparison of Eqs. (19.224) and (19.61) leads to 


[ lér(@) — eg]dw = 0. (19.225) 
0 


This result is directly tied to the short-time behavior of the response function G(t). The 
preceding sum rule can also be obtained from Eq. (19.42) by examining the t > 0+ 
limit and using Eq. (19.58). Altarelli and Smith (1974) point out that at very short 
times after the incident electromagnetic field arrives, the electronic displacements 
from the equilibrium positions caused by the applied field are very small, and the 
restoring and damping forces can be treated as negligible. The system is, in a sense, 
“free-electron-like.” The key idea is that the detailed interatomic and intermolecular 
interactions that would characterize the response of each different material are not 
yet in play in restoring the system to a new equilibrium state. Hence, a very general 
sum rule emerges that is independent of the specific nature of the material. The only 
broad division is into conductors and insulators, for the reason that the generalized 
dielectric constant for a conductor has a singularity at zero frequency, but insulators 
do not. The result given in Eq. (19.225) applies for non-conductors, and be obtained 
under the weaker asymptotic condition that ¢;(w) ~ O(w~!~%), as w > oo, with 
a > 0. For the case of a conductor, it follows, on taking the limit @ — oo for Eq. 
(19.184), that 


i * Fed yeas 720. (19.226) 
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Introducing the change of variables y = wi,x= a, and f (x) = €,(,/x) inEq. (19.35) 
gives 
SF (x)dx 


w{e(w) — 60) = —P [ | (19.227) 
0 yx 


Making use of Eq. (19.61), so that f(x) = O(x~7/*) as w— oo, and employing 
Eq. (19.211), leads to 


1 lee) 
m{er(w) — €9} = —— / f(x)dx + O(y7*), as y > 00, (19.228) 
yY JO 
and hence 
lee) 
€(@) — £9 = — wo’ gi(o’)dw' + O(w 3), as@—> oo. (19.229) 


Tw 0 


Comparison of Eqs. (19.229) and (19.12) leads to 


as mEgw 
/ wéi(w)dw = ——. (19.230) 
0 2 

The preceding formula is often called the f sum rule, and it applies to both conductors 
and non-conductors. This is a particular case of the Thomas—Reiche—Kuhn sum rule, 
which involves a summation over all the oscillator strengths. The idea for a dispersion 
theoretic derivation of Eq. (19.230) appears first in the work of Kronig (1926). The 
reader should note that the derivation of the f sum rule rests on a specific model of 
the large-frequency behavior of the medium. This contrasts with the more general 
assumptions employed to obtain the sum rules in Eqs. (19.215), (19.218), (19.225), 
and (19.226). Although, of course, it is necessary to have some knowledge of the 
asymptotic behavior of the optical functions to obtain these sum rules. 

The problem of obtaining general sum rules for powers of the dielectric constant 
is now considered. Consider the integral 


§ eed: 
C 


where C denotes a closed semicircular contour in the upper half complex angular 
frequency plane, center the origin and radius R. The exponents m and p take on 
selected integer values satisfying m > 0 and p > 1. In order that the integral does not 
diverge in the limit as R > oo requires m+ 1 < 2p, which assumes that Eqs. (19.60) 
and (19.61) hold. For insulators there is no constraint imposed on m and p as w > 0; 
however, to treat conductors requires p < m+ 1, and hence the values of p are fixed 
by the following conditions: 


m+1<2p, for insulators, (19.231) 
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and 
m+1<2p<2m+2, for conductors. (19.232) 


Evaluation of the contour integral subject to the preceding two constraints leads to 


ee w'"{e(w) — eo}? dw = 0. (19.233) 


—c 


For insulators, Eq. (19.225) is obtained using m=0 and p= 1. Several additional 
cases arising for m=0,1,2, and 3 are summarized in Section 19.14. The reader 
is invited to derive these sum rules and identify whether they are appropriate for 
insulators, or for both insulators and conductors. 

The behavior of the dielectric constant at complex angular frequencies is now 
examined. Consider the integral 


5) 


§ @,{&(@z) — Eo}da, 
Cc 


w* + w2 


where C denotes the contour shown in Figure 19.5. From the Cauchy residue theorem 
and taking the limit R > ox, this leads to 


i ar{é(@r) — eo}dar = wife(iw) — eo}. (19.234) 


oo w + we 


Recalling that ¢,(@) and ¢;(w) are even and odd functions of the angular frequency, 
respectively, it follows that 


é(iw) — &9 = 


2 CO / Fi i / 
i pee de (19.235) 
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cr wto2 ~ 


It is clear from this expression that the dielectric constant on the imaginary angular 
frequency axis is a real quantity. If the preceding result is integrated over the interval 


Wj 


Oy 


Figure 19.5. Contour employed to derive a sum rule along the complex angular frequency axis. 
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[0, wo], then the following sum rule the following sum rule is obtained: 


oo 2 ee) oo 
i {e(iwm) — e9}dwa = — / €\(@) tan7! [|e (19.236) 

0 w JO @ 

The limit wo — oo yields the sum rule 
[o,@) [o.@) 
/ {e(iw) — €9}dw = : €{(@)da. (19.237) 
0 0 

Since experimental data are not obtained at complex frequencies, a sum rule of the 


preceding type would be most useful in checking the validity of proposed theoretical 
models for the frequency dependence of the dielectric constant. 
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From Eq. (19.12) it follows, on ignoring contributions of the O(@~”), with m > 2, 
that 


wp 
n(@a)-1*-— 5, asw-o. (19.238) 
2w 


Equation (19.114) can be recast using the substitutions y = w?,x = w”, and f (x) = 
k (,/x) as follows: 


n(w) —1 = ~p [Oe (19.239) 
us 0 yrx 


Suppose k(@) is assumed to satisfy the asymptotic condition 
K(@) = O(w? log~* wo), witha>0, asw>o. (19.240) 


This is actually a conservative estimate for the asymptotic falloff of « (w). The reader 
should note that the crossing symmetry result for k(@) must also dictate how this 
function behaves asymptotically for large values of the angular frequency. Making 
use of the discussion from Section 19.9 leads to the following: 


1 2° 1 
n@)-1=-— |] f@dx+0(—, 
yn Jo ylog*y 
z [PO ee(ohrae' +0( : ) (19.241) 
= -—— wKk(w)da ————], asw>w. : 
won Jo w? log” w 
A comparison of Eqs. (19.238) and (19.241) yields 


[o.@) XT 
ok (w)dw = —a%. (19.242) 
0 ai 
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This is the f sum rule for «(@) and it applies for both insulators and conductors. 
A consequence of this preceding result and the analogous formula for ¢&(@) 
Eq. (19.230), is the sum rule 


[o,@) 
i wx (@){n(w) — I}dw = 0. (19.243) 
0 
This formula was noted by Stern (1963, p. 341). 
Equation (19.113) can be rewritten using the substitutions y = w,x = w”, and 
f(x) = {n/x) — 1}/ Vx, to give 
dx 
ae pi Lee (19.244) 
4 0 yr-x 
Taking the limit @ — oo and employing Eq. (19.238) leads to 
ofl -3/2 
K(@) = ele f (x)dx + O(y yt, aswm— oo. (19.245) 
Y JO 


Comparing Eqs. (19.245) and (19.240) (or using Eq. (19.99) in place of Eq. (19.240) 
yields 


(oe) 
/ f (x)dx = 0; (19.246) 
0 
that is, 


a {n(w) — l}dw = 0. (19.247) 
0 


The sum rule in Eq. (19.247) applies for both conductors and insulators. It is clear 
from either Eq. (19.247) or Eq. (19.243) that n(w) < 1 for some range of angular 
frequencies, otherwise the integrals could not equal zero. Using the definition of the 
phase velocity given in Eq. (19.88), does the fact that n(w) < | lead to a violation of 
the principle of special relativity, that the limiting velocity is the speed of light? The 
group velocity vg is given by 


_ da 


=, 19.248 
dk (19.248) 


Ug 


Normally, energy transmission is associated with the group velocity. Using 
Egs. (19.88) and (19.89) yields 


(19.249) 


Ug 


_d ck a: ckdn _c ck dn dw 
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and hence 
Ug = a = : (19.250) 
1+ (ck/n*)(dn/dw) n+ (dn/dw) 
Typically, n(@) > 1 and dn/dw > 0, so that vg < c. From Eq. (19.250), 
d 
po Se, (19.251) 
dw vg 


and it follows that, in a region of anomalous dispersion where dn/dw < 0, and for 
n(@) <1, that c/vg < 1, so that vg > c. In the presence of absorption, the group velocity 
is devoid of meaning in so far as signal propagation is concerned. The concept of 
associating energy transmission with the group velocity also breaks down. The signal 
front never moves with a velocity exceeding the speed of light, and information 
transmission also does not occur at speeds which exceed c. 

For an insulator, Eq. (19.114) can be written, on taking the limit a — 0, as follows: 


OI i see (19.252) 
0 


IU (2) 


For the case of a conductor, both the integral and the left-hand side of the preceding 
equation diverge. From Eq. (19.113) the limit w — 0 yields no general sum rule. 

The problem of obtaining sum rules for powers of the refractive index is now 
examined. To do this, consider the integral 


§ ol {N(w:) — 1}? doz, 
C 


where C denotes a closed semicircular contour in the upper half complex angular 
frequency plane, center the origin and radius R. The integer exponents m and p are 
selected so that the integral does not diverge in the limit as R > oo and that there is no 
pole at w = 0. The choice m > 0 and p> | is made. For the integral not to diverge in 
the limit as R > oo requires m+ 1 <2p, which assumes that Eqs. (19.98) and (19.99) 
hold. For insulators there is no constraint imposed on m and p as w > 0; however, 
to treat conductors requires p < 2m + 2, and hence the values of p are fixed by the 
conditions 


m+1< 2p, for insulators, (19.253) 
and 


m+1<2p<4m+4, for conductors. (19.254) 
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Evaluation of the contour integral subject to the preceding two constraints leads to 


fe w'"{N(w) — 1}? dw = 0. (19.255) 


—oo 


For m = 0 and p = 1, Eq. (19.247) is obtained. This approach to Eq. (19.247) is 
achieved without the need to examine the asymptotic behavior of a principal value 
integral. Anumber of additional sum rules arising for m= 0, 1, 2, and 3 are summarized 
in Section 19.14. The reader is invited to derive these sum rules and to determine which 
are appropriate for insulators, and which apply to both insulators and conductors. 

The function n(w) — 1 clearly must have at least one zero on the spectral interval 
[0, 00). Let such frequencies, if there are more than one, be designated as wo, wp, @, 
and so on. Then it follows directly from the dispersion relation for the refractive index 
that 


[o,e) [o,e) [o,e) 
ah one =P | moe =P | ee aa (19.256) 
0 wp — w 0 wg — w 0 a! — wo 


Combining any one of these results with the f sum rule gives 


= 19.257 
ae ne (19.257) 


ef wk (w)dw To, 
0 


and it is assumed that Eq. (19.99) holds. The principal difficulty in applying sum 
tules of this type is that the zeros of m(@) — 1 depend on the particular medium under 
study, and must be found experimentally. Alternatively, sum rules of this type might 
be used to estimate the locations of the zeros of n(w) — 1. 

A different approach to deriving sum rules is as follows. Integrating Eq. (19.114) 
leads to 


t {n(w) — l}Jdw = == [aw i a ES (19.258) 


If the interchange of integration order can be justified, 


i {n(@) — I}dw = = / weld! P [ —— (19.259) 
0 m Jo ) He 


and employing the result 


ce daw a 
Pf 5 = 5!) (19.260) 
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leads to 
i‘ {n(w) — I}dw = -= re. wk (w)d(w)dw = 0, (19.261) 
0 0 


which is Eq. (19.247). From Eq. (19.113), it follows on squaring that 


2a © {n(w') — 1}da’ 2a © {n(w") — 1}da" 
2 = 
CO Py aa ae a ae = (19.262) 
and hence 
(oe) 4 (oe) (oe) / | / CO Mu" = | Wy 
/ Cede =| aor | moa ef A 
4 x2 Jo ‘ ane F decyl 
(19.263) 
If the interchange of integration order can be justified, then 
[o,@) 4 [o,@) [o,@) 
/ K?(@)dw = =| {n(o’) — Ide? | {n(w”) — 1}do” 
0 ma” JO 0 
pf aoe (19.264) 
x ; : 
0 (a = w!*)(@2 = w!'”) 
and employing 
rf ae ™(8(0! — a") +4(0! +0")) (19.265) 
= wo -o wot+o : 
0 (@-a)(@-o0l”) 4 


leads to 


[ere — [ve — 1}da’) [wey — dw" {5(a' — wo") + 6(a’+a")}, 
0 0 0 
(19.266) 


and hence 


de K?(@)dw = [re = 1F da; (19.267) 
0 0 


19.12 Application of some properties of the Hilbert transform 


A number of sum rules for the optical constants can be obtained by direct application 
of some of the properties satisfied by the Hilbert transform. In this section some 
applications to the complex dielectric constant and the complex refractive index are 
considered. 


232 Kramers—Kronig relations 


If the Parseval-type identity for the Hilbert transform (see Eq. (4.172)) is applied 
to Eq. (19.107) or Eq. (19.108), along with the crossing symmetry conditions in 
Eqs. (19.111) and (19.112), then the following sum rule is obtained: 


ee k(w)* do = ie {n(w) — 1}? do. (19.268) 
0 0 


The same Parseval-type identity applied to Eq. (19.34) or Eq. (19.35), along with 
Eqs. (19.54) and (19.55), leads to 


/ . 6\(@)* dw = / - {er(@) — €0} da. (19.269) 
0 0 


The preceding two sum rules apply for insulators. Application of the Parseval-type 
identity given in Eq.(4.174), with fj (@) = wx (w) and fo(w) = n(w) — 1, and noting 
from Eq. (4.111) that 


ee) 


A[ox(@)] = wHk(w) — -| K(w)dw = wHx(w), (19.270) 


leads to the sum rule 


fe wk (w){n(@) — 1I}dw = 0. (19.271) 
0 


The analogous result for the dielectric constant becomes 
[o,@) 
/ we\(@){Er(@) — eo}dw = 0. (19.272) 
0 


The orthogonality condition for the Hilbert transform, Eq.(4.198), applied to the 
function f(@) = k(@) + n(@) — | leads to Eq. (19.268) and applied to the function 
f(@) = &(@) + &(w) — &9 gives Eq. (19.269). The property given in Eq. (4.204) 
applied to f(w) = «(w) leads directly to 


i. {n(w) — 1}dw = 0. (19.273) 
0 


Applying the same result to f(w) = €;(@) leads to 
[oe 
i {e:(a) — eo}de = 0, (19.274) 
0 


which applies for both insulators and conductors. 
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The property given in Eq. (4.205) can be recast for the interval [0, 00), and with 
g(y) =f (y)Af(y), then 


i ax [ g(y)dy =| dx {f [g(y) +a(-yidy +2 f ayer] = 0. 


(19.275) 


If f is an even or an odd function, then g is an odd function, so that the integral 
ie: [g(v) + g(—y)]dy vanishes. Let f(w) = x(q), then g(w) = —Kk(w){n(@) — 1} 
and hence 


ihe dw [ K(w' ){n(w') — 1}da’ = 0. (19.276) 
0 @ 


The choice f(w) = {n(w) — 1} also leads to Eq. (19.276). The analogous result for 
the dielectric constant can be written with the choice f(w) = ¢{(w), leading to 


[o,@) [o,@) 
/ aw f ei(w ){e(@’) — eg}dw’ = 0. (19.277) 
0 @ 
If f(w) = wk (a), then g(w) = —w*k(w){n(w) — 1}, and hence 
[o,@) [o,@) 
? dw i; wo k(o'){n(w') — 1}da’ = 0. (19.278) 
0 o 
Equations (4.181) and (4.183) can be written for the interval [0, 00) as follows: 


[aoa ae T 170) log 1 = | +f (—t) log I Es hae (19.279) 
0 uw Jo t t 


and 
1 ¢% x x 
/ f(pdt = -- | {afi log 1 = =| + Hf (—1) log 1 +4 lhe, (19.280) 
0 wT JO t t 
Application of Eq. (19.279) with the choice f(w) = x(q) yields 


wo +@ 
/_ 


a (19.281) 
(69) 


[x — I}do’ = ~ | k(@’) log 
0 T JO 


(a) 


and using Eq. (19.280) with f(w) = «(@) yields 


[ xerao' = = [in 1} log | 
0 mu JO 


It might look tempting to the reader to examine the limit w — oo in Eq. (19.281), 
thereby obtaining Eq. (19.247). Taking this limit is not a valid operation, since the 
derivation of Eq. (19.279) rests on the assumption that x(0,)(¢) belongs to L?(R) 
for p > 1, which is clearly false in the limit x — oo, and hence the derivation of 


(2% 4D 


5 |do’. (19.282) 
@ 
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Eq. (4.181) does not apply. In a similar manner, the limit x > oo cannot be taken 
in Eq. (19.280), because the inversion formula for the Hilbert transform cannot 
be applied to obtain Eq. (4.183). Hence, the limit @ — oo cannot be taken in 
Eq. (19.282). 

The analytic signal concept employed to obtain Eq. (4.245) can be used to derive 
dispersion relations involving powers of the optical constants. For example, let 
fi(@) = fo(@) = N(@) — 1, then Eq. (4.245) yields, on taking the real and imaginary 
parts, 


H[{n(@) — 1} — k(@)*] = 2k(o){n(w) — 1} (19.283) 
and 


H[2k(w){n(w) — 1}] = -[{n(@) — 1}? — K(@)?]. (19.284) 


Equation (19.283) also follows directly from the Tricomi identity, Eq. (4.270), on 
using f(@) = n(w) — | and g(w) = k(@). The choice f(w) = g(m) = x(w) and 
Tricomi’s formula yields Eq. (19.284). 

Employing Eq. (4.196) for the choice f(w) = x(@) yields Eq. (19.268), and for 
f(@) = &(@) Eq. (19.269) is obtained. The choice f(w) = wx (@) leads to 


[o,@) [o,@) 
i wk (@)* do = / w*{n(w) — 1}° da, (19.285) 
0 0 
and f (w) = we;(w) gives 
[o,@) [o,@) 
/ w\(w) do = / w*{er(w) — eo}" da. (19.286) 
0 0 
Both equations apply for conductors and insulators. The unitary property is actually 
a particular case of the Riesz inequality, Eq. (4.382). If Eq. (4.427) is employed, and 


f 1s restricted to be an even or an odd function, as is done in the sequel, then the 
integration interval can be restricted to [0, 00), so for the case p > 1, it follows that 


lee) lee) lo) 
wir? f iroordrs f° apeairdy = (ip)? [fon dx, 19.287) 
0 0 0 
where ‘it, is the Riesz constant given by 


(19.288) 


ae tan(1/2p), 1<p<2 
“P |cot(x/2p), 2 <p < oo. 


Selecting f(w) = «(@) leads to the inequality 


cir? [ e(o? do < [ In(w) — 1? dw < (ip)? [ etey? dw, (19.289) 
0 0 0 
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which applies for insulators for p > 1 and for conductors for 1 < p < 2. Setting f(w) = 
ok (qo), then 


{Rp}? is wo? k(w)? dw < [ lo{n(w) — 1}|? dw < (pl? f wo? k(w)? da, 
(19.290) 


which applies for both insulators and conductors for p > 1. Using f(@) = n(w) — 1 
yields 


{Rp}? i |In(w) — 1/Pdw < is K(@)? dw < ip? [ |n(w) — 1|? da, 
0 0 0 
(19.291) 


which applies for insulators for p> 1 and for conductors for 1 <p <2. The case 
f(@) = w{n(@) — 1} leads to 


{Rp}? i. la{n(w) — 1}|P dw < Foxe Nera 
z 0 0 


< {Rp}? ii lw{n(w) — 1}|? dw, — (19.292) 
0 


which applies for both insulators and conductors for p > 1. For the choices f(w) = 
€\(w), and f(w) = &;(w) — €9, it follows that 


pip? [ eo)? dw < is ex(o) — en)? deo = (8p)? | ei(w)? do 
0 0 0 
(19.293) 
and 
er? fo léq(o) — €|? do < [ seorrae < el? f léq(co) — e9|? der, 
0 0 0 
(19.294) 


which apply for insulators for p > 1, but do not apply for conductors because of the 
singular structure at w = 0. The choices f(w) = wej(w) and f(w) = wf{er(@) — €0} 
lead to 

(oe) 


{Rp}? Pele)? < ” |w{er(@) — eo} |? dw < {Rp}? w?¢\(w)? dw 
e 0 0 B 0 
(19.295) 
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and 
lee) lee) 
{Hp} ah w? |e,(w) — €9|? dw <| ow ¢\(w)? dw 
0 0 
lee) 
= wip)? f ow? |e.(w) — €0|? da, (19.296) 
0 


which apply for both insulators and conductors for p > 1. Note that for p = 2, the 
Riesz inequality is an equality. So using p = 2 yields Eq. (19.268) from Eq. (19.289), 
Eq. (19.269) from Eq. (19.294), Eq. (19.285) from Eq. (19.290), and Eq. (19.286) 
from (19.295). 


19.13 Sum rules involving weight functions 


In this section the question of deriving weighted sum rules for optical constants is 
considered. The basic idea in play here is that, from a practical standpoint, exper- 
imental data are not available for a particular optical constant over a wide spectral 
range. It has already been indicated that this circumstance might be dealt with by 
looking for appropriate extrapolations of the collected data beyond the measured 
spectral interval. An alternative idea is to find dispersion relations for which the inte- 
grand vanishes sufficiently rapidly as @ — oo, so that the high-frequency data for 
the optical constant in question makes only a very small contribution to the overall 
value of the integral. 

An interesting approach, introduced by Liu and Okubo (1967, 1968), is discussed 
first. Their technique was developed to deal with the scattering amplitude in a branch 
of elementary particle scattering. The Liu—Okubo idea will be applied to the refractive 
index of a non-conducting material. This application is due to Villani and Zimerman 
(1973b). Consider the integral 


§ {N(wz) — l}e'"? da, 
C (@z — Wa)P (wz a Wa)P i 


where the parameter f satisfies 
1 
a ie Bb <1, (19.297) 


the frequency w, > 0, and C denotes the contour shown in Figure 19.6. The contour 
sections along (—0o, —w,) and (wa, oo )are placed a distance k above the branch cuts, 
and the limit k — 0+ is examined. From the Cauchy integral theorem, it follows that 


i {N (a, + ik) — l}ei™* da, ° (N(—@a + iwi) — l}e!"Fi da; 
co (@r tik —@,)Pl@,+ik +a.) Six (ica; — 2a) (iw)P 
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w; 


Figure 19.6. Contour employed to derive weighted sum rules for the complex refractive index. 


n i {N(o;) — lel" da, i {N (a + ia) — l}e!”Fi day, 
—W, (@, — @a)P (ay + @a)h (icoj)P (2a + ia;)F 


°° {N(@r + ik) — Nel? deo = — 1je!"FiRel? do 
wa (Or + ik — Wa)P (a, + ik + wa)P > (RE — wa) (Re® + wa)P = 


(19.298) 
Taking the limits R > oo and k — 0+ in Eq. (19.298) leads to 
‘ {N(@,) — lel"? do, a {N (ar) — 1}dor 
co (@r - Wa)P (ay + Wa)P —a (2 oar w2)P 
° {N(or) — le"? da, 
ih = 19.299 
[ (@; — Wa)? (or a @a)P ( ) 


Taking advantage of the symmetry conditions given in Eqs. (19.111) and (19.112) 
allows the preceding result to be simplified as follows: 


© {n(w) — 1 — ix(w)}e'7? dw 5 a {n(w) — 1}dw 
[ (—@ — wa) (—w + wa) i (@2 — w*)B 


‘a 


=0. (19.300) 


[ {n(w) — 1+ ik(@)}e'"F dw 
+h, @—a P+ oF 


‘a 


That is, 


joes aie + ik (@) (e778 —e—*"F ) da 
a (o— @a)P(w a Wa)P 


a —\}d 
es 2 hE = 0, (19.301) 


and hence the following sum rule is obtained: 
oe ea _ — inmp [ oo a {n(w) — l}dw ES 
cosp fo nzB C22 Lye = 0. 
(19.302) 
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The particular choice of 6 = 0 leads to 


/ {n(w) — 1}dw = 0, (19.303) 
0 


which was derived previously in Section 19.11 by a different approach. The case 
B = 1/2 yields the following sum rule: 


“= {n(@) — Ido °  K(o)do 
i /(@2 = 0?) =f JOP: (19.304) 


Because k(@) > 0, for m > 0, the following inequality is obtained: 


is {n(w) — l}dw 
0 


V (oe; — @) 


Since w, is an arbitrary frequency, the preceding inequality has the potential to be 
useful as a self-consistency check for refractive index data measured over the spectral 
interval [0, wa). 

Another approach that has been employed (King, 1976a) consists of considering 
the contour integral 


> 0. (19.305) 


{N (wz) — da, 
Cc w, + 1M 
where C denotes the contour shown in Figure 19.7 and @ is an arbitrary angular 


frequency satisfying w > 0. 
Applying the Cauchy integral theorem leads to 


i {N(w') — 1}do’ 


2366 ow! + 1@ 


=0. (19.306) 


Employing the crossing symmetry condition for N(w) — | leads to 


= 0, (19.307) 


i {o'[N(@') — N(@’)*] — ia[N (o') + N(o’)* — 2]}}do’ 
0 ow + w? 


Wj 


Or 


Figure 19.7. Contour for the evaluation of contour integrals of the optical functions with no poles 
in the upper half plane or on the real axis. 
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from which it follows that 


a ok (a')da" 2 ye o{n(w') — Ido (19.308) 
0 @2 + Ww 0 aw! + w- 

Relations such as Eq. (19.308) provide necessary conditions that must be satisfied by 
theoretical models or experimental data. 


19.14 Summary of sum rules for the dielectric constant 
and refractive index 


In this section a number of the sum rules that have been considered so far for the 
dielectric constant and refractive index, plus a number of additional rules that can be 
derived using assumptions about the analytic behavior of various powers and related 
functions of these two optical constants, are summarized. The principal assumptions 
in play are that the materials are isotropic, spatial dispersion effects are ignored, 
and the materials are non-magnetic, so the permeability does not arise in any of the 
given formulas. Unless specifically indicated, the sum rules apply to both conductors 
and insulators. Some of the exercises at the end of this chapter provide hints as to 
their derivation. The references given indicate where the results were first derived or 
discussed in relation to other sum rules. Some references have been supplied where 
these results are discussed in practical applications. The chapter end-notes provide 
further sources. 


19.15 Light scattering: the forward scattering amplitude 


In this section a connection between the developments of Section 19.6 and the scat- 
tering of light is made. The classical theory of light scattering leads to the following 
result (due to Lorentz): 


Qnc2 


N(o)—-1= Nf (@, 0), (19.309) 


om) 
where NV is the number of scattering centers per unit volume and f(@,0) is the 
scattering amplitude at the angle 6 = 0, that is the forward direction. Henceforth 
in this section, the notation f(w) = f(@,0) is adopted. Equation (19.309) applies 
to the situation where the density of scattering centers is sufficiently small that the 
incident field and the field at the scattering center can be treated as identical. This 
would apply to a gas at low-density or a very thin slice ofa dielectric. The low-density 
assumption implies that intermolecular interactions can be regarded as small, and, as a 
consequence, can be ignored in a first treatment. The derivation and the assumptions 
underlying the result can be pursued in standard sources (Goldberger and Watson, 
1964; Jackson, 1999). The reader needs to be alert to the fact that any dispersion 
relations derived using Eq. (19.309) also depend on the assumptions just stated. The 
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Table 19.1. Summary of sum rules for the dielectric constant 


Number Sum rule Reference 
© si(w)d 
(1) / elon a = {er(0) €9} (insulators) Gorter and Kronig (1936) 
0 (42) 
© {e:(w) —a0(0)/wa}do 7 
(2) / {ei(@) — F0)/o}do _ tee os 
0 (69) 2 
(oe) 
(3) . [é,(w) — &9]dw = 0 (insulators) Saslow (1970); Scaife (1972) 
0 
CO 
0 
(4) / {ér(@) — eo}dw = — aS ) Saslow (1970) 
0 
oo Tego 
(5) / wé\(w)do = 5 u Landau and Lifshitz (1960); Stern (1963) 
0 
(oe) (oe) 
(6) i {e,(@) — €9} coswt dw = / €\(@) sin wt dw, t > 0 Cole and Cole (1942); Scaife (1972); King (1978a) 
0 0 
CO (oe) 
(7) i {e,(@) — €0}? dw = / €\(w) dw (insulators) 
0 0 
(oe) 
(8) i {e,(@) — eo}[{er(@) — 0}? — 3€)(w)*]dw = 0 (insulators) 
0 
(oe) 
(9) / wé;(w){€(@) — €g}dw = 0 (insulators) Villani and Zimerman (1973b) 
0 
(oe) Cc 
(10) / w {e,(@) — eo}* dw = / w &\(@)* dw 
0 0 
(oe) 
(11) / w {&r(w) — eo} {ér(@) — £0}? — 3¢i(@)"]dw = 0 
0 
CO 
(12) if w €4(w)[3{ér(@) — £0}? — £i(@)]dw = 0 
0 
oo mwe2ws : ; 
(13) / we;(w){e,(@) — eg}dw = — o™p Altarelli and Smith (1974) 
0 4 
[e-) tes : 5 e 
(14) i: w8,(@)[3{e¢(@) — £0}? — g;(@)?]do = ; p Villani and Zimerman (1973a) 
0 
(15) a we\(@)dw = fe woter(@) ~~ eo}da +0 King (1976a) 
0 w+ we 0 w+ wo : 
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Table 19.2. Summary of sum rules for the refractive index 


Number Sum rule Reference 
[o@) 
(1) i {n(w) — 1}dw = 0 Saslow (1970); Altarelli e¢ al. (1972); Smith (1985) 
ao 1 
(2) ok(w)do = —ar Kronig (1926) 
0 ae 
[o@) 
(3) i eWo)d = ((0) 1} (insulators) Moss (1961) 
0 (69) 
2 IW 
(4) ok(w)n(w)dw = —we Villani and Zimerman (1973a) 
0 ae 
lee) [o@) 
(5) [ {n(w) — I} coswtdw = [ K(w)sinwtdw, t>0 
oe 37 
(6) ok (w)[3n(w)* — K(@)*|]dw = —w 
0 ae 
lee) 
(7) ii ok(w){n(w) — 1}da = 0 Stern (1963); Altarelli et al. (1972) 
0 
lee) 
(8) : wo" (w)[3{n(w) — 1}? — K(@)*]do = 0, m=1,3 Villani and Zimerman (1973b) 
0 
[o@) 
(9) / wo" {n(w) — I [{n(@) — 1}* — 3x (@)*]dw = 0, m = 2,4 Villani and Zimerman (1973b) 
0 
lee) 
(10) [ {n() — 1[{n(w) — 1}? — 3«(w)*]d@ = 0 (insulators) Villani and Zimerman (1973b) 
lee) 
(11) [ ow [{n(w) — 1}* — k(w)*|dw = 0 Villani and Zimerman (1973b) 
lee) 
(12) ) [{n(@) — 1}° — k(w)*]d@ = 0 (insulators) Altarelli and Smith (1974) 
lee) 
0 
(13) i: [{n(@) — 1}? — k(@)*]do = ato) Smith (1985) 
0 2€0 
lee) 
(14) w°k(w){n(w) — Ido = — =e} Villani and Zimerman (1973a); Altarelli and Smith (1974) 
0 
oe 4 
(15) / wo k(o)[3{n(@) — 1}? — K(@)*|dw = 60? Villani and Zimerman (1973a) 
0 
° wK(w)dw  wo{n(w) — 1}dw ; 
cei See ee 0 King (1976 
(16) [ w+ oe [ w+ 02 oo > ing (1976a) 
wo me, oe) 
(17) / a a 2 / oes Beso Villani and Zimerman (1973b) 
0 J (a _ w) oo J(@ = @) 
lee) a] loo) 
(18) cos 7B at — sinzp ayee Villani and Zimerman (1973b) 


wy (w? — ag) oy (@2 — w)F 
0 {n(w) — l}dw 
+f (wo — aw) 
0 


=0,@ > 0,-1/2< B <1 
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classical model given in Eq. (19.18) leads to the following result (due to Lorentz): 


2 4 
Ft ee ee y= fi (19.310) 


~~ 2eqm 2 _ gy — iyi 
om  w7 — 0 — inj 


This is called a dispersion formula. The reader should note the terminology that is 
employed. A dispersion formula gives the frequency variation of N(@), whereas a 
dispersion relation states a Hilbert transform connection between functions. Coupling 
Egs. (19.309) and (19.310) leads to an expression for the forward scattering amplitude 
in terms of the classical Lorentz model. 

Let f-(@) and f{(@) denote the real and imaginary parts of the forward scattering 
amplitude, respectively. The dispersion relations for f(w) can be obtained from the 
corresponding results for «(w) and n(w) — 1. The function f(q@) is analytic in the 
upper half of the complex angular frequency plane. The asymptotic behavior for 
f (@) as @ > oo can be worked out from Egs. (19.309), (19.98), and (19.99). As an 
alternative, readers familiar with the Kramers—Heisenberg formula can use this result 
to deduce the asymptotic behavior for f(w). The crossing symmetry relations for the 
forward scattering amplitude take the form 


fi(—®) = fr(o) (19.311) 
and 
fi(—@) = —fi(). (19.312) 


From Eq. (19.113) it follows that 


3 lee) / / 
filo) = ~ P| ee (19.313) 
0 


wo? (w a w’) a 
and from Eq. (19.114) the following dispersion relation is obtained: 


3 2w* %  fi(w')da’ 
fr(o) — XT P 0 wo! (w2 _ w’) 


(19.314) 


As an alternative, these results can be obtained by considering the integral 


(f (wz)oz*}do- 


Cc W— Wz 


where C denotes the contour shown in Figure 19.2. Application of the Phragmén— 
Lindeldf theorem is used to establish the asymptotic behavior of f(w,)w;7 in the 
upper half of the complex angular frequency plane. 
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As an electromagnetic beam traverses a distance x through a thin slice of a medium, 
the intensity is diminished by the factor 


2 


eee = e 2k (@)ox/c_ (19.315) 


The diminution of the beam intensity can also be written in terms of the total scattering 
cross-section o;(@), and is given by e~)*, From the latter result and Eqs. (19.309) 
and (19.315), it follows that the total scattering cross-section is related to the imaginary 
part of the forward scattering amplitude: 


O1(w) = Ar flo). (19.316) 


This is the termed the optical theorem. Employing this result, Eq. (19.314) can be 
rewritten as follows: 


fi(@) = 


2 ee) ! / 
= Py eked (19.317) 
0 


Qn w — a2" 
It therefore follows that knowledge of the total cross-section over the complete spec- 
tral domain determines the complex forward scattering amplitude at all frequencies. 

On writing Eq. (19.313) using the substitutions y = 7, x = w”, and g(x) = 
fr/x)x77/?, leads to 


7 A aa} ees (19.318) 
2) 0 yr-x 
Taking the limit @ — oo and employing Eq. (19.211) yields 
& CO 
aie Soy g(x)dx + O(y?/*),  asy > co. (19.319) 
@ 0 
Hence, 
2 (oe) / d / 
foraa / fe a SAO), “gt =¥ boy (19.320) 
ua 0 (0) 
From Eggs. (19.99) and (19.309), it follows that 
fiw) = O(w'), aw o~, (19.321) 
hence, 
CO 
/ fi ee =f) (19.322) 
0 (63) 
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A similar argument applied to Eq. (19.314) yields 


af hoe te 


— 5 file) = — = 4 O(@-3), as @ —> 00, (19.323) 


and hence 


Sf(w)do  — @ 
~ 82, 


(19.324) 


This is the analog of the f sum rule for the scattering amplitude in the forward 
direction. Equation (19.324) can also be obtained directly from Eq. (19.309) and the 
f sum rule for « (w), Eq. (19.242). Making use of Eq. (19.316), the preceeding result 
can be written as follows: 


00 To, 
[ o(w)dw = FN" (19.325) 


Consider the integral 


(f (o:)"@; ~*}do, 


C W— @z 


where C denotes the contour shown in Figure 19.2. The following dispersion relations 
are obtained: 


{fr(o’)? — fiw’)? }do" 


ow! (a = ow) 


Sr(@)fi(@) = “pf (19.326) 


and 


fi \ #: yd / 
filo)? — fiw)? = op f* ae ow 


By (19.327) 


Using the familiar substitutions y=w* and x=”, and setting g(x) =27! 
fe/x)* — fid/x)?}x 3/7, leads to 
[o,@) 
dx 
= floyfi(o) = P / as (19.328) 
(2) 0 yx 
and hence 
XN Lf? 3/2 
i Oi) = od g(x)dx + O(y-*/*), as y > ov. (19.329) 


This last result can be rewritten as follows: 


1\2 1\2 
fo = a {fr(@') ae } 


dw+O(1), asw> oo. (19.330) 
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Since f;(@)f;(w) = O(w~*) for 4 > 0, as w — 00, then it follows from Eq. (19.330) 
that 


0° 2. AG GND 
| {fr()" ~fi@)y"}do _ 9 (19.331) 
0 


w2 


The differential elastic scattering cross-section is denoted by dog (w) /d&Q2, and can be 
expressed in terms of the forward scattering amplitude by the following expression: 


doe(w) 


FQ = OW =f) +f. (19.332) 


Equation (19.331) can be recast in terms of the differential elastic scattering cross- 
section and the total cross-section, thus: 


°F dow) o(w)* 
= 0. 19.333 
[ E 6 a2 |e (19.333) 


Notes 


§19.1 An excellent exposition and standard text on classical electrodynamics is 
Jackson (1999), and Landau and Lifshitz (1960) is also highly recommended read- 
ing. Also worthy of consideration for further reading on the subject are the accounts by 
Lorentz (1952) and Rosenfeld (1965). On the topic of dielectrics, see Frohlich (1958), 
and on electrodynamics, see Podolsky and Kunz (1969). Kramers’ work in the area of 
absorption and refraction of X-rays is first referred to in an abstract of a presentation 
to the Royal Danish Academy of Sciences and Letters on November 27, 1925 
(Kramers, 1926). Ter Haar (1998) reports that the account of this work published 
later (Kramers, 1929) is based on an excerpt of a presentation at a meeting in Zirich 
in July 1929, and was written by F. Bloch. Another paper appearing about the same 
time was Kronig (1929). Kramers’ work can also be found in the publication of his 
collected papers (Kramers, 1956). Slightly later papers include the works of Gorter 
and Kronig (1936) and Kronig (1938). In parallel with the work of Kramers and Kro- 
nig, related advances using Fourier transform methods were made around the same 
time in the engineering sciences. Carson (1926, chap. 11) points out that if either 
the real or imaginary component of the complex steady state admittance is speci- 
fied over the entire frequency range, then the behavior of a network is completely 
determined. Dispersion relations for the polarizability are discussed by Scaife (1971), 
Mukhtarov (1979), and Keefe (2001). Refer to Chapter 14 for references on the numer- 
ical evaluation of the Kramers—Kronig transforms. For a discussion on the treatment 
of the Kramers—Kronig transforms as a filtering problem, see Shtrauss (2006), and 
for a constrained variational analysis of optical spectra utilizing the Kramers—Kronig 
transforms, see Kuzmenko (2005). 

§19.2 For supplementary reading, see Silva and Gross (1941), Van Vleck 
(1945), Brachman and MacDonald (1956), MacDonald and Brachman (1956), 
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Van Wijngaarden (1963), Sharnoff (1964), Bolton (1969a,b), Nussenzveig (1972), 
Troup and Bambini (1973), Gross (1975), Peiponen and Vartiainen (1991), Lee and 
Sindoni (1992), Castro and Nabet (1999), and Reick (2002). For some applications, 
see MacDonald (1952), Parke (1965), Lovell (1974, 1975), Castafio Gonzalez, de 
Dios Leyva, and Pérez Alvarez (1975), Peiponen and HémAlainen (1986), Tomiyama, 
Clough, and Kneizys (1987), Smith, Inokuti, and Karstens (2001), Debiais (2002), 
and Nitsche and Fritz (2004). The first effort to derive the Kramers—Kronig type 
relations in the context of quantum field theory was carried out by Gell-Mann, Gold- 
berger, and Thirring (1954). A more advanced discussion of the permittivity can be 
found in Noziéres and Pines (1999). If ¢(w)/e is replaced by n?(w) and the terms 
yj set to zero in Eq. (19.18), the resulting expression is often termed Sellmeier’s 
dispersion formula. 

§19.3 The essential source for additional study on the derivation of dispersion rela- 
tions for optical constants is Nussenzveig (1972). The book by Peiponen et al. (1999) 
and the papers by Toll (1956) and Altarelli et al. (1972) are also recommended for 
further reading. See also Davydov (1963), Ginzburg and Meiman (1964), Cardona 
(1969), and Rhodes (1977). For discussion on issues associated with the physical 
interpretation of the response function, see Altarelli and Smith (1974). For a recent 
book devoted to the application of the Kramers—Kronig relations to optical properties, 
see Lucarini et al. (2005b). For the application of the Kramers—Kronig relations to 
optical data analysis, some type of data extrapolation is invariably required. An alter- 
native approach is to consider the possibility of reconstructing the required optical 
data from more limited information. The following three papers have a bearing on 
this topic, and are highly recommended reading: Hulthén (1982), Milton, Eyre, and 
Mantese (1997), and Dienstfrey and Greengard (2001). For an introduction to optical 
properties, see Wooten (1972). 

§19.4 The papers by Peterson and Knight (1973) and King (1978a) contain further 
discussion on the topic of this section. 

§19.6 An early treatment on the behavior of the generalized complex refractive 
index can be found in Brillouin (1914), and an English translation of this work is given 
in Brillouin (1960). Nussenzveig (1972) is a key source for parts of the discussion of 
this section. The literature terminology for « (w) in Eq. (19.91) is rather variable. For 
example, Stern (1963) calls x (w) the extinction coefficient, and Born and Wolf (1999, 
p. 737) call n(w)x (@) the attenuation index and indicate that this is also referred to 
as the extinction coefficient. The problem is compounded by the fact that the absorp- 
tion coefficient, a(@), defined by Eq. (19.92), is also referred to as the extinction 
coefficient. For solution studies, it is common to work with the molar absorption 
coefficient, ay (w), where the beam intensity is attenuated like e~?* I)", and LX] 
denotes the molar concentration of the absorbing species X. The molar absorption 
coefficient is also widely referred to as the extinction coefficient! For an applica- 
tion in seismology, see Futterman (1962), and for one with geophysical implications, 
see Lamb (1962). For an application of the subtractive Kramers—Kronig approach to 
the treatment of the refractive index of ice, see Wallis and Wickramasinghe (1999). 
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Additional discussion on the statement following Eq. (19.94) can be found in Landau 
and Lifshitz (1969, p. 384-391). An authoritative discussion on wave propagation 
can be found in the account by Brillouin (1960). For some further reading, see 
Mojahedi et al. (2003). A concise discussion of the determination of optical prop- 
erties using ellipsometry, with comments on extrapolation issues, can be found in 
Aspnes (1985). 

§19.7 The original paper is Herglotz (1911). Additional accounts on Herglotz func- 
tions and some general issues connected to these functions can be found in Nevanlinna 
(1922), Cauer (1932), Wall (1948, p. 275), Aheizer and Krein (1962), Akhiezer 
(1965), Shohat and Tamarkin (1970, p. 23), and Nussenzveig (1972, p. 393). The 
papers by Symanzik (1960, app. B), Wu (1962), Jin and Martin (1964), and the key 
work of Weaver and Pao (1981), discuss applications of Herglotz functions. The 
approach of this section is based on King (2006). 

§19.8 Smith (1985) and Altarelli et a/. (1972) can be consulted for some additional 
information. 

§19.9 For an application of the idea that asymptotic limits can yield sum rules for 
high-energy scattering, see De Alfaro et al. (1966). 

§19.10 Sum rules obtained from dispersion relations, or derived from the analytic 
behavior of particular choices of functions, were first discussed at length for problems 
arising in electric circuit analysis. A number of sum rules for optical constants can be 
obtained in a similar manner to the approaches employed for electric circuit analysis. 
Some references for these developments are Bode (1945), Page (1955, chap. 12), and 
Hamilton (1960). An authoritative discussion of the practical application of sum rules 
can be found in the review by Smith (1985), and the account of Bassani and Altarelli 
(1983) is also highly recommended reading. The sum rule given in Eq. (19.225) was 
first reported in Saslow (1970); later, it was given implicitly in the work of Scaife 
(1972), who gave the sum rule for the real part of the linear electric susceptibility, and 
in the work of Altarelli et al. (1972). Some useful references for further information 
on sum rules for the dielectric constant and the refractive index are Altarelli et al. 
(1972), Altarelli and Smith (1974), King (1976a), Smith and Shiles (1978), Smith 
and Graham (1980), Griindler (1983), and Lévéque (1986), along with the references 
cited in Tables 19.1 and 19.2 in Section 19.14. See also the work by Hopfield (1970), 
and for some quadrupole sum rules, consult Wu, Mahler, and Birman (1978). For the 
situations where relativistic effects cannot be ignored, see Scandolo, Bassani, and 
Lucarini (2001). A moment expansion approach is discussed by Kubo and Ichimura 
(1972). Sum rules of the type given in Eq. (19.225) are sometimes referred to as 
superconvergence relations. The name comes from elementary particle scattering, 
where the quantity of interest, usually a scattering amplitude, may decay too slowly 
at high energies to give rise to convergent sum rules; in contrast, there are situations 
where the scattering amplitude has a sufficiently rapid decay at high energies so that 
the resulting sum rule converges. For the latter case the terminology superconvergence 
relation is applied to the sum rule. The terminology of calling functions with rapid 
decay superconvergent has, fortunately, found limited application outside of sum rule 
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development. For further reading, see the review by Ferro Fontan, Queen, and Violini 
(1972) and the paper by Fischer ef al. (1969). 

§19.11 The first two key papers that point out sum rules for the refractive index 
are Saslow (1970) and Altarelli et a/. (1972). For additional reading, see Altarelli 
and Smith (1974), Peiponen (1985), and Smith (1985). For a detailed discussion on 
issues associated with phase velocity, group velocity and signal transmission, see 
Brillouin (1914) and Sommerfeld (1914). An English translation of this Sommerfeld 
paper can be found in Brillouin (1960). For a treatment of sum rules and Kramers— 
Kronig relations for media with a negative index of refraction, see Peiponen, 
et al. (2004b). 

§19.12 The most common property of the Hilbert transform that has been employed 
in the literature to derive sum rules for optical properties is the Parseval-type formula. 
Very few of the other properties have been exploited for this purpose. 

§19.13 For further reading, see the papers by Villani and Zimerman (1973b), King 
(1976a), and Kimel (1982a). 

§19.14 Thereview by Smith (1985) provides a good starting point for further reading 
together with a survey of the published literature. 

§19.15 For further discussion along the lines of this section, see Maximon and 
O’Connell (1974) and King (1976b). 


Exercises 


19.1 Use Eq. (19.18) with the restriction to two terms in the sum to obtain a 
description of the branch cut structure for N(@z). 

19.2 Can the dispersion relations derived in Eqs. (19.28) and (19.29) be obtained 
by replacing the contour of Figure 19.2 with a rectangular contour with ver- 
tices at (R, 0) and (+R, iwo), together with a semicircular indentation at the 
frequency w? 

19.3 Making use of the asymptotic behavior derived from the Lorentz model, and 
the causality condition, determine lim;.94 G’(¢) and lim;_,9_ G’(f). Recall 
Eq. (19.42) for the definition of G(t). Hence show that the f sum rule follows 
from Eq. (19.56). How would the argument be modified to handle conductors? 
What physical interpretation can you assign to the f sum rule on the basis of 
this calculation? 

19.4 Suppose a medium had both a negative permittivity and a negative permeabil- 
ity (see Veselago (1967, 1968) for an exploration of this assumption). Is the 
derivation of dispersion relations for the permittivity altered in any way? 

19.5 Show that any non-dissipative medium is also non-dispersive and that any 
non-dispersive medium is non-dissipative. 

19.6 Prove that a dissipative medium is dispersive and that a dispersive medium is 
dissipative. 

19.7 Explore the consequences if a non-conducting material has a non-zero value for 
« (0). What would happen to the standard formulation of the Kramers—Kronig 
relations? 


19.8 


19.9 


19.10 


19.11 


19.12 


19.13 


19.14 


19.15 


19.16 


19.17 
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Let g(@) =! {(2@?[N(w) — 1])”" — (— 1)™o""} for integer m > 1. By select- 
ing a suitable contour integral, derive the first few sum rules that emerge. 
Indicate whether the rules apply for both conductors and insulators, or to insu- 
lators only. The idea for this choice of function is due to Villani and Zimerman 
(1973a). 

Let g(w) = w | {(w*[e(w)eg !— 1)" —(- 1)"o"} for integer m > 1. Usingan 
appropriate contour integration, determine the first few sum rules that emerge. 
Which of the rules you derive are restricted to insulators and which apply to 
both insulators and conductors? The idea for this choice of function is due to 
Villani and Zimerman (1973a). 

How are the first three sum rules in Table 19.2 altered if the permeability is not 
ignored? 

In Eq. (19.113), can the term —1 in the numerator of the integrand be dropped? 
If it can, what might be the consequences? 

Sketch a plot of the behavior of n(w) in the anomalous dispersion region. 
Indicate how the phase velocity and group velocity vary in the same spectral 
region. Discuss the implications for special relativity. 

Consider the evaluation of the integral fc of'{N(@z) — 1}? dw., where C is 
a suitably selected contour and the integers m and p satisfy m>0 and p> 1. 
Derive the sum rule entries in Table 19.2 that arise from this contour integral. 
Explain which rules apply to conductors and insulators and which rules are 
restricted to insulators. 

Evaluate fc wl {é(@z)Eq = 1}? dw,, where C is a suitably chosen contour and 
the integers m and p satisfy m>0 and p> 1. Obtain the sum rule entries in 
Table 19.1 that arise from this contour integral. Explain which rules apply to 
conductors and insulators and which rules are restricted to insulators. 

Derive the analogs of the sum rules number (16) and number (17) in Table 19.2 
for the dielectric constant. 

Prove Jo. {er(@) — eg}coswtdw = he £\(w) sinwt dw for t > 0. Explain 
whether this sum rule applies to conductors and insulators or only to insulators. 
Let the angular frequency wp be selected sufficiently large so that Eq. (19.238) 
applies. Show that [5 {n(w) — l}dw ~ ws /2mo, a result given by Altarelli 
et al. (1972). 


19.18 Apply Tricomi’s formula to the case fj (w) = x (@) and fo(w) = on(w), where 


19.19 


on(@) are eigenfunctions of the Hilbert transform operator (see Eq. (4.336)). 
Examine the particular case n = 0 and determine the form of the dispersion 
relations that arise. 

Employ the Liu—Okubo technique to obtain sum rules for the forward elastic 
low-energy scattering of light. 
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Dispersion relations for some linear 
optical properties 


20.1 Introduction 


The developments of the previous chapter are continued in this chapter. The principal 
focus is on the reflectance and the energy loss function. Knowledge of the reflectance 
and phase allows the real and imaginary parts of the complex refractive index to be 
evaluated, and hence the real and imaginary parts of the complex dielectric constant 
can be determined. Measurement of the reflectance and calculation of the phase 
provides a convenient route to a number of optical properties. 

The procedure for dealing with the formulation of dispersion relations for the 
reflectance and phase has some features that are different from the cases of the dielec- 
tric constant and the refractive index. This is tied directly to the fact that the real 
and imaginary parts of the complex reflectivity depend upon both the reflectance 
and the phase. To uncouple these quantities requires consideration of the loga- 
rithm of the complex reflectivity, which introduces some additional issues into the 
discussion. This also has a direct bearing on the types of sum rules that can be 
derived. 


20.2 Dispersion relations for the normal-incident 
reflectance and phase 


The topic of obtaining dispersion relations for the normal-incident reflectivity is 
examined in this section. Consideration is restricted to the normal-incidence case, 
and it will be assumed that light is impinging on the material surface from a vacuum. 
The reflectivity, R(@), is the ratio of the reflected to the incident light intensities. 

There has been considerable attention focused on the study of dispersion relations 
for the reflectance, due mainly to the fact that the determination of the generalized 
complex reflectivity provides a route to other optical properties. The generalized or 
complex reflectivity, denoted 7(w), is defined by 


Fo) = rae), (20.1) 
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where 0(w) is the phase, and the reflectivity amplitude r(w) is related to the 
reflectivity by 


R(@) = r(o)’. (20.2) 
The quantity R(w) is often referred to as the intensity reflectivity, and is accessible 
experimentally. If Ej(w) and E,(@) are used to denote, respectively, the incident 
and reflected electric fields associated with an electromagnetic beam impinging on a 
material, then 


E,(@) = 7(@)Ej(@). (20.3) 


The fields Ej(w) and E,(w) can be written as follows: 


E,(0) = / ‘ E, (Oe dt (20.4) 


and 
oo . 
Ej\(@) = / Ej (te de. (20.5) 
—0o 
The reader should note that the notational convention indicated in Section 19.3, about 
the use of the same symbol for the field and its Fourier transform, is again employed 


in this chapter. From Eqs. (20.4) and (20.5) it follows, on taking the inverse Fourier 
transform, that 


1 ¢” . 
E;,() = =| E,(@)e' dw 
HT J—oo 
he it . 
= — I F(@)E\(w)e dw 
20 J_o 
Lf? : ve ey 
= =| Hoe do f E(t dr’ 
2m J—oo —00 
1 Co CO 7 i 
= / E,(t’)d¢’ i, F(w)e¢- dav, (20.6) 
20 J—oo —00 
and hence 
(oe) 
E, (4) = EG — t/)dr’, (20.7) 
—0o 


where 


G(t) = a i, - F(w)e'*? do. (20.8) 
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From Eq. (20.7) it follows that G(r) is areal function since the experimentally observ- 
able electric fields are real quantities. The quantity G(z) plays the role of a response 
function. Taking the inverse Fourier transform of Eq. (20.8) yields 


F(@) = i . G(r)ei™® dr. (20.9) 


The causality principle requires that 
G(t)=0, fort <0. (20.10) 


Repeating the argument of Section 17.7 leads to the conclusion that 7(q) is an analytic 
function in the upper half of the complex angular frequency plane. 

The complex reflectivity can be expressed in terms of the complex refractive index 
as follows: 


FM) = 7° (20.11) 


From this result it follows that 


(n() — 1)? +K@)? 


RO) i eye: (20.12) 
Equations (20.1) and (20.11) yield 
n(w)? + k(@)* — 1 
fa) = 20.13 
N= Tian ieee =ieeeaay ° 
and 
sin 0(w) = 2k) (20.14) 


V{[(n@) + 1D? + «(@)?Pa(@) — 1)? + «(@)? ]} 


The real and imaginary parts of the complex refractive index can be expressed in 
terms of r(w) and 6(w) as follows: 


1—r(w)? 
MON FOr) cos) FCO) 02) 
and 
ie 2r(w) sin 0(a@) (20.16) 


1 — 2r(w) cos O(@) + r(@)? 


Thus, the determination of r(@) and 6(w) allows the optical constants n(w) and x (w) 
to be evaluated, and, from the results given in Section 19.6, ¢;(@) and €;(w) can also 
be obtained. 
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The first observation of importance to be noted from Eq. (20.1) is that the real and 
imaginary parts of 7(w) involve both the reflectivity and the phase. The reader can 
contrast this situation with the form of the real and imaginary parts of the complex 
refractive index or the complex dielectric constant. The obvious way to uncouple 
r(@) and 6(q@) is to take the log of Eq. (20.1), so that 


log F(w) = logr(@) + i6(a). (20.17) 


Although this last result provides the necessary separability, it introduces some extra 
issues to resolve. The first point to consider is the asymptotic behavior of log 7(w) 
for w — oo. Making use of Eqs. (19.98) and (19.99), and employing Eq. (20.12), 
leads to 


R(@) = O(@*),  asw—> oo. (20.18) 


Hence, logr(w) exhibits a logarithmic divergence as w — oo. This fact eliminates 
some of the simple and useful sum rules that might have been obtained by analogy with 
the results derived in Sections 19.10 and 19.11 for the dielectric constant and refractive 
index. This particular asymptotic behavior also prevents the direct application of the 
asymptotic technique discussed in Section 19.9. The other item that needs attention 
is the more subtle question of the existence of zeros for the function 7(w). To address 
this question, the idea of a Blaschke factor is introduced. 

On mathematical grounds, the function 7(@) could equally well be replaced by 
F(@)B(@), where B(w) denotes the Blaschke product given by 


N 
Bw) =[] = =e a] (20.19) 


and B, = dy + iby, where a, and b, are real constants, and N denotes the number of 
factors multiplied. For real angular frequencies it follows that 


[F(@) Bo)? = (Fo)? = r(@)?. (20.20) 


Since |B(w)|? = 1, the reflectivity is unchanged. The Blaschke factor must sat- 
isfy two key requirements: (i) the constants b, must be non-negative in order to 
ensure that 7(w) remains analytic in the upper half complex angular frequency plane; 
(11) the crossing symmetry relation for the complex reflectivity must be satisfied, and 
this takes the form 


F(—@r) =F(w.)*. (20.21) 


Equation (20.21) is proved in the following paragraph. To satisfy this result means that 
the Blaschke factor must contain terms that, in general, are paired together, with an 
appropriate sign change for the a, term in order to ensure that the crossing symmetry 
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relation holds for F(w,)B(q@-). That is, if the Blaschke factor contains a term with the 
factor 8, = a, + ib,, there must also be a term with the factor 6’, = —a, + iby. 

The crossing symmetry relation for the complex reflectivity follows directly from 
Eqs. (20.11) and (19.110). Alternatively, this result can be obtained without recourse 
to the crossing symmetry result for the complex refractive index. The requirement 
that the observable incident and reflected electric fields are real can be expressed as 
follows: 


E,(4)* = Ej(4) (20.22) 
and 
E,(t)* = E,(¢). (20.23) 
From this pair of results and Eqs. (20.4) and (20.5) it follows that 
E\(—@;) = E\(@:)* (20.24) 
and 
E,(—@;) = E;(@z)*. (20.25) 
Using Eq. (20.3), the crossing symmetry relationship is given by 


E,(—of) _ E;(w:)* 
E\(—o*) — Ej(@-)* 


7(-@;) = =F(w,)*, (20.26) 
which is the desired result. 
From Eggs. (19.90) and (20.11) it follows, for a non-magnetic material, that 


Vle(@z)] — /€0 


e@aT ees. era 


T(@z) = 


The quantity *(w,)B(w,) has zeros in the upper half of the complex angular fre- 
quency plane when w, = £, for b, > 0. For this to arise, it is necessary to find the 
solutions of 


&(@z) = £0. (20.28) 


From Eq. (19.49) it is clear that ¢(w,) is a complex function everywhere in the upper 
half of the complex angular frequency plane, except on the imaginary frequency axis, 
where it is real. It takes the value 


oh ee / eee (20.29) 
Jo 


(2) 
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at w = 0, and decreases as w increases according to Eq. (19.235), with e(ico) = €9. 
From this it is concluded that there are no solutions of Eq. (20.28) in the finite upper 
half of the complex angular frequency plane. Hence, it is deduced that, for the case 
of the normal reflectivity, there is no Blaschke factor present and no zeros of 7(@-;) 
in the domain under discussion. 

The dispersion relations for the reflectance and phase take the following form: 


LC RN i Be) d0 (20.30) 
us 0 


w@2 22 ow 


and 


4 ee 1 1 
log R(w) — log R(wo) = =P | WO(') | = 7 7x }do’. (20.31) 
a Jo Wo — wo2 aw -o 


The derivation of these two formulas is now presented. The first thing to note is 
that these two results do not form a Hilbert transform pair, allowing for the even—odd 
character of the functions involved. The reason why a skew-symmetric pair of integral 
transforms does not arise will become evident in the derivation presented. 

The crossing symmetry relation for the complex reflectivity was given in 
Eq. (20.21), from which it follows that 


R(—a) = R(@) (20.32) 
and 
0(—@) = —O(o). (20.33) 


These results are useful for what follows. 

The function log 7(@,) is analytic in the upper half of the complex angular fre- 
quency plane. This follows directly from Eq. (20.11) and the fact that log{N (wz) — 1} 
and log{N(w,) + 1} are both analytic functions in the upper half of the complex 
frequency plane. Consider the integral 


§ log F(w,)dw, 
C ° 


W— Wz 


where C denotes the contour shown in Figure 19.2 (see p. 188). The notation for the 
radius of the semicircle is changed from R to &, since the reflectance is being denoted 
by the symbol R in this chapter. From the Cauchy integral theorem it follows that 


‘i log T(@;)da, a: i. log T(@;)da, 


—2 @®@ — Wr 


+ if log F(w + pe'?)do 
0 


+p OO 


; ™ log F(Ze!” jel? dd 
+ iz | nee = 0. (20.34) 
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Taking the limit p — 0 in Eq. (20.34) leads to 


é ie log 7(w;)da, ™ log F(Re!” dv 


On taking the real part of this result, and employing Eq. (20.32), 
® log R(w,)d can | dy 

P if eee = (0s) = [ RENEE MT 26) ++ G86) 
0 wo — wf weR-le — | 


The asymptotic behavior of 7(w) can be written using Eq. (19.12) as follows: 


2 


Vie@)/eol-1 © 


r(w) = Vle(@)/éo] a 1 oS 42’ 


asw@ > ©. (20.37) 


In the limit 2 — oo, the last term of Eq. (20.36) becomes 


i, log oe 
m 
0 


sear ae im [ log 7(Rel” )dv 
wR er 


= im f° log(—a,, 2-7 @ 26-7 dy 


=I 1 1) +21 — 2i0 |dd 

mf Hoe- y+ oz (52) io a 

=Im in? +20 tog 3) =i [a0] 
22 0 


=0. (20.38) 


Making use of Eq. (20.38) and taking the limit @ — oo in Eq. (20.36) gives Eq. 
(20.30), which is the required result. 
Taking the imaginary part of Eq. (20.35) yields 


0 * log F(Re!” dd 
2» [* OOO + mlogr(w) +Re [" PENROSE <0, oa9) 
0 — we 0 


w2 F wz !e-i9 —1 


and it is immediately evident that the contribution from the semicircular section of 
the contour integral diverges in the limit 2 — oo. 
A simpler approach is to consider the integral 


1 1 
§ log F(z) ( Jae, 
C O-O, W—: 
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LOH 


(a) Wo (Oe 


Figure 20.1. Contour for the determination of dispersion relations for the reflectance and phase. 


where C denotes the contour shown in Figure 20.1. From the Cauchy integral theorem 
it follows that 


a—sd 1 1 
/ log F(@;) ( ) ae 
—2 W— Wr WO — Wr 
wo—-/p sag 1 1 
+ i log r(@,) ( ) ae 
wt+6d @ — Wr W0 — Wr 


® ay 1 1 
+ log F(@,) do, 
wotp @ — Wr @0 — Wr 


1 1 1 
+ / log F(w + de!) ( + ) ide'? do 
0 


be = wo —w— de? 


7 1 1. Ves 
- i log (wo + pe'®) ( +— ) ipe'? do 
0 el? 


o—w—pe'? — p 


wu : 1 1 : 
ins 9 : 9 = 
+f log 7(Re'”) (< ay =a) ize? dd =0. (20.40) 


Taking the limits 6 — 0 and p — 0 in Eq. (20.40) leads to 


ios 1 1 
| log F(a) ( ) ae, + i {log 7(w)— log F(wo)} 
2 O-O &0— a, 


1 : 1 l : 
~ v : v —_ 
+f log 7(Ze'”) (< =e =a) ized =0. (20.41) 


On taking the limit @ — oo, the integral along the large semicircular arc vanishes, 
and hence 


(2) 


iz {log 7(@) — log F(wo)} = -P [ log F(a’) (= ; L ae 


From the real and imaginary parts of this result, it follows that 


6(w) — 0(w0) = apf log r(a’) (- : ; ! ) ae (20.43) 


= =O 
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and 


logr(«) ~ logr(«) = —=P i a) (—— : Jao (20.44) 


= en 42) 


Using Eqs. (20.32) and (20.33) leads to 


00) 8009) = 20 [oso ( a ; ie (20.45) 


wo —@ ap — @ 


and 


4 oe 1 1 
log R(w) — log R(wo) = =P | wo 6(a’) 5 5 7) da’. (20.46) 
mz Jo a-0? © 


From Eq. (20.11), 7(0) is given by 


(0) = MORO =1 _ nO =1 
mw = nO) + ik) +1. n(O)+1’ 


(20.47) 


and hence 
6(0) = 0. (20.48) 


This result applies for both conductors and insulators. The limit wy — 0 in Eq. (20.45) 
yields Eq. (20.30). From Eq. (20.11) it follows that 


n(w)* — 1+ k(@)? + 2ik(w) 


Fare 20.4 
me (@) +12 +Kor ” oe 
and hence 
2 
r(@) cosO(w) ¥ -—2, asw—> ov, (20.50) 
4w2 
and 
r(@) sin6(w) ¥ O(w *-*), B>0, asa>o. (20.51) 


From Eq. (20.2), using the positive root, and Eq. (20.12), it follows that 
2 


p 
r(@) sz, asw— oo. (20.52) 
4a 


For a discussion on aspects of the issue associated with the possible flexibility in 
the form for r(w), the work of Smith and Manogue (1981) is recommended reading. 
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Comparison of Eqs. (20.50) and (20.52) yields 


cos@(w) =—-l, asw>om, (20.53) 
that is, 
6(w) =7%, aw o. (20.54) 


On the basis of Eqs. (20.48) and (20.54), the phase is restricted to the interval 0 < 
6(w) < a. Making use of Eq. (20.54), it is clear why the second point wo must be 
selected in Eq. (20.46). The integrand in this equation cannot be broken into the two 
obvious component integrals, since each is separately divergent. 

A related approach starts by considering the integral 


(1 + wa) log F(w,)dw, 
c (1+?)(w—a:) 


5) 


where C denotes the contour shown in Figure 19.2, and for dimensional reasons each 
angular frequency has been divided by 1 Hz to give dimensionless variables. The 
contribution (1 + @w,)(1 + aw)! serves as a weighting factor, which improves the 
convergence behavior of the integrand as w, — oo. There is a pole located at w, = iin 
the upper half of the complex angular frequency plane. The Cauchy residue theorem 


yields 


al ieee 
P / LOO) TOE NO Mn os ea etsy aeons FO). (20.55) 


co (1+ @7)(@—-@,) 


Using the symmetry properties given in Eqs. (20.32) and (20.33) leads to 


i(1+.@*)w/@(a’)) da’ 
@2 


i{log (i) — log r(w)} + 0(@) = =Pf {og ro+ (+07) 


= a” 


(20.56) 


From Eq. (20.9) it follows that 7(i) is real. Taking the real and imaginary parts of 
Eq. (20.56) leads to Eq. (20.30) and 


o'0(o')da’ 
al aa w)(@ = w’) 


2 lore) 
log 7G) — logr(@) = Ltt! i (20.57) 
0 


An alternative derivation of the dispersion relations for the reflectance and phase 
can be carried out by considering the integral 


§ log F(wz)dw, 
Cc aa ” 
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where C denotes the contour shown in Figure 19.3 (with the change of notation that 
the radius of the large quarter circle R is replaced by 2). Application of the Cauchy 
integral theorem yields 


[oes seo si f log Fw + pel®)dp 
0 7 ; 


w* — w +6 aw — we 2w + pe? 


1 ~pp ait) ai? 0 i dy. 
+iz | log r(Re™” Je’ dv | log 7(1@j)1 da; a5: (20.58) 
0 


w? — R2e219 2 wo + w? 


Taking the limits p — 0 and 2 — oo in Eq. (20.58) leads to 


. is log Fw! )do! _ in log Fo) | , i ® log Fiwi)de; (20.59) 
0 0 


w—a 20 w* + 0? 
Since 7(ia;) is real on the imaginary axis, on taking the real part of Eq. (20.59), 
Eq. (20.30) is obtained. It might be expected that the other dispersion relation relating 
the reflectivity to the phase could be obtained by considering the integral 


§ wz log F(w;z)dw, 
Cc w = we ; 
with the same contour just employed; however, this does not work. Why? Instead, 


consider 


1 1 
a, log F(a da., 
§ 4 g ( ) (= _ w2 w3 _ 3) Zz 


where the contour is shown in Figure 20.2. From the Cauchy integral theorem it 
follows that 


oa 1 1 
a; log F(w daw 
i 1 log r(@;) wo 7 or wo 7 or i 
a2—p » 1 1 
+ / a, log 7(@,) 5 5 5 ; da, 
o4+5 Dye: | Gooey 


+f log 7(ar) d 
a, log r(w Qo, 
wa Nee ean) 


a « « 
+ / {a + de'?} log F(a, + de'%) 
0 


1 ] : 
xf = =e : idel? d 
(= + dei?) ws —(@ + a] id 
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Figure 20.2. Contour for the determination of the reflectance in terms of the phase. 


TU z * 
7 / {w2 + pe'?} log F(@2 + pel) 
0 


1 1 ; 
x —— : ipel? d 
(= — (@2 + pel?)? pel? (2a. + =m) Renee 


us 
id od id : ip 
+f Re® log r(Re”®) (= pie ae = =| ize’? dd 
+ ik log 7(ia;) I : d 0 (20.60) 
a; log F(ia; a; = 0. ; 
0 oe , or + aw? ws + we ‘ 
Taking the limits 6 > 0, 0 — 0, and @ — oo in Eq. (20.60) leads to 
2, 1 1 ix log F(@,) im log F(a) 
P lo da, + 
i or log F(a) Ger =a) ia ) 5) 
ix log F(ia;) z L d (20.61) 
=— a; log F(ia; Qj. : 
0 1 g 1 wr a w? w3 he wr 1 


Taking the imaginary part of this last result leads to 


R 4 fe 1 1 
so Us 8 i, | oo sas (20.62) 


R(a2) soa wo, —@ w; — w! 


which is the desired result. 


20.3 Sum rules for the reflectance and phase 


§ F(w,)dw, 
C WO-A;z : 


Consider the integral 
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where C denotes the contour shown in Figure 19.2. Application of the Cauchy integral 
theorem gives 
a T(@;) day a i T(@,) dar 
2 W@— Wy otp Y— Wr 

0 ; oP ee id) nid d 
+ tf F(w + pel®)db + ie | Aa a = 0. (20.63) 

0 0 w-Rel? 

Taking the limits p > 0 and 2 — oo in Eq. (20.63) leads to 

° F(w,)d 

P / OOP 8. Ae (20.64) 


co YD Wr 


The real and imaginary parts of this result yield 


pf r(@’) se )dw = mr(w) sin 0(w) (20.65) 
and 
a r(a’) mee )dw = —mr(w) cos O(a). (20.66) 


Applying the crossing symmetry conditions in Eqs. (20.32) and (20.33) leads to 


* r(w’) cos O(w’)da’ 


2 
r(@) sin6(w) = —P / —— (20.67) 
4 0 wo —W 
and 
2 © oy r(w’) sin O(a’) da’ 
r(@) cos 0(w) = ——P i Te (20.68) 
Tv 0 O~ —W 


The reader will quickly spot the limitation of this pair of dispersion relations. The 
phase and reflectivity are coupled together on both sides of each equation. So these 
expressions are not of direct practical value for determining 0(w) from r(w) or vice 
versa. However, Eqs. (20.67) and (20.68) can be used to derive sum rules. Applica- 
tion of the Parseval-type property of the Hilbert transform (recall Eq. (4.176)) leads 
immediately to the sum rule 


ie R(@) cos 20(w)dw = 0. (20.69) 
0 


Examination of the limit w > 0 in Eq. (20.68) yields 


iis /R(a) sin 6(w)da 
0 


(22) 


= = VRO), (20.70) 
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where the result 6(0) = 0 has been employed. From Eq. (20.49) it follows that, for 
insulators, 
2k (w) 


lim r(@) sin @(@) = lim, UNE Sew aCS is O(o%), fora >0, (20.71) 


and, for conductors, 


li in 0(w) = li act@) OS 20.72 
Jim r@) sin 6(w) = jim GOED See (/o), (20.72) 


which implies that the integral in Eq. (20.70) does not diverge as w — 0. Hence, this 
sum rule holds for both conductors and insulators. For conductors R(0) = | and for 
insulators R(0) must be determined experimentally. 

Using the substitutions y = w*,x = w”, and g(x) = r(./x) sin 6 (./x), Eq. (20.68) 
can be written as follows: 


© g(x)dx 
fa 2 


mr(w) cos 06(w) = -P [ (20.73) 
0 


If Eq. (20.51) is employed together with the key theorem of Section 19.9, then for 
0 < B <2, orf > 2, it follows that 


1 [oe 
mr(w) cos O(w) = —— if g(x)dx + O(y CTP), asy—> oo. — (20.74) 
Y J0 
The case 8 = 2 is handled using Eq. (19.212). Hence, 


2. [oe 
r(@) cos O(@) = = / o'r(@’) sin 6(w')do! + O(a Pt), as@ > 0. 
0 


(20.75) 
Making use of Eq. (20.50) leads to the following sum rule: 
oa a 
/ w/R(@) sin 0 (w)dw = aot (20.76) 
0 


2 


Employing the change of variables y = w*, x = w”, and g(x) = {r(./x) cos 


0(./x)}(1/./x) in Eq. (20.67), it follows that 


mr(w) sind) _ i Resviog (20.77) 
0 


ra) y-x 
and from Eq. (20.50) it follows that g(x) = O(x~3/") as x > 00, so 


mr(w) sin O(o) _ =f sede + 009, as y > 00; (20.78) 
Y JO 


(a) 


266 Dispersion relations: linear optical properties 


that is, 
2 [oe 
r(@) sin 0(@) = — i, r(@) cos 6(w')do’ + O(w~7), asw—oo. (20.79) 
TW Jo 
Making use of Eq. (20.51) leads to the following sum rule: 


/ ./R(@) cos O(w)dw = 0. (20.80) 
0 


A different pair of dispersion relations can be derived by starting with the integral 


Fw)" do, 
a 

where C denotes the contour shown in Figure 19.2. From the resulting dispersion 
relations, additional sum rules can be obtained. This is left as an exercise for the 
reader to pursue. In order to obtain new sum rules, an alternative strategy is to consider 
the integral $c ws" F(wz)? dw, where C denotes a closed semicircular contour in the 
upper half of the complex angular frequency plane, center the origin and radius #. 
The integer exponents m and p are selected so that the integral does not diverge in 
the limit as @ — oo and that there is no pole at w = 0. The choice m > 0 andp > 1 
is made. In order that the integral not diverge in the limit as @ — oo requires 


m+1 < 2p, (20.81) 


which assumes that Eqs. (20.50) and (20.51) hold. For both conductors and insulators 
there is no additional constraint imposed on m and p as w — 0. Evaluation of the 
contour integral subject to the preceding constraint leads to 


0° . 
/ wo" r(w) Pel? da = 0. (20.82) 


—oo 


For m = 0 and p = 1, Eq. (20.80) is obtained; for m = 0 and p = 2, Eq. (20.69) 
results, and in general, for m = 0, 


Ce 
/ R(w)?!? cos p0(w)dw = 0, forp> 1. (20.83) 
0 


A number of additional sum rules arising for m = 1,2, and 3 are summarized in 
Table 20.1, along with some of the other well known sum rules satisfied by the normal 
reflectivity. The sum rules apply to both conductors and insulators. The references 
provided serve as sources for further reading, and indicate where the results were first 
derived or where other discussion on these sum rules is given. Additional sum rules 
satisfied by the reflectivity can be found in the references given in Table 20.1. 
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Table 20.1. Summary of sum rules for the normal reflectance and phase 


Number Sum rule Reference 
& : 
(1) i RD SON 7 /R(0) King (1979) 
0 (2) 2 
(oe) 
(2) i /R(@) cos 0(w)dw = 0 Inagaki, Ueda, 
0 and Kawata 
(1978); King 
(1979) 
(oe) 
(3) / w* R(w) cos 20(w)dw = 0 King (1979) 
0 
(oe) 
(4) / R(q@) cos 20(w)dw = 0 Inagaki et al. 
0 (1978); King 
(1979) 
CO 
(5) i, wR(w) sin 20(w)dw = 0 Inagaki et al. 
0 (1978); King 
(1979) 
eS TU 
(6) i) w,/R(q) sin 0(w)dw = — wr Inagaki et al. 
0 8 (1978); King 
(1979) 
(oe) 
(7) ; R(w)?!? cos p0(w)dw = 0, forp>1 Smith and 
0 Manogue (1981) 
(oe) 
(8) / oR(w)?’? sin pO(w)dw = 0, for p > 2 Smith and 
0 Manogue (1981) 
(oe) 
(9) i wo R(wy’'? cos p@(w)dw = 0, forp > 2 
0 


20.4 The conductance: dispersion relations 


The complex conductivity o (w) can be defined in terms of the complex permittivity 
of the medium using the following formula (in SI units): 


o(w) = —iwe(w). (20.84) 


A factor of 42 or 42r€9 can be found in the denominator of this definition when 
different unit systems are employed. Some authors also define the complex 
conductivity by 


a(w)eg | = —iwle(w)eg | — 11. (20.85) 


This latter definition leads to the asymptotic condition o(w) = O(w~!), as w > 00, 
in contrast with the result o(w) = O(w), as w — oo, obtained from Eq. (20.84). 
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These alternative definitions will obviously lead to different dispersion relations for 
the conductivity. As far as optical properties are concerned, Eq. (20.84) allows a 
unified discussion of insulators and conductors to be made; the particular domain 
that requires careful deliberation is @ — 0. The conductivity is written in terms of its 
real and imaginary parts as follows: 


o(@) = 0;(@) + i190; (@). (20.86) 
The obvious connections follow: 
Or(@) = wej(w) (20.87) 
and 
0j(w) = —we;(w). (20.88) 


The dispersion relations for the conductivity based on the definition given in 
Eq. (20.84) can be obtained by considering the integral 


{a(@z)€ | + iwz}de- 


5) 


Cc W — Wz 


where C denotes the contour shown in Figure 19.2. The additional factor in the 
numerator is selected so that o(w)éq. lilio= O(w~!) as w > 00, and it is assumed 
that e(w)eq. "= 1 asw —> oo. If this limit yields some other dimensionless constant, 
Say €oo, then the numerator of the integrand would be replaced by o(w)eéq. YL i@eso. 
Evaluation of the contour integral leads to the dispersion relations 


1 2 ee or(w' eo | da’ 
oi(@)e +o=—P a a (20.89) 
Tv 0 ao —W 
and 
2 OO Pasfoat ev} ‘da! 
o,(w)eo! = -=P | Bie u 0 = ee (20.90) 
IU 0 Oo” —W 
Examination of the limit @ — oo in Eq. (20.89), and noting that 
én 
{oi(w)eg' +o} =—, asw— ov, (20.91) 
wo 


leads, on application of the method of Section 19.9, to the following sum rule: 
2 


oO 7 TEQW, 
0;(w)dw = a eae (20.92) 
0 


This is the f sum rule for the conductivity. 
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With the definition given in Eq. (20.85), the corresponding dispersion relations are 
given by 


2; lee) Yd / 
o(o) = “Pp / nee: (20.93) 
4 0 Oo —W 
and 
2: [o-e) / Fs d / 
SeroP / eee (20.94) 
ws 0 O~ —W 


20.5 The energy loss function: dispersion relations 


The power dissipation of an electromagnetic beam in a material due to dielectric losses 
is proportional to e;(@)E. An alternative way to probe the structure and properties 
of materials is via the use of electron beams. The power dissipation of a beam of fast 


2 
electrons due to dielectric losses is proportional to ¢;(@)é9. : / le@oep : | . This latter 
factor can be written as follows: 


a 
es =tTnite (Gn Boks (20.95) 
leer | 


and is called the energy loss function. An experimental determination of this function 
allows €;(@) to be evaluated, and hence n(w), « (w), and R(w) can be calculated. The 
asymptotic form for the energy loss function as @ — oo can be determined from the 
corresponding asymptotes for €;(w) and €;(w) by using the following formulas: 


&\(@)E0 


Im{e(w)~!€} — yay? 


(20.96) 


and 


Er(@)E0 


Ree) EO sane?! 


(20.97) 


The function e9¢(w,)~! is analytic in the upper half of the complex angular fre- 
quency plane. Note that the function ¢(w,) has no zeros in the upper half plane or on 
the real frequency axis. The function ¢(w,) is real only on the imaginary frequency 
axis, and from Eq. (19.235) it follows that e(w,) is not zero on this axis. The dis- 
persion relations for the energy loss function can be determined by considering the 
integral 


{ee(@:)! — I}do, 


? 


C W— Wz 
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where C denotes the contour shown in Figure 19.2. The function {ege(w)~! — 1} 
behaves asymptotically like 


fe 
{eoe(@)'- 1} = 4, asw— ov. (20.98) 
@) 
Evaluation of the contour integral leads to 
“1d 
P a ie0e(Or) DDE Ss ieee oS iy. (20.99) 
Le W— 0; 


which, on taking the real and imaginary parts and making use of the crossing symmetry 
relations for ¢,(@) and ¢;(w), Eqs. (19.54) and (19.55), yields the following dispersion 
relations: 


9} [e-e) R ry—1 _ 1 d / 
Im[eoe(w)~!] = “pf slroet@) Iden (20.100) 
1 0 w2 _ @/2 
and 
2 [eve] a 1\-1 / 
Refene(w)7! — 1] = Pf as meee” ie (20.101) 
0 On =m 


Both of these dispersion relations have a practical value. The former allows a useful 
sum rule constraint to be obtained, the latter is of value in data analysis. From exper- 
imental data for the energy loss function, the quantity Re[e9¢(w)~!] can be obtained 
from Eq. (20.101), and hence ¢;(w) and ¢;(w) may be determined. This opens up a 
pathway to other optical constants, as previously indicated. 

Sum rules for the energy loss function can be derived in a similar fashion to 
the approaches discussed in Section 19.10. Applying the asymptotic technique of 
Section 19.9 to Eq. (20.101) leads to the following result: 


mw 


a olm[e(@)~'|do = —-—, (20.102) 
0 2€0 


which is sometimes referred to as the f sum rule for the energy loss function. 
Application of the asymptotic technique to Eq. (20.100) yields the sum rule 


ie Releoe(w)~! — 1]dw = 0. (20.103) 
0 


For an insulator, the limit w — 0 in Eq. (20.101) yields 


[ Im[ege(w)~!]dw 
0 


(a 


= = {e08r(0)~" —1); (20.104) 
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for a conductor, 


& -1 
i Im[eoe@@) do _ (20.105) 
0 oe : 


In order to obtain additional sum rules, consider the integral 
f c"(e0e(e2)"! = 1)? de, 
Cc 


where C denotes a closed semicircular contour in the upper half of the complex 
angular frequency plane with center the origin and radius &. The integer exponents 
mand p are selected so that the integral does not diverge in the limit as 2 — oo. The 
choice m > 0 and p > | is made. In order that the integral does not diverge in the 
limit as ® — oo requires 


m+1 <2p. (20.106) 


Evaluation of the contour integral yields 
[o,@) 
/ wo {ege(w) |! — 1}? dw = 0. (20.107) 
—cC 


The choice m = 0, p = 1 leads to Eq. (20.103), while the selection m = 0, p = 2 
yields 


ie {Re[eoe(w)~! — 1]}* dw = is {Im[eqe(@)~!]}? da. (20.108) 
0 0 


This result also follows directly from the dispersion relations and the Parseval property 
of the Hilbert transform. The case m = 1, p = 2 yields the sum rule 


is w Im[ege(w)~'] Re[ege(w)~! — 1]dw = 0, (20.109) 
0 


which, in conjunction with Eq. (20.102), leads to the sum rule 


Tw 


i w Im[e(w)~!] Re[e(w) 7! ]dw = -—. (20.110) 
0 2&9 


20.6 The permeability: dispersion relations 


The permeability was introduced via Eq. (19.7). The magnetization M is defined by 
the relationship 


M = XmH, (20.111) 
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where X m denotes the magnetic susceptibility, which is related to the permeability as 
follows: 


je Si PIG: (20.112) 


The magnetic susceptibility for a great many materials is very small, and a common 
approximation is to assume that the relative permeability wo ' (sometimes referred 
to as the relative magnetic permeability) is constant and assigned the value of unity. 
This approximation was employed in Chapter 19. 

To obtain dispersion relations for the permeability and magnetic susceptibility, the 
arguments presented in Section 19.3 can be followed, with D and E replaced by B 
and H, respectively. The analog of Eq. (19.49) can be constructed, from which it 
can be deduced that the magnetic susceptibility is an analytical function in the upper 
half of the complex angular frequency plane. The appropriate crossing symmetry 
relationship is given by 


U(—w;) = wa)", (20.113) 


from which it follows on writing 


[(@) = Ur(@) + inj (@), (20.114) 

that 
Mr(—@) = fr(@) (20.115) 

and 
Li(—@) = —pi(o). (20.116) 


On considering the integral 


{w(@z) Ug | — Ydo- 


> 


Cc W— W; 


where C denotes the contour shown in Figure 19.2, the Cauchy integral theorem 
yields, on taking the limits p > 0 and 2 > ~, 


: 00 a 
Lp | LoD ig = Veer WO) (20.117) 


T Joo O— Or Lo 


assuming for the moment that the integral does not diverge. Taking the real and 
imaginary parts and using the crossing symmetry relations for 4+(@) and jzi(w) leads 
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to the Kramers—Kronig relations: 


2 © Cur (eo) — wold’ 
TRO ees / Leo) olen Ge, eS a eS (20.118) 
IT 0 O~ — OW 
and 
2 © w! pj(w’)do! 
pe(0) — wo = -=P fo PERS (20.119) 
I 0 oO” — OW 


For the magnetic susceptibility, the Kramers—Kronig relations are often written as 
follows: 


xi (@) = “P / °° Un(@') = Xm (00) }deo! (20.120) 


/ 
265 O-o 


and 


1 lo) Wy / / 
Xin(@) — X{,(00) = —P f Aol Ae (20.121) 


if 
—~o O-@ 


where Xm(@) = x/,() +ix,;,(@) has been employed to avoid excessive subscript 
labels, and the rather common practice of leaving the integration domain as (—o«, 00) 
has been followed. The prime and double prime do not of course signify derivatives, 
but refer to the real and imaginary parts of Xm(w), respectively. To complete the 
derivation it is necessary to demonstrate that either (@z) U9 1_ 1 orXx m(@z) has the 
requisite asymptotic behavior as w, — oo in the upper half of the complex angular 
frequency plane. 

The magnetization resulting from a system of spins is governed by the Bloch 
equations: 


dM, M, 
= woMy — — 20.122 
dt WO y Ty > ( ) 
dM, M, 
ss M 20.123 
dt WO 8 T> > ( ) 
and 
dM 8. (Me Mo) (20.124) 


dt T\ 


where wo is the Larmor frequency, which is equal to yHo, with y the magnetogyric 
ratio, and Hp is aconstant magnetic field. The parameters 7) and 7? are the spin-lattice 
relaxation time and the transverse relaxation time, respectively, and Mo is the steady 
magnetization resulting from the magnetic field Ho applied along the z-direction 
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(Mo = XmoHo, where X my is the static magnetic susceptibility). The solution of these 
equations leads to the following results: 


Xm 012 (wo — w)T2 


Pers 20.125 
Xm) 2 1+ @—ap)2T2 ae 
and 
Vastooe 1 
eye] (20.126) 


2 1+(@—a)?T? 


The reader can find the details in many books on magnetic resonance. The chapter 
end-notes can be consulted for some appropriate references. If it is assumed that this 
model of the magnetization of the system holds at high frequency, then it follows that 


x (@) = Ow’), asw— oo (20.127) 
and 
x/,(@) = O(w!), as w > ov. (20.128) 


In this case, x/, (00) in Eqs. (20.120) and (20.121) would be zero. 


20.7 The surface impedance: dispersion relations 


The surface impedance function Z,(w) of a metal is commonly defined by the 
following relationship: 


E(@) = Z;(@)H(@) xn, (20.129) 


where n denotes a unit vector normal to the surface and directed into the metal. 
The direction of the plane electromagnetic wave incident on the metal is taken to be 
along n; that is, the wave vector k is given by k = kn, where k is the magnitude of 
the vector k. The fields E and H satisfy 


E-n=0 and H-n=0. (20.130) 


These conditions define a transverse wave, where the fields E and H are perpendic- 
ular to the propagation direction. If n is set in the z-direction and the electric field is 
in the x-direction, then 


Ey(@) 
Hy() |p’ 


LO) = (20.131) 
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where the subscript zero indicates that the fields are taken at the metal surface. The 
surface impedance can be written as follows: 


Z,(w) = v4 oa (20.132) 


e(w) 


To see how the boundary condition given in Eq. (20.129) arises and how the 
preceding formula for Z,(w) is obtained, start with Maxwell’s equations in the absence 
of sources: 


D=0, (20.133) 
V-B=0, (20.134) 
0B 
V a irre (20.135) 
and 
aD 
V a aero (20.136) 


Employing the usual assumption of a harmonic time dependence of the form e~'” 


allows the curl equations to be written in the following form: 

V x E—iwB=0 (20.137) 
and 

VxH+ioD=0. (20.138) 


From the preceding results, the definitions D = ¢(w)E and B = u(w)H, and the 
vector identity 


V x (V xa) = V(V-a)— V’a, (20.139) 
it follows that 
(V? + w(w)e(w)o*)E = 0 (20.140) 
and 


(V2 + (@)e(w)@*)B = 0, (20.141) 
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which are the Helmholtz wave equations. The fields take the following form: 


E(x t) = Bye? 
and 


B(x, t) = Boer x- 2), 


(20.142) 


(20.143) 


where Eg and Bg give the amplitude and directional information. Because the fields 
are real, the reader is reminded of the implied convention that the real part of the 
right-hand side of these equations is to be taken. From Eq. (20.141), it follows that 


k= Jtuo)e(o)] 0. 


From the definition of n in Eq. (20.129) it follows that 


Bxn | E 
|B |E|’ 
and Eq. (20.137) yields 
2 uo [Bl 
iwoB = —V x (Bx Dn), 
|B| 


which simplifies, on using the vector identity 
Vx(a x b) = a(V-b) — b(V -a)+ (b- V)a— (a- V)b, 


to yield 


Tl Bey -n) —n(V-B)+(n- V)B— (B- V)n} 


aE V)B 
ay Tne, 


iwB 


E 
= —ikB. 
B 


Employing Eq. (19.87) leads to 


IE|  @ 1 


IB) k J[u(w)e(o)] 


From Eq. (20.145), 


Elan = _ face) 
ee B= Tu@eol | e() em 


which is Eq. (20.129) with Z,(@) as given in Eq. (20.132). 


(20.144) 


(20.145) 


(20.146) 


(20.147) 


(20.148) 


(20.149) 


(20.150) 
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The function ¢(w,) is analytic in the upper half of the complex angular frequency 
plane and has no zeros there. This was discussed in Sections 19.3 and 19.6. The 
function (4(w,) is also analytic in the upper half of the complex angular frequency 
plane, and this was discussed in the Section 20.6. Consider the integral 


§ {Zs(@z) — Zs(00) }devz 
C > 


@— Wz 


where C denotes the contour shown in Figure 19.2. The Cauchy integral theorem 
yields, on taking the limits p > 0 and 2 > ~, 


pf OM A ONISO iS erie: (20.151) 


H Joo o— oa! 


where for the moment the convergence of the integral is assumed. The surface 
impedance is sometimes written in terms of its real and imaginary parts as Z;(@) = 
R(@) + 1X(q), but this notation is avoided in the present chapter to minimize con- 
fusion with the reflectance introduced earlier in Section 20.2. Instead, the following 
notation is employed: 


Zw) = Zi(w) +iZ(o). (20.152) 


From the definition of Z,(w) and making use of Eqs. (20.113) and (19.52), it follows 
that 


2212) = | (20.153) 
&(—@) &(w)* 
and hence 
Z.(—w) = Z,(w)*. (20.154) 


For the real and imaginary parts of Z,(w), the following crossing symmetry relations 
hold: 


Z(—o) = Z(w) (20.155) 
and 
Zi(-@) = —Z{(o). (20.156) 


Taking the real and imaginary parts of Eq. (20.151) and using the crossing symmetry 
relations just given leads to the following dispersion relations: 
[o,e) ow Zi (0) da’ 


wo — ow” 


Zi(w) — Z(oo) = =p [ (20.157) 
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and 


Zi(@) = = (20.158) 


20 © {Zi(w’) — Zi (co) }day’ 

w — w2 
It remains to demonstrate that Z;(w) exhibits the requisite asymptotic behavior in 
order that the dispersion relations can be obtained. Employing Eqs. (19.60), (19.61), 
(20.112), (20.127), and (20.128) yields 


b 
ZAey = (2) de = ++ O(w3), asw>oo, (20.159) 


where a is a real constant and the constant b has Imb 4 0. The quantity Z{(0o) is 
given by 


Z(00) = Z,(00) = cpo © 376.730 313 Q, (20.160) 


where Z, (co) denotes the impedance of free space, c is the speed of light in a vacuum, 
and the impedance is measured in units of ohms, denoted by Q. From Eq. (20.159) and 
making use of the Phragmén—Lindeldf theorem, Z,(w,) —Z,(co) vanishes sufficiently 
rapidly as w, — oo to allow the dispersion relations to be obtained. 


20.8 Anisotropic media 


The discussion of optical properties carried out to this point has assumed that the media 
are isotropic. That is, the molecular species are assumed to be in the gas phase or 
solution, with appropriately rapid rotational motion, or that an isotropic solid is under 
consideration. In such cases the permittivity is characterized by a single parameter 
€. When the medium is no longer isotropic, it is necessary to introduce the tensor 
character of the optical property. The case of the permittivity is considered in this 
section. The general relationship between the applied electric field and the resulting 
electric displacement can be written as follows: 


D=e-E, (20.161) 


which is the obvious extension of Eq. (19.4) to cover the cases that include anisotropic 
media. Tensors are given in bold type. For an isotropic medium, e can be written as 


e=el, (20.162) 
where | denotes the unit second rank tensor whose elements are defined by 


bij = 0, i,j = X,V,Z, i Fi, (20.163) 
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and 
64 =1, Lf =X yz, i=]. (20.164) 


The individual components of the permittivity tensor are written as ¢. From 
Eq. (20.161) it follows that 


Dj = eyF;, (20.165) 


where the indices i and j denote the coordinates x, y, or z. The standard Einstein 
convention in tensor analysis for repeated indices is employed, which implies a 
summation over the index /. 

It is common to work in a coordinate system — called the principal axis system — 
where the permittivity tensor is diagonal. If the medium is a crystal with cubic symme- 
try, then €,, = €y, = &zz, and hence there is only one independent element necessary 
to characterize the permittivity tensor. The material is optically isotropic for linear 
optical properties. A crystal with hexagonal symmetry has ¢,, = &y, ¥ &zz, and so 
two elements are required to characterize the permittivity tensor. 

The dielectric tensor for a general medium is symmetric, that is 


€jj(@) = &i(@). (20.166) 


In the presence of an external magnetic field, this result is no longer true. The crossing 
symmetry relations for the elements of the dielectric tensor take the following form: 


ey(—@) = ey (w)*. (20.167) 


Proceeding from Eq. (20.165) in the same manner discussed in Section 19.3, the 
individual tensor elements ¢(@) can be shown to be analytic functions in the upper 
half of the complex angular frequency plane. Consider the integral 


{éj(@z) — dy}daz 
Cc wW— Ww, . 


where C denotes the contour shown in Figure 19.2. To avoid a proliferation of 
subscripts, €;(@) is written in terms of its real and imaginary parts as follows: 


eij(@) = &;(@) + igs). (20.168) 


Evaluating the contour integral and employing Eq. (20.167) leads to the following 

dispersion relations: 

00 w'€;;(w')do" 
w — Ww” 


2 
ejj(@) — e08y = ——P / (20.169) 
0 
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and 


ef (o) (20.170) 


20 £ {é(w') — Endj}do’ 
= | av] 
0 


TU wo — w? 


The Kronecker delta makes its appearance for the following reason. The elements of 
the dielectric tensor can be written as 


w w2m 
sore = {I ” 8ij 3p XI)» (20.171) 


where xj(@) denotes the ith element of the current—current response tensor (Noziéres 
and Pines, 1999, p. 255), and the reader is reminded that m is the electronic mass 
and fi is Planck’s constant divided by 27. From this result and the functional form of 
Xij(@), it follows that the asymptotic behavior of the elements of the dielectric tensor 
is as follows: 


ey (@)E) | = 64 — O(w 7) dy, a8 @ > 00. (20.172) 


It is therefore advantageous to start with ¢(wz) — 6; to simplify the evaluation of the 
integral on the large semicircular section of the contour. 

Sum rules can be derived directly from Eqs. (20.169) and (20.170). This is post- 
poned to the following section, in which these two dispersion relations are generalized 
to incorporate the effects of spatial dispersion. 


20.9 Spatial dispersion 


The issue of including spatial dispersion in the optical constants is now investigated. 
The principal question of concern is how does the inclusion of spatial dispersion 
impact the derivation of the dispersion relations? In general, effects associated with 
spatial dispersion of the optical constants are less important than the normal dispersion 
associated with variations as a function of frequency. 

The external sources p(r,¢) and J(r,¢) that enter into Maxwell’s equations are, 
respectively, the charge density and the current density. These functions are assumed 
to be sufficiently well behaved that a Fourier transform representation applies, that is 


es) < is 
J(r,f) = / Jk, wet! dk de, (20.173) 
—0o 


and the inverse Fourier transform is given by 


1 oo Sates 
Jk,0) = BG / J(r, Nek dr de. (20.174) 


—c 
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The notation dr is shorthand for dx dy dz, and dk is shorthand for dk, dk, dk,. The 
electric field E has the Fourier transform representation given by 


oo + > 
E(r,f) = i E(k, ek 10" dk deo (20.175) 
—00 
and 
1 00 oA. 
hee / E(r, )e@—®* ar dy, (20.176) 
Cn? F263 


Similar relationships can be written for the quantities D, H, and B. 
The spatial-dependent electric displacement can be written as follows: 


Dk, w) = e(k, w) - E(k, @). (20.177) 
From Eq. (20.176), and noting that E(r, ¢) is real, it follows that 
E(—k, —o) = E(k, )*, (20.178) 


and a similar result can be written for D(k,@). From Eq. (20.177) the crossing 
symmetry relation for e(k, w) can be written as follows: 


e(—k, —w) = e(k,@)*. (20.179) 


The derivation of dispersion relations for a wave-vector- and frequency-dependent 
optical property is now examined. The initial focus is on the function e(k, w)~! rather 
than e(k, w), for reasons that will become apparent shortly. The function e(k, w)} 
can be expressed as follows (Noziéres and Pines, 1999, p. 204): 


e 


= 
k = 1+ —_— 
é€ (k,w)e9 = 1+ eohik2 * 


(k, @), (20.180) 
where k = |k| , —e is the electronic charge, and x (k, w) is called the density—density 
response function. This response measures the density fluctuations that arise when a 
perturbing density probe is introduced into an electronic system. The function x (k, w) 
can be expressed as follows: 


x0k,0) =| (lot Ol | : i (20.181) 


@ — @ng + in @ + @ng + in 


In this formula, |0) and |7) denote the ground and excited eigenstates of the electronic 
system, respectively, Pe represents a density fluctuation operator, and Awy9 is a tran- 
sition energy between the states |n) and |0). The calculation leading to Eq. (20.181) 
is based on first-order time-dependent perturbation theory. The time-dependent per- 
turbation is turned on very slowly — which is referred to as the adiabatic condition — 
and this is done by multiplying the perturbing interaction by a factor e”’, where 7 is a 
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positive parameter. Readers with a background in time-dependent perturbation theory 
can consult Noziéres and Pines (1999, Chap. 2) for further details on the derivation. 

From the structure of x (Kk, «), it is clear that e~!(k, w,) is an analytic function in 
the upper half of the complex angular frequency plane. This statement means that all 
the individual elements of the tensor e~!(k, w,) are analytic in the upper half of the 
complex angular frequency plane. The poles of e~!(k,@-) are located in the lower 
half of the complex angular frequency plane. Consider the integral 


> 


f {e7'(K, @z)e0 — di }de. 
Cc 


@— W; 


where C denotes the contour shown in Figure 19.2. The Cauchy integral theorem 
leads to 


i {ej | (K, or)e9 — dy }dor é i {e;, | (K, oreo — dy }dor 


_2 W— Oy otp W— Oy 


ee | 
m « {e7' (k, Rel)Eq — dij"? db 
+i [ tej", pel)e0 — dy)do tia f° ! uo =0 
0 0 


w— Ree 
(20.182) 


Taking the limits p — 0 and @ — oo in Eq. (20.182) leads to 


0 {en (k, w,)eo — dj }do 
pf pj OO + ite '(K,0)e0 — 84} =0. (20.183) 


ies W— Wr 
To deal with the integral over the large semicircular section of the contour, the 
asymptotic behavior for large w derived from Eq. (20.181) has been employed. The 


individual elements of the tensor e(k,w)~! are expressed in terms of the real and 
imaginary components in the following obvious notation: 


6; | (k,o) = Re 6; | (k,@) +ilm 6; (k,0), (20.184) 
and the elements of e(k, w) are written as follows: 
ey (k, @) = Reeg(k, a) + ilmey(k, @). (20.185) 


On taking the real and imaginary parts of Eq. (20.183), the following dispersion 
relations are obtained: 


; 1 re {Rees (k, Jeo — d;}do! 
Im €;, (k, @)&9 = =P | (20.186) 


A 
nips oO-O 


20.9 Spatial dispersion 283 


and 


£0» if Im ej! (k, odo’ 


Reg; | (k,w)e0 — by = oa bss a (20.187) 
From Eq. (20.179) it follows that 
Ree, (—k, —@) = Re ej(k, w) (20.188) 
and 
Im ej(—k, —@) = —Im gj (k, o), (20.189) 


and hence the crossing symmetry relations for the inverse dielectric function can be 
written as follows: 


Ree; |(k, —w) = Ree; | (—k, ) (20.190) 


and 


Ime; |(k, -@) = —Ime; | (—k, 0). (20.191) 


Using these relationships, Eqs. (20.186) and (20.187) can be written as follows: 


1 2 {Ree | (—k, weg — di}dea’ 
Ime, (k,w)é9 = — {PRP 
U7] 1 0 


ota! 


o {Reer!(k, a )eq — 5j}da’ 
P / - — (20.192) 
0 O—-W 
and 
= 5, — 29) p Im ej | (-k, o')do’ ie come; | (k, a! da! 
Reg; (kK, w)é9 — is f Say, : a ; 
(20.193) 


Because of the reversal of sign for the wave vector in the crossing symmetry relations, 
the resulting dispersion relations do not appear in quite the same compact form as do 
the dispersion relations in the absence of spatial dispersion effects. 

Consider the integral 


§ {e;\(K,@z)e0 — di}do-, 


where C denotes a semicircular contour in the upper half complex angular frequency 
plane of radius 2 and center the origin, and make use of Eq. (20.181); then it follows 
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from the Cauchy integral theorem, in the limit @ — oo, that 
[o,@) 
i {65 (k, w)éy — dj}dw = 0. (20.194) 
—cC 
Taking the real and imaginary parts leads to the following sum rules: 
[o,@) 
i {Ree '(k,@) + Ree; | (—k,w) — 2¢9 'd}do = 0 (20.195) 
0 
and 
[o,@) 
/ {Im ej (k, w) —Im ej | (-k, w)}da = 0. (20.196) 
0 


These results can also be obtained directly from the dispersion relations in 
Eqs. (20.192) and (20.193) using the approach described in Section 19.9. From 
Eq. (20.181) it follows that 


2 eno|(r| 24°10)” 
x(k,o) = dX | ae eae | , (20.197) 
and hence 
x(k) = 1 ono|leloz|0) >, asw— 00. (20.198) 
. 
The Thomas-Reiche-Kuhn sum rule takes the following form: 
a onol(nlog ll? = (20.199) 
: 


where NV is the number of particles in the system. Making use of this result and 
employing Eqs. (20.180) and (20.198) leads to 


eN 


2 


e '(k,o)e0 = (1 + ) ll asw>o; (20.200) 


E0M@ 
that is, 


2 
Ow. 

e '(k,o)e0 = (: “e “*) | asw>o. (20.201) 
(60) 
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From Eq. (20.193) it follows, in the limit @ — oo, that 


w2 — w2 


wr sow. fe {im &;|(—k, ow’) — Im ej (k, a )}dos! 
(0) IT 0) 


0 w/{Im ez! (k,o’) + Imez! (—k, 0’) }do! 
iD i u u (20.202) 
4 0 aw — a? 
Ooo 
Applying the approach of Section 19.9 leads to 
lee) 
/ {Im ej (k, w@) — Im ej |(-k, w)}do = 0 (20.203) 
0 
and 
oo moe 
[ ofim e; | (k,@) + Ime; | (—k, 0) }do = oir (20.204) 


The derivation of dispersion relations for e(k, w) is now considered. Here the situ- 
ation is more complicated, as the reader will quickly appreciate. The function e(k, w) 
is analytic in the upper half of the complex angular frequency plane if e~!(k, w) 
has no zeros in the same region. The initial focus here is centered on determining 
whether e~!(k, w) has any zeros in the upper half complex angular frequency plane. 
The approach is based on a treatment in Noziéres and Pines (1999, p. 206), which in 
turn is related to the ideas presented at the end of Section 19.10 (see Eq. (19.237)). To 
facilitate the discussion, the dynamic form factor (also called the dynamic structure 
factor) is introduced via the following definition: 


2 
S(k, @) = Y~ |(n| pj |0)|°8(@ — eno). (20.205) 
n 
The quantity S(k, w) is real and positive. Making use of Eqs. (20.205) and (20.181), 
it follows that 


1 1 
-—a’+in wta’ 


x(k, @) =| i, * Stk, | Jao! (20.206) 
0 2) +n 


and hence 


“16 w)ep = 1/1 4 e [su 1 1 1 ag 
= oe Eghk? Jo aa o-oo +in wta’t+in Boils 


(20.207) 
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If the real angular frequency q in this result is replaced by w, + ia;, the imaginary 
part is given by 


4e7w,(w; + 7) 
eghk2 
me o’'S(k, w’)da! 
j [(@r — 0)? + (@j +0)? M(@r +o)? + (@ + )71 
(20.208) 


Ime~!(k,@,)e9 = —I 


In Eq. (20.208) the integral is positive. Since w; > 0 in the upper half complex angular 
frequency plane, the limit as 7 > 0+ can be examined. The function Im e~! (k, w-) 
is zero if (1) @; = 0 and w, = 0, (ii) | = 0, and w, 4 0, or (iii) @} 4 0, and w, = 0. 
The first two cases are excluded by the requirement that w; > 0. Hence, the only 
possible zeros of e~! (k, w,) in the upper half of the complex angular frequency plane 
must lie on the imaginary axis. On the imaginary axis it follows that 


(20.209) 


2e2 oe) Sk. wo! , 
e"(kioxde0 = 11 e / wo S(k, w')d@ \ 
0 


eghk? Jo w? + (aj +n) 


In Eq. (20.209) the integral is a monotonically decreasing function of w;, with the 
integral + 0 as w; — ov. Hence, there is a solution of 


e |(k,w-)eo9 = 0 (20.210) 
if 
2e?  '™ S(k, a’) 
do! > 1. 20.211 
eghike [ aon ( ) 


Equivalently, if Eq. (20.211) holds, then from Eq. (20.207) it follows, in the limit 
n — 0, that the static dielectric constant satisfies 


e(k,0) < 0. (20.212) 


So, if e(k, 0) > 0, then there are no zeros of e~! (k, w-) inthe upper half of the complex 
angular frequency plane. On the real axis the imaginary component of e~!(k, ) is 
non-zero for |w| > 0. Hence, it can be concluded that, for the majority of systems, 
€(k,q@,) is analytic in the upper half complex angular frequency plane, with the 
possible exception of a pole at w = 0. If the latter situation occurs, then a subtraction 
from e(k, @) is made to remove this singularity. From Eq. (20.201) it follows that 


w2 
etoyeg! = [1-2 | as@—oo. (20.213) 
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Consider the integral 


{ex (kK, w2)é9 | — di}do- 


Cc W — Wz 


where C denotes the contour shown in Figure 19.2. The following discussion is 
restricted to cases where there is no pole at w = 0. The Cauchy integral theorem 
leads, in the limits p > 0 and R > o, to 


Pi {ei(K, @) — E0d5ij}do, 


8 W — Or 


+ in {ej(kK, @) — e9dy} = 0. (20.214) 


Taking the real and imaginary parts gives the following dispersion relations: 


1 £% {Reey(k, w’) — e05s}da! 
Im e;(k, @) = —P { Reeie) ee wide (20.215) 
a oo wO-@ 
and 
1 © Im ex(k, oda’ 
Re ej (k, @) — €06 = ——P ; (20.216) 
a 65 wO-O 


Equations (20.215) and (20.216) apply for an insulator. The situation for conductors is 
treated later in Eqs. (20.225) and (20.226). Employing the symmetry relations given 
in Eqs. (20.188) and (20.189) leads to the following dispersion relations: 


mee {{ {Re ey(—k, wo") — e05y;}deu! 
w (Jo 


ota’ 


(20.217) 


woo! 


wef {Re ey(k, o') — £03;}do! | 
0 


and 


© Im (—k, w’)do’ pf Im eg(k, I 
: : 


ota’ 


1 
Re ey (k, @) — e007 = {f 
HT Jo 


wo-— a! 


(20.218) 


From the dispersion relations for ¢(k, w), various sum rules can be derived using 
the same procedures previously indicated for e~! (k, w). Making use of Eq. (20.213), 
it follows from Eq. (20.218) that 

CO 
/ {Im ¢;(k, @) — Im e(—k, w)}da = 0 (20.219) 
0 


and 


lee) 
/ o{im (kK, ) + Im ej (—k, @)}do = £91 O55). (20.220) 
0 
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From Eq. (20.217) the following sum rules are obtained: 
[o,@) 
/ {Ree (—k, ) + Reey(k, @) — 2e95;}dw = 0 (20.221) 
0 
and 
[o.@) 
/ w{Re €(k, @) — Re ez(—k, w)}da = 0. (20.222) 
0 


For the case of a conducting material, the conductivity tensor o (k, w) is intro- 
duced, which relates the applied electric field to the induced current density along 
the lines discussed at the start of Section 19.8, but with the modification indicated in 
Eq. (20.85), so that 


e(k, we =!+ iw !e9!o(k,o). (20.223) 


If o(k,0) 4 0, then e(k,w) has a pole at w = 0, which can be dealt with in the 
following way. Consider the integral 


f {ey(K, @z)€9 | — 6 — iw; ep 'oi(k, 0)}dwz 
C > 


W— Oz 


where C is the same contour used for the non-conducting case. It follows that 


ef. {ey (k, @,)/e9 — 5 — i(o%j(K, 0)/@, £0) }dan, 


@ — Oy 


£ij(K, @) {USD | 0. (20.224) 


+ i bij 
€0 WE0 


Subtraction of the term io !oj (k, 0) handles the pole at w = 0. The de conductivity 
o(k,0) is a real quantity. Taking the real and imaginary parts of Eq. (20.224) 
leads to 


1 © Refei(k, w’) — €605;;}do" 
Im @;(K,@) = w!0;(k, 0) + P| Bee) ct do 20.225) 
4 Pier wo-o 
and 
1 c {Im e4(k, w’) — o;;(k, 0)/a' }da’ 
Re ej (k, @) — e0dj = -—P | meg) ui d/o!) . (20.226) 
: IT —oo O—-W 


20.9 Spatial dispersion 289 


Using the crossing symmetry relations yields the following dispersion relations: 


© {Re ej (k, w) + Re ej (—k, w) — 2295;}do" 


w — ow 


Im 6;(k,@) — @!oy(k, 0) = “pf 
ar JO 


+ —P 
a 


1 © {Reej(k, w) — Re éj(—k, w’)}a' do’ 
0 w2 = @'2 


(20.227) 


and 


© {Im ej (k, @’) — Im e(—k, w')}do! 
Res (k,w) — 608) = -2P | {Im ¢;( a’) m &;( wo’ )}d@ 
1 0 wz — w!2 
Im eij(k, w’) ote as &ij(—k, w’) a! da’ 
1. 2 — 20;(k, 0)/w 
-=P | 
0 


Ww — Ww” 


(20.228) 


This pair of results represents the extension of Eqs. (20.217) and (20.218) to cover the 
conducting case. From Eqs. (20.227) and (20.228), the approach of Section 19.9, and 
the asymptotic condition given in Eq. (20.213), the following sum rules are obtained: 


[o,@) 
i {Re ey(k, @) — Re ¢4(—k, @)}w dw = 0, (20.229) 
0 
[o,@) 
/ {Re ¢;(K, ) + Re ¢(—k, @) — 2¢98j}deo = —0,(k, 0), (20.230) 
0 
[o,@) 
i {Im ey(k, @) — Ime;(—k, @)}dw = 0, (20.231) 
0 


and 
lee) 
i {Im e(k, ) + Im ey (—k, @) — 20i(k, 0)o7'}odw = wep, dy. (20.232) 


The preceding four results apply to both conductors and insulators. 
A number of the dispersion relations and sum rules that have been given previously 
can be written in a modified form by employing the Onsager relationship, 


eq(K,@) = &i(—k,@). (20.233) 
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For example, from Eqs. (20.229)—(20.232) it follows that 


[o,@) 

/ {Re ¢;(k, @) — Re ¢j(k, @)}o dw = 0, (20.234) 
0 
[o,@) 
i {Re ey (k, @) + Re gji(k, @) — 2805y}do@ = —7.0;(k, 0), (20.235) 
0 
[o,@) 

i {Im ey(k, @) — Im e(k, @)}do = 0, (20.236) 

0 


and 
[o,@) 
i; {Im 7 (k, @) + Im g(k, @) — 204(k, 0)o~'}odw = we9@,dy. (20.237) 


This section is concluded with some remarks on the sign of the static dielectric 
constant and its bearing on the derivation of dispersion relations. Dispersion relations 
can still be derived for e(k, w) for the case e(k,0) < 0, but the form is modified 
from that given previously. If e(k, 0) < 0, then e(k, w) has a pole at some complex 
frequency iw for wo real and satisfying wp > 0. Making an appropriate subtraction of 
this pole behavior from e(k, w) leads to a modified dispersion relation. The resulting 
formulas are less useful, since the frequency wo must be located. The derivation of 
dispersion relations in this case is left as an exercise for the reader to pursue. 

The situation e(k, 0) < 0 contradicts no general principle of physics. When this 
case arises, it may in some problems be interpreted in terms of a specific system 
instability; however, this appears not to be a requirement. If the standard form of the 
Kramers—Kronig relations for the dielectric constant apply, then e(k, 0) > 0; however, 
systems where €(k, 0) < 0 applies lead to modified Kramers—Kronig relations. It is 
to be noted that a negative e(k, 0) does not lead to any contradiction of the causality 
principle. 


20.10 Fourier series representation 


The question of using a conjugate Fourier series approach to perform a Hilbert trans- 
form analysis on optical properties is now considered. The focus of this section is 
the dielectric constant, and the following section discusses a slightly more involved 
application to obtain the phase from the measured normal reflectance. Consider the 
conformal mapping depicted in Figure 20.3. This is accomplished by means of the 
following transformation: 


@z—1 


@z +i 


(20.238) 
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Wj 


w,-plane 


w-plane 


Figure 20.3. Conformal mapping from the upper half complex angular frequency plane to the 
interior of the unit disc in the w-plane. 


The dielectric constant can then be expressed as follows: 


é(@z)é9 — 1 > e(—iw+ Iw —1)Yeg'-1 


[oe 
=) cmw", for |w| <1. (20.239) 
m=0 


The preceding Laurent expansion follows from the fact that the dielectric constant is 
analytic within the interior of the unit disc in the complex w-plane. To handle the case 
of conductors, the factor ¢(wz)éq Res ag (Ow, ' is used in place of E(@z)EQ oie 
The subtraction term io (0)w > ' handles the singularity as w, > 0. 

Introducing the substitution 


w= el? (20.240) 


allows Eq. (20.239) to be written as follows: 


lee) CO 
e(-iw + (w= I)7eg' —1 = Yo cm cosm2 +i d~ cm sinmQ. (20.241) 
m=0 m=1 


The following definitions are introduced: 
Q\ 1 
€1(Q) = €,{ cot = & —1 (20.242) 
and 
2) 
€2(Q) = & cot = & - (20.243) 


On the real frequency axis, w, = @;, and on setting w, = w to simplify the notation, 
Eq. (20.241) becomes 


e(w)ey)' — 1 > cot Se! 1 = €1(Q) — iex(Q). (20.244) 


292 Dispersion relations: linear optical properties 


Taking advantage of the crossing symmetry relations in Eqs. (19.54) and (19.55), the 
functions €; (2) and €2(Q) can be expressed as Fourier series in the interval (—z, 77), 
so that 


1 lee) 
e1(Q) = 540 + Yam cosmQ (20.245) 
m=1 
and 
lee) 
£2(2) = Y° bm sin mQ, (20.246) 
m=1 


where the a,, and b,, are expansion coefficients. Inserting the preceding pair of 
equations into Eq. (20.244) and comparing with Eq. (20.241) leads to 


1 


o= 700 Cn =n, m0, (20.247) 
and 
Cn = —bm, m0, (20.248) 
so that 
bm = —-Am, m0. (20.249) 


The constant ap can be determined in the following manner. Employing the asymp- 
totic condition given in Eq. (19.60) leads to 


Q 1 = 

r aif ‘ =f 

lim [ero -lj= dim, ex(cot 5 )ei 1 — 70 + ) of = 0, 
aS 


(20.250) 
and hence 
[o,@) 
ay = —2 9am. (20.251) 
m=1 
Equations (20.245) and (20.246) can be expressed as follows: 
[o,@) 
€1(2) = D> dm{cosmQ — 1} (20.252) 


m=1 
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and 
lee) 
€2(2) = — Y* am sin mQ, (20.253) 
m=1 


which can be recognized as a conjugate pair of trigonometric series. 

Equations (20.252) and (20.253) can be employed in the following manner. 
Suppose the dispersive mode of the complex dielectric constant has been determined 
experimentally. The measured data can be fitted to a Fourier cosine series for ¢) (Q) 
using Eq. (20.252). In a practical calculation the series is truncated, so that a», = 0 for 
m greater than some specified value. The dissipative mode is then directly determined 
from the conjugate sine series making use of Eq. (20.253). Since considerable atten- 
tion has been devoted to the development of fast Fourier techniques, the numerical 
component of the calculations can be carried out using readily available algorithms. 

As a very straightforward analytical example, suppose the dispersive component 
of the complex dielectric constant is given by 


1 


meee 20.254 
1+? ( ) 


ér(w)eg | — 1 
a choice made for reasons of simplicity so the preceding development can be illustrated 
ina straightforward manner. Angular frequencies have been divided by | Hz to render 
them dimensionless in this example. Equation (20.254) and the expression that will 
emerge for ¢;(@) momentarily, are with the introduction of appropriate constants, 
the Debye equations used in the discussion of dielectrics. Note that Eq. (20.254) has 


obvious limitations; for example, the sum rule given in Eq. (19.225) is not satisfied. 
By inspection from Eq. (20.242), it follows that 


Q 
€}(Q) = sin? re (20.255) 


and hence from Eq. (20.245) the a,, coefficients are determined as 


1 


ay = 1; dm = —Zbms m# 0. (20.256) 
Equation (20.253) leads to 
ire cot 2/2 
Q) = = sin Q = ——__ 20.257 
ae fea OPES Te ( ) 
and hence 
Hoe = — (20.258) 
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The approach presented has the clear advantage that there is no longer the necessity 
to deal with a principal value integral evaluation. For band-limited data, which is 
a frequently occurring experimental circumstance, the same type of Fourier series 
representation can be carried out. In this case the conjugate series represents only 
an approximation to the Hilbert transform of the experimental data, unless the band- 
limited nature of the profile is exact, rather than just a limitation of the measurement 
process. 


20.11 Fourier series approach to the reflectance 


The ideas presented in Section 20.10 are now applied to treat reflectance data. From 
the definition in Eq. (20.1) it follows that 


dlog7(@)  d6(@) i dR(@) 
; da da 2R(w) dw 


(20.259) 


In order to make a Fourier series expansion, the function must be bounded on the 
interval [0, 00). This requirement rules out working with log R(w) directly; how- 
ever, the derivative function will serve the purpose. Recall from the developments 
of Section 20.2 that log 7(w) is analytic in the upper half of the complex angular 
frequency plane, and hence d log 7(w)/dw is analytic in the same region. 
The conformal transformation 
@z—1 


w= : (20.260) 
@z+1 


is employed again. From Eq. (20.259), the Laurent expansion for —i d log 7(w,)/dw, 
can be written as follows: 


.dlog F(a) : I< log oe) 
i >i 


da, da, 


=-i(wtl(w-1)7! 


[o.@) 
= >> cmw™, for |w| <1. (20.261) 
m=0 
The function 


dw, 


x fe me) 


=~i(wtl(w-1)7! 


is analytic in the unit disc. Introducing the substitution w = e! allows Eq. (20.261) 
to be written on the real frequency axis as follows: 


7 kee F(@) 


[o,@) [o,@) 
= J > cmcosmQ +i > cmsinmQ. (20.262) 
dw o=-i(wtD(w-l-! jo 


m=1 
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Adopting the definitions 


De _ 1 dR(w) 
i Eo da i een 
and 
6(Q) = S| (20.264) 
dw w=—cot Q/2 
leads to 
7 je ~ 9(2) — iR(Q). (20.265) 
dw o=—i(w+1)(w—1)7! 


The Fourier series expansions of R(Q) and 6(Q) in the interval (—z, 17) are given by 


CO 
R(Q) = * Am Sin mQ (20.266) 
m=1 
and 
1 lee) 
9(Q) = =o + dX bm cosmQ. (20.267) 
m= 


The restriction to single trigonometric functions in the preceding two expansions 
follows from the crossing symmetry connections: 


R(—Q) = —R(Q) (20.268) 
and 
6(—Q) = A(Q). (20.269) 


These results can be deduced directly from Eqs. (20.32) and (20.33). On comparing 
Eqs. (20.262) and (20.265), and employing the series representations in Eqs. (20.266) 
and (20.267) yields 


c= bo. Cn = bm, m#0, (20.270) 
and 
Cm = —an, m#0, (20.271) 
so that 


bm = —Gm, m#£0. (20.272) 
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The constant bp can be determined in the following manner. Employing the asymp- 
totic condition 


lim ——— =0, (20.273) 
where Eq. (20.54) has been utilized, leads to 


dé(w) — 1 


Jim, “a 8(0) = 50 5 Bigs (20.274) 
m=1 
and hence 
lee) 

bo = —2 by. (20.275) 

This allows Eq. (20.267) to be rewritten as follows: 

lee) 

6(Q) = a bm{cosmQ — 1}. (20.276) 


m=1 


The results obtained are employed in the following fashion. Measurements of the 
reflectance allow the quantity (1/2R(w))(dR(w)/da@) to be determined, and hence 
R(Q) can be calculated from Eq. (20.263). The Fourier coefficients a, are determined 
in the standard way, and hence 6(Q) is evaluated via Eq. (20.276). The derivative 
d6(w)/dw is given by 


d0(w) — ee 
| — a b gm] cos” Q-1 + ‘3 Ben cos”—2# Q2 > 
dw a=—cot 2/2 m=1 A=1 
(20.277) 
where 
yk ym—2k-1 (mM —k—1 
pe StS) ; 2 ( Pe ) (20.278) 


and (? ) denotes a binomial coefficient. Equation (20.277) can be rewritten as 
q 


follows: 


! wo” m [m/2] wo = 
doo’) <= wt = =4 
ao bm 4 —1 +2 “> Br oe +l zi 


m=1 


(20.279) 
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Integrating Eq. (20.279) with respect to w’ over the interval (0, w), and recalling that 
6(0) = 0, leads to 


00 m/2 
8(@) = Do bm 4 —@ + 2" Im (o) + SS Bm In—24(@) ¢ 5 (20.280) 
m=1 k=l 
where 
m 
In(@) = [ (35) da’. (20.281) 
This latter integral can be expressed as follows: 
ml 
Im(@) = @ — Om tan! w od ai Fol? m>1, (20.282) 


and the coefficients a, and om; are given by 


=f : : 
aay ( ve ) (*) (-3) = 2m .Fi(1/2,1—m;2;2), m>1, 
= jt+il J 2 


(20.283) 
and 
eg ae ey a) see ny eee nibs 
ae kt 92j-k mal i 
m= (e1)! eZ Daa) os _ mee, 
=] — 
(20.284) 


where 2F' (a, b; c;x) denotes a hypergeometric function. 

This approach to obtaining the phase avoids the need to deal with a principal value 
integral evaluation. As a simple example, suppose a very simplistic model is adopted 
such that 


1 dR(w) | 2w 
2R(w) dw = (1+4+a2)?’ 


(20.285) 


The fact that this model may not lead to the exact asymptotic behavior for R(w) as 
@ — 0d, or perhaps not satisfy some of the required sum rules for the reflectance, is 
not a concern. This model is employed because it is sufficiently simple that it can be 
treated analytically. Equation (20.285) can be expressed as follows: 


1 dR(@) 


1 
2R(w) daw || eee 


1 
= =sinQ — 4 sin 2Q, (20.286) 
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and hence from Eq. (20.266) the Fourier coefficients are determined by inspection to 
be 


a=7, a=-7, dm=0, m>2. (20.287) 


Making use of Eqs. (20.272) and (20.280), with the aid of 


I(@) =o, (20.288) 
I\(@) = @ —2tan~! a, (20.289) 
and 
KS oo pee (20.290) 
oui e 1+ @’ 


leads to the following expression for the phase: 


0(@) = (20.291) 


@ 
1+ @2 

The main computational component of this series approach is the determination of 
the expansion coefficients a, in Eq. (20.266), and this can be accomplished by using 
standard algorithms; see, for example, Press et al. (1992). 


20.12 Fourier and allied integral representation 


In this section the allied integral representation is revisited. The real and imaginary 
parts of the permittivity for an isotropic medium can be written as follows: 


2 lee) [o@) 
ei\(@) = = i} sin wt ar f {e,(w') — £9} cos wt da’ (20.292) 
0 0 
and 
2: lo) lee) 
&:(@) — €&) = — / cos wt arf §\(a’) sinw't da’. (20.293) 
wT JO 0 


These formulas are mathematically equivalent to the Kramers—Kronig relations given 
in Eqs. (19.34) and (19.35). The derivation follows directly the development given 
in Section 3.12. The crossing symmetry relations for the dielectric constant have 
been employed to restrict the integration interval to positive angular frequencies. 
One of the potential benefits of the allied integral form for the optical constants is 
the opportunity to take advantage of fast Fourier transform techniques to carry out 
the numerical evaluations. The discussion in this section will focus on obtaining sum 
tules from the allied integral equations. 
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Let f(t) = fe €\(@’) sin w'tda’; then, from Eq. (20.293) it follows that 


d 
im i {e,(w) — e9}dw = lim aa dw [ cos wt f (t)dt 
> oo JO 


A> ow TT 


= lim = reo [ cos wt dw 


2 sin At f (t 
= lim - | eae) ) dt 
A> co WT JO t 
. 2 f(*%sinatdt 6% : 
= lim = / 6i(@’) sinw't da! 
A> ow 0 t 0 
wo a! PS © sin At sin w’t dt 
= lim =f ei(o!)do! [ blanch marneeaas 
A>oo TW Jo 0 t 


=0. (20.294) 


The final result follows from the Riemann—Lebesgue lemma, or, alternatively, 


: °° sin At sin w't dt . Lf’ f{cosaA—o')t cos(A+oa')t 
lim ————— = lim ; ; dt 
0 


Aoo Jo t A> 00 2 
Pan! A+a! 
= lim = log 
A 00 2 A-— a! 


= 0. (20.295) 
Hence, the following key sum rule is obtained: 
[o,@) 
i {er(w)é> | — 1}dw = 0. (20.296) 
0 


The reader is left to consider whether the f sum rule for ¢;(w) can be obtained in a 
similar fashion. 
The corresponding allied integral formulas for the complex refractive index are 
given by 
2 CO CO 
K(@) = =f sin wt arf {n(a’) — 1} cosa'tda’ (20.297) 
JO 0 
and 
2 (oe) CO 
n(w)—-1= =| cos wt ar f K(w’) sinw't da’. (20.298) 
JO 0 


Using the same procedure described for the permittivity leads to the following result: 


[ee — l}dw=0. (20.299) 
0 


300 Dispersion relations: linear optical properties 


20.13 Integral inequalities 


Integral inequalities for the optical constants have been less extensively employed 

for data analysis. In this section a few inequalities are considered that employ sum 

tules derived from previously developed dispersion relations. The principal idea is 

to find inequalities that might serve as suitable tests for experimentally determined 

data. The most desirable inequalities would be those that take the following form: 
@2 


CoO ee / FICS WC ee Core (20.300) 


@) 


where 0(w) denotes a particular optical constant, w(w, wg) is a weight function 
depending on the angular frequency and perhaps some additional reference frequency 
@o, and A(wo, @1, @2) and B(ao, w1, @2) are bounds that can be readily determined. 
The spectral interval (w 1, @2) is ideally not limited to the infinite interval. Addition- 
ally, it is desirable that any determined inequality of the form given in Eq. (20.300) 
is sharp. That is, the constant A(wo, 1,2) gives, for a specified 0(w), w(@, wo), 
and interval (1, @2), the lowest upper bound for the integral, and no other constant 
can be found for which a lower upper bound is possible. Similarly, the ideal constant 
B(@0, @1, @2) is the maximum lower bound for the stated 6(@), w(@, wo), and inter- 
val (@1, 2). Generally speaking, better bounds are more likely when the functions 
w(@, w0),0(@), and the interval (w1,@2) are more restricted, rather than for cases 
where a very wide range of optical properties and weight functions is permitted. 
When A(wo, @1, @2) and B(wo, @1, #2) are very close to one another, then a useful 
inequality has been obtained. While knowing both A(wo, w1, w2) and B(@o, @1, @2) 
is the ideal situation, determination of integral inequalities where only tight upper 
bounds or tight lower bounds are known would serve as acceptable substitutes for 
Eq. (20.300). 

The dispersion relations and most of the sum rules that have developed cover the 
infinite spectral range. A key question is whether or not it is possible to find inequalities 
based on weight functions that decay rapidly as w — oo, thereby minimizing errors 
associated with either missing data at high frequencies or errors associated with 
the extrapolation of data into this region. As an example, consider the following 
inequality: 


lee) 
[ Vw (@)) 07 129)@"120) dea < (wo) Wp. (20.301) 


In this inequality, wo plays the role of an arbitrary angular frequency, and the Gaussian 
weight function damps out the contribution arising from ./(@« (w)) for large angular 
frequencies. A related inequality involving the refractive index can be written as 
follows: 


/ 7 Vox (@)n(@)) ©9120) den < (0) Wp. (20.302) 
0 
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The derivation of these two inequalities is straightforward. From the Cauchy— 
Schwarz—Buniakowski inequality, 


sae 3 59, ee 3 2452 we 
/ J (wx (w)) oF 19)"/20) da < {f ok (a) dw [ e  /64)(@" /a9) dl : 
0 0 0 


(20.303) 
Employing the f sum rule, Eq. (19.242), and using 
[o,@) 
/ en? © dy = A for a > 0, (20.304) 
0 2a 


with a = 27/2(8w9)—!, leads to Eq. (20.301). Making use of the sum rule given as 
entry (4) in Table 19.2, and following a similar derivation, leads to Eq. (20.302). 

Suppose it is known that the optical constant of interest satisfies, on the angular 
frequency interval [0, 00), a bound of the following form: 


0<0(a) <4. (20.305) 


Let w(w) denote a weight function which is decreasing on the same frequency interval; 
then it follows that 


0 < [4—0(0)][w(@) — w(ao)], for @ € [0, aol, (20.306) 


and hence 


[Pu 0(w)|[w(@) — w(@o)|d@ + i 0(w)[w(wo) — w(@)]dw > 0. (20.307) 
0 @ 


0 


Rearranging gives 
F(wo) = ae w(@)d@ + w(wo) | 0(w)dw | > / 0(w)w(w)da. 
0 0 0 
(20.308) 


The optimal upper bound can be determined from the minimum of F'(w9). So 


AF (op) _ dw(w) [ roe en) 0, (20.309) 
00 dwo 0 


and hence 


1 (oe) 
wo = al 0(w)do. (20.310) 
#4 Jo 
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The second derivative satisfies 07 F (wo) / dws > 0. Equation (20.308) can be written 
as follows: 


i 0(w) w(w)dw < ae w(@)da, (20.311) 
0 0 


with wo given by Eq. (20.310). As an example, consider the case that 0(w) is the 
reflectivity. In this case the upper bound of R(w) is # = 1. Suppose the following 
weight function is selected: 


w(@) = e 2/%, (20.312) 


where wa, is an arbitrary angular frequency; then, 
[o,@) 
i i R(w)e7 2/2 da < 1 — 7 20/, (20.313) 
0 
with 
[o,@) 
wo = i R(@)do. (20.314) 
0 


Equation (20.313) is an improvement on the obvious inequality 


a 


lee) 
wo, ! / R(w)e~@!/ dw < 1. (20.315) 
0 


As asecond example, suppose 0(w) = w~'«(w), and denote the maximum of this 
function by 4. Let 


w(w) =e" /#2; (20.316) 


then, 


oo -«/w; d 00 /@a 
/ OS EES as / e dx, (20.317) 
0 0 


(2) 


and hence 


(20.318) 


fi wo "e(w)e- 18 den < ; SS (ao) 
0 


24AWa 


Note that this inequality is restricted to insulators, because the behavior «(w) * 1/./w 
for a conductor as a — 0 would lead to a divergent integral in Eq. (20.318). This 
inequality would be harder to apply in practice because the maximum value # must 
be determined experimentally. 


Notes 303 


Notes 


§20.2 Fora discussion of the dispersion relations for the phase and reflectance the 
following references can be consulted: Toll (1956), Jahoda (1957), Gottlieb (1960), 
Velicky (1961a), Stern (1963), Greenaway and Harbeke (1968), Ahrenkiel (1971), 
Jones and March (1973), Goedecke (1975a,b), Kroger (1975), Young (1976), Smith 
(1977), King (1979), Nash, Bell and Alexander (1995), Lee and Sindoni (1997), and 
Peiponen and Vartiainen (2006). Some of the historical papers on this topic are by 
Robinson (1952), Robinson and Price (1953), and Roessler (1965a,b, 1966). For 
some representative applications of the Kramers—Kronig relations to the determina- 
tion of optical constants via reflectivity measurements, see the following: Rimmer 
and Dexter (1960), Velicky (1961b), Philipp and Taft (1959, 1964), Bowlden and 
Wilmshurst (1963), Plaskett and Schatz (1963), Schatz, Maeda, and Kozima (1963), 
Philipp and Ehrenreich (1964), Andermann, Caron, and Dows (1965), Kozima 
et al. (1966), Andermann and Dows (1967), Berreman (1967), Andermann, Wu, 
and Duesler (1968), Verleur (1968), Wu and Andermann (1968), Scouler (1969), 
Neufeld and Andermann (1972), Klucker and Nielsen (1973), Veal and Paulikas 
(1974), Balzarotti et al. (1975), Chambers (1975), Leveque (1977), Rasigni and 
Rasigni (1977), Shiles et al. (1980), Bortz and French (1989), Grosse and Offermann 
(1991), Huang and Urban (1992), Tickanen, Tejedor—Tejedor, and Anderson (1992, 
1997), Vartiainen, Peiponen, and Asakura (1993a), Bertie and Lan (1996), Peiponen, 
Vartiainen, and Asakura (1996, 1997b), Yamamoto and Ishida (1997), Palmer, 
Williams, and Budde (1998), and Raty, Peiponen, and Asakura (2004). For a caution- 
ary note on some commercial software packages, see Lichvar, LiSka, and Galusek 
(2002). For an application to thin surface films, see Plieth and Naegele (1975). For 
an application of subtractive Kramers—Kronig relations to deal with phase errors in 
terahertz reflection spectroscopy, see Lucarini ef al. (2005), Peiponen ef al. (2005), 
and Gornov et al. (2006). Blaschke factors are discussed further in Colwell (1985). 
§20.3 Additional reading on the derivation of sum rules for the normal reflectance 
and related quantities can be found in Furuya, Villani, and Zimerman (1977), Inagaki 
et al. (1978), Inagaki, Kuwata, and Ueda (1979, 1980), King (1979), Smith and 
Manogue (1981), Kimel (1982b), and Smith (1985). 

§20.4 For additional reading, see Tinkham (1956), Glover and Tinkham (1957), 
Tinkham and Ferrell (1959), Martin (1967), and Furuya and Zimerman (1976). For 
an application of the Kramers—Kronig relations to the determination of sum rules for 
the self-energy in alloys, see Scarfone and Chlipala (1975). 

§20.5 Further discussion on the energy loss function can be found in Stern (1963), 
Noziéres and Pines (1958, 1959), Kittel (1976), and Jackson (1999). The sum rule, 
Eq. (20.102), has been known for many years; see, for example, Fano (1956). For 
additional discussion on sum rules, see Stroud (1979). 

§20.6 Gorter and Kronig (1936) appear to be the first authors to point out that the 
Kramers—Kronig relations also apply to the permeability. See also the work of Gorter 
(1938). For detailed derivations of the solutions of the Bloch equations, see Slichter 
(1963) and Carrington and McLachlan (1967), or Abragam (1961). An application of 
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the Kramers—Kronig relations to the magnetic susceptibility of a colloidal suspension 
of magnetic particles can be found in Fannin, Molina, and Charles (1993). 

§20.7 Additional reading on the surface impedance function can be found in 
Ginzburg (1956), Landau, Lifshitz, and Pitaevskii (1984), and Jackson (1999). 
§20.8 Aconcise discussion on the treatment of electromagnetic waves in anisotropic 
media can be found in Landau et al. (1984, chap. 11). 

§20.9 A very useful starting source for further reading is Noziéres and Pines 
(1999). Additional references that could be consulted are Leontovich (1961), Martin 
(1967), Melrose and Stoneham (1977), Dolgov, Kirzhnits, and Maksimov (1981), 
Mezincescu (1985), Musienko, Rudakov, and Solov’ev (1989), and, for a dis- 
cussion on various sum rules including spatial dispersion, Altarelli et al. (1972). 
Mezincescu (1985) considers the derivation of dispersion relations for the situation 
where €(k,0) < 0, and Dolgov et al. (1981) review work on systems where this 
condition may apply. 

§20.10 For further reading on the approach of this section, see Johnson (1975) and 
King (1978a) . 

§20.11 The approach of this section can be found in King (1977). 

§20.12 Early reference to this approach can be found in a brief abstract of Cole 
(1941), Gross (1941), and Kronig (1942). Additional discussion can be found in 
Peterson and Knight (1973) and King (1978a). For an application to thin-film spec- 
troscopy and a comparison with the Kramers—Kronig approach, see Roth, Rao, and 
Dignam (1975). 

§20.13 For some additional reading, see King (1981, 1982). Another approach to 
obtaining inequalities in a fairly straightforward fashion is given by Sachl (1963). 
Some techniques developed to derive inequalities for dispersion relations in elemen- 
tary particle physics, for example Okubo (1974), have often not been fully exploited 
in optical data analysis. 


Exercises 
20.1 Let 
x x42 


f@M= Ze oa 


By considering the integral fc f(Z)(@ - z)—! dz, where w is real, and the 
contour is shown in Figure 19.2, what, if any, Hilbert transform relationships 
can be determined? 

20.2 Ifthe crossing symmetry relation 7(—w) = F(w,)* is to hold when a Blaschke 
factor is introduced, show how the individual terms of this factor must be 
constrained. 

20.3. What (if any) sum rules can be derived by applying the Liu—Okubo technique 
to the function 7(w,)? 


20.4 


20.5 


20.6 


20.7 


20.8 


20.9 


20.10 


20.11 
20.12 
20.13 
20.14 


20.15 
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This question is a follow up to Exercise 19.7. How would the Kramers—Kronig 
relations for the reflectance be altered if a non-conducting material had a 
non-zero value for « (0)? 

Does examination of the limit @ — oo in Eq. (20.90) yield a sum rule? Explain 
your thinking. 

Determine the sum rules that are obtained by examining fc of {o(@:) + 
iw,}? dw,, where C is a suitably chosen contour. Assume m and p are integer 
values and find the necessary constraints on these parameters. 

Using the definition for the conductivity given in Eq. (20.85), derive sum 
tules for the moments of the conductivity, starting from the contour integral 
fc who (wz)? dw, where m and p are integer values. Determine the necessary 
constraints on these parameters. 

Complete the details for the derivation of the sum rules for the energy loss 
function given in Eqs. (20.102) and (20.103). 

How many independent elements are necessary to characterize the susceptibil- 
ity tensor for crystals belonging to the following systems: (i) cubic, (ii) hexag- 
onal, (iii) rhombohedral, (iv) tetragonal, (v) orthorhombic, (vi) monoclinic, 
and (vii) triclinic? 

Suppose that e(k, w) has a pole at some complex frequency imo for wo real and 
satisfying wo > 0. By making an appropriate subtraction of this pole behavior 
from e(k, @), derive the appropriate dispersion relations for this case. 
Investigate the limits @ — 0 and w — oo for 6(@) starting from Eq. (20.280). 
Prove that Eq. (20.281) reduces to Eq. (20.282). 

Determine a bound for the integral dee (k(w)/,/w)dw. Does it apply to 
insulators or to both conductors and insulators? 

Determine a bound for ae R(w)e-/ w% dw, where w, is an arbitrary angular 
frequency. 

Suppose the function f satisfies the following properties: (1) f(w,) is analytic 
in the upper half of the complex angular frequency plane, (ii) f(w) = f(—@)*, 
(ili) f (wz) + 0 as w, > oo. Determine f(iw), where w is real. Hence, or 
otherwise, determine e9¢(iw)~! — 1. 


21 


Dispersion relations for magneto-optical and 
natural optical activity 


21.1 Introduction 


The focus of this chapter is the derivation of dispersion relations arising in magneto- 
optical applications and for natural optical activity. A further topic considered is the 
development of sum rules for some of the quantities that are experimentally accessible. 
These include the optical rotatory dispersion (commonly abbreviated as ORD in the 
literature), circular dichroism (CD), the magnetic analogs, the Faraday dispersion, 
and magnetic circular dichroism (MCD). These terms will be defined shortly. 

A number of the ideas that are employed are very similar to those developed in 
the preceding two chapters. There are, however, some major differences that arise 
for the cases of magneto-optical and natural optical activity. The dispersion relations 
for magneto-optical and natural optical activity have a different structure compared 
with what was found for the typical case of other optical properties discussed in 
Chapters 19 and 20. The difference arises primarily from the form of the crossing 
symmetry relations for the refractive indices and absorption coefficients for left and 
right circularly polarized light. The reason for the absence of simple dispersion rela- 
tions for the individual modes corresponding to the refractive indices for left and 
right polarization, and the corresponding absorption coefficients for right and left 
circularly polarized light, is also discussed. 

The Faraday effect describes the rotation of the plane of polarization of a beam 
of light as it traverses a medium under the influence of an imposed magnetic field 
in the direction of the beam. The rotation of the plane of polarization describes 
the situation of optical birefringence or double refraction, and in this situation it is 
referred to as circular birefringence. Linear birefringence can be induced by applying 
a Static electric or magnetic field to a medium perpendicular to the direction of the 
electromagnetic beam. The former gives the Kerr effect and the latter is called the 
Cotton—Mouton effect. 

The Faraday effect applies to all materials, irrespective of any particular symme- 
try the medium may have. Magnetic circular dichroism describes the difference in 
absorption of left and right circularly polarized beams as they traverse a medium 
acted upon by an external magnetic field parallel to the direction of propagation of 
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the beam. Dispersion relations offer the potential to determine the magnetic circular 
dichroism from the Faraday dispersion, and conversely. In addition, the sum rules 
that are derived from the dispersion relations represent important constraints that the 
experimental data must satisfy for both the Faraday rotation and the magnetic circular 
dichroism. 

For substances that have low intrinsic symmetry, the specific details of which are 
given later, the plane of polarization of the electromagnetic beam can be rotated 
as it propagates through the material. This occurs in the absence of any external 
applied magnetic field, and the phenomenon is termed optical rotatory dispersion. 
The frequency dependence of this rotation is linked by a dispersion relation to the 
corresponding difference of the absorption coefficients for left and right circularly 
polarized beams, and vice versa. This difference in absorption coefficients for left 
and right circularly polarized modes is called circular dichroism. A medium which 
exhibits optical rotatory dispersion or circular dichroism is called optically active. The 
term gyrotropy is used to denote the same phenomenon. The qualifier natural is often 
inserted, as in natural optical activity, to distinguish this from its magnetic analog. 
In applications, the experimental determination of one of these quantities allows the 
other one to be determined, provided the quantity measured is determined over a 
sufficiently wide spectral range. In some areas of modern chemistry, for example in 
natural product chemistry, organic species in solution can be characterized in part 
by their optical rotatory dispersion and circular dichroism curves. These techniques 
thus serve as “fingerprint” tools, which help in identifying or characterizing unknown 
molecules. Sum rules for natural optical activity provide useful checks on the quality 
of experimental data, when the measurements are performed over sufficiently wide 
spectral intervals. 


21.2 Circular polarization 


Ashort review on circular polarization modes for the electromagnetic field is discussed 
first. In the preceding two chapters, consideration has been restricted to linearly 
polarized light. This assumption is now dropped. Suppose €1,€2, and n are unit 
vectors along the axes of a right-handed axis system. For a wave traveling in the 
direction n, the electric field vector E can be written in the following form: 


EK = €,£, + €2£». (21.1) 


The quantities €; and €2 are termed the polarization vectors, and E, and E> will in 
general be complex. Let 


t=hkn-r-—at, (21.2) 
then E, and £2 can be written as follows: 


E, =a, cos(t+ 91), a1 > 0, (21.3) 
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and 
Ey =ancos(t +2), a> 0, (21.4) 


where g and 2 are phase factors. If the phase factors of E; and £2 are the same, 
~1 = 92 = ¢, then 


E E 
Ce ee (21.5) 
a @Q 
and hence 
E= (« fe 262) Ee (21.6) 
a\ 
This expression can be written as 
E=e£), (21.7) 


where the wave is linearly polarized with polarization vector e. If the phases g, and 
2 are different, then, from Eqs. (21.3) and (21.4), it follows that 


ER ES E\E 
+ 5 yee cos y = sin’ 9, (21.8) 
ay a a\az 


where y = 2 — 9}. The case of linear polarization can be recovered by setting 
gy = mm, where m € Z. Introducing the simplifying assumptions that a} = az = a 
and g = ¢2 — g, = (1/2)mz, form = +1,+3,+5..., then Eq. (21.8) reduces to 


— 


Et +E} =a’, (21.9) 


which corresponds to circular polarization. The polarization is called right-handed 
when sing > 0, which means g = (1/2)a + 2mm, with m = 0,+1,+2,... The 
polarization is termed left-handed when sin g < 0, and hence g = —(1/2)z + 2mz, 
with m = 0,+1,+2,... Adopting a complex representation, and employing, for 
circular polarization, aj = a2, 


E> apeilt+oit/2) 


E, = aero =1, (21.10) 
and hence Eq. (21.1) can be written as follows: 
Ex = (€; + ie€2)F}. (21.11) 
The other situation is given by 
E i(t+g1—/2) 
zee =e (21.12) 


Ey ayel(tt+¢1) 
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and so 
E_ = (€; — i€2)£}. (21.13) 


It is common practice to introduce the orthogonal unit vector basis as follows: 


1 
€4= ya! + 1€2); (21.14) 


the corresponding fields are thus given by 


Beek: (21.15) 


When the observer views the oncoming beam, the rotation of the electric field vector 
is counter-clockwise for € +, and this is called a left circularly polarized electric wave. 
For the case of €_, again observing the oncoming beam, the rotation of the electric 
vector is clockwise, and this is termed a right circularly polarized electric wave. 
Hence, 


Ey = (€; + ie) (21.16) 
and 
Er = (€] — i€2)F}, (21.17) 


for the left and right circularly polarized electric fields. This is the convention com- 
monly employed in optics (sometimes referred to as the optical convention). The 
reader needs to be alert that the opposite sign convention, that is associating Er with 
€, and Ey with €_, is also in use. 


21.3. The complex refractive indices Ni and N_ 


It has been previously indicated in Section 20.8 that the elements of the dielectric 
tensor are symmetric, and in the principal axis system the tensor can be brought into 
diagonal form. In the presence of an external magnetic field, the dielectric tensor 
is no longer symmetric. Faraday made the first reported observation that the plane 
of polarization of a linearly polarized beam of electromagnetic radiation is rotated 
when passing through an optically inactive medium, in the presence of a magnetic 
field applied parallel to the direction of propagation of the beam. This observation is 
usually called the Faraday effect, but it is also referred to as magneto-optical rotation 
(or magnetic optical rotation, MOR.) When the plane of polarization is monitored as a 
function of the frequency of the electromagnetic radiation, the terminology employed 
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is magnetic rotation spectra (MRS). The angle of rotation, #, is proportional to the 
strength of the applied magnetic field H,, which is applied in the z-direction, and to 
the thickness of the material, /, so that 


o = VIH., (21.18) 


where V denotes the proportionality factor, which is called the Verdet constant. The 
angle of rotation can be directly related to the refractive indices of the two circularly 
polarized modes, which propagate through the material with different velocities. If 
the beam is also attenuated due to absorption processes as it transverses the medium, 
this is the phenomenon of magnetic circular dichroism. 

A system having a C;, axis of symmetry is invariant under a rotation by 360°/n. 
For a system having at least a C3 axis of symmetry, which means that the system 
is invariant under a rotation by 120°, then, on suppressing the angular frequency 
dependence, the dielectric tensor can be written in the following form: 


e= —Exy Ex 0 . (21.19) 


To see how this form for the dielectric tensor emerges from symmetry considerations 
alone, consider a rotation of the coordinate system by the angle 6 about the z-axis. 
The matrix representation of this operation is given by 


cosO sind 0 
T=] -sinO coséd 0 |. (21.20) 
0 0 1 


The inverse transformation can be written as 


cosO —sind 0 
T'=]| sind cos@ 0 |. (21.21) 
0 0 1 


If the dielectric tensor is invariant under a rotation by the angle 0, then 


e=TeT!. (21.22) 
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The following conditions on the elements of the dielectric tensor can be extracted 
from the preceding result: 


(Exx — Eyy) Sin? 0 — (€xy + eyx) sin O cosO = 0, (21.23) 
(Exx — Eyy) Sin 8 cos O + (Exy + Eyx) sin’ 6 = 0, (21.24) 
€xz(cos@ — 1) + &yz sind = 0, (21.25) 
Eyz(cos @ — 1) — €x, sind = 0, (21.26) 
Ezx(cos@ — 1) + €z, sind = 0, (21.27) 
and 
Ezy(cos @ — 1) — €z, sin = 0. (21.28) 


These equations are satisfied in different cases either by a particular choice of the 
angle @ or by constraints on the elements of the dielectric tensor. For the case of a 
C\ symmetry operation (system invariant under rotation about the z-axis by 277), the 
preceding set of six equations is satisfied by inspection, without any constraints on 
the elements of the dielectric tensor. For a system with C2 symmetry (invariant under 
rotation by z about the z-axis), then the dielectric tensor takes the following form: 


E=] ex Sy 0 |. (21.29) 
0 0 & 


For a system with C3 symmetry about the z-axis, Eqs. (21.23)—(21.28) yield 


Exx  Exy 0 
E=|-xy Ex O |. (21.30) 
0 0 & 


A system with C;,, symmetry about the z-axis, that is a rotation by 27/n leaves the 
system invariant, yields a dielectric tensor of the form given in Eq. (21.30) ifn > 3. 
In what follows, the form indicated by Eq. (21.30) is selected to represent the dielectric 
tensor, since systems with high symmetry are quite prevalent. 

On taking the curl of Eq. (20.135) and employing Eqs. (20.139) and (20.161), it 
follows that 


VEs Ss 9. (21.31) 


where it has been assumed that the components of the field, €; and €2, are oriented 
along the x- and y-directions, and that the propagation direction is along the z-axis. 
The product of the tensor e with the vector E is commonly written as e - E, which is 
sometimes abbreviated as eE when there is no risk of confusion as to what is implied. 
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The dot product E - E when it arises is not abbreviated as EE, since the latter denotes 
a dyad. The material is assumed to be non-magnetic, so that jo ' = 1. The electric 
fields are written as follows: 


E, (r,t) = Egit ijye&+1-@ (21.32) 
and 
E_(r,t) = Egi— ipe’-1-, (21.33) 


where i and j are unit vectors along the x- and y-directions, respectively. 
Employing Eq. (21.30), the components of the electric displacement can be written 
in the following form: 


Dy = €xxEx + ExyEy, (21.34) 
Dy = &xxEy — ExyEx, (21.35) 

and 
Dz = €zzEz. (21.36) 


From Eggs. (21.34) and (21.35) it follows that 


D, ae iDy = (Ex + Ixy )(E. = iEy), (21.37) 


which can be written in the following more compact form: 


DE Seeks (21.38) 


From Eggs. (21.31), (21.32), and (21.33), it follows that 


2 
i @ : i - 
ki Ege’ + 8~ 09 = —— Eo (xx + iby) tO) (21.39) 
CEQ 


and 
és 


k2 Ege 8-0) — Eo (Ex — i€yy)e*-T-@). (21.40) 


7609 
These equations simplify to 


2 wo : 
k= oe + 1€xy) (21.41) 


and 


| aes Ty (21.42) 
E0 7 
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For real w, it follows from the preceding two results and Eq. (20.167) that 

ki (—@) = {k2 (@)}* (21.43) 
and 

k2 (-o) = {ki (@)}*. (21.44) 


The reader will notice immediately that these results are fundamentally different from 
the previous types of crossing symmetry relations encountered (see, for example, Eqs. 
(19.52) and (19.53)). The polarization modes switch over in these crossing symmetry 
relations. This has an important bearing on the form of the dispersion relations that 
can be derived. On taking the positive square root in Eqs. (21.43) and (21.44), it 
follows that 


ky (—@) = k_(w)" (21.45) 
and 

k_(-—@) = ky (@)*. (21.46) 
Extending Eqs. (19.87) and (19.90), and assuming a non-magnetic medium, yields 


c7k3 (@) 3 ; = 
= = E+E = (Exx + 1Exy EQ 7 (21.47) 


Ni(@) = 5 


and then the following crossing symmetry relations are obtained: 

Ni(—@) = N_(@)* (21.48) 
and 

N_(—@) = Ni(@)*. (21.49) 
These relations will be employed to derive dispersion relations for the magneto-optical 
activity. 

To derive dispersion relations, information is required about the asymptotic behav- 

ior of N;(w) and N_(w). The model developed in Section 19.2 (see Eq. (19.14)) can 


be modified to achieve this goal. The Lorentz force for a charge q in an electric field 
E and subjected to a magnetic induction B is given by 


F = q(E+v xB), (21.50) 


where v is the particle velocity. The equation of motion of an electron of charge —e, 
bound by a harmonic restoring force, subject to a damping force —myr, and acted 
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upon by the preceding Lorentz force, is given by 
mY + myf + er x B+ moor = —eE. (21.51) 


The following equations of motion can be written for the x- and y-components, 
assuming B is applied in the z-direction: 


B 
typ poe Sak, (21.52) 
m m 
and 
es . eB, e 
P+ yy — x + py = -—Ey. (21.53) 
m m 
Combining Eq. (21.52) with i times Eq. (21.53) leads to 


d?(x + iy) in d(ix+iy)  ieB, d(x + iy) 
dr? oa m dt 


+ w2(x +iy) = ~~ (Es +iE,). 
(21.54) 


Assuming a harmonic time dependence for the fields of the form e~!’ leads to the 
following solution: 


—e(Fy + 12, 
re eee a (21.55) 
m(@p — w — iyw — aw) 
where the cyclotron frequency (in SI units) is introduced as 
B 
na (21.56) 
m 


It is common in some sources to see the cyclotron frequency defined for a charge q as 
@c = gB,/(mc). This latter definition reflects the use of different units. Introducing 


F =o — 


~iyo (21.57) 
and 
B = iwcw, (21.58) 


allows Eq. (21.55) to be written more compactly: 


—e(Ey + i£,) 


WEST (21.59) 


x+iv= 
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Combining Eq. (21.52) with —i times Eq. (21.53) leads, in a similar fashion, to 


; —e(ky — iE,) 
— 21.60 
2 iB) ( ) 
Let x4 be defined by 
x~=Hxty, (21.61) 


with analogous definitions for the electric fields E+ and the electric polarizations P. 
Hence, 


NeEs = £90, E+ 
= Next = 7 yigy ~ FEB’ Oh) 


Ps 


where NV is the total number of electrons. From Eq. (21.62) it follows that 


2 
Eo E E_ 
Pees eee eye lh (21.63) 
2 |F+ip | F—ip 
and 
£0@, { Ey E_ 
Pea Ss (21.64) 
21 |F+ip F-ip 
Making use of Eqs. (19.3) and (21.30) leads to 
Py = (Exx a £0) Ex + Exy By (21.65) 
and 
Py = —ExyBy + (Exx — €0)Ey. (21.66) 


Comparing these two results with Eqs. (21.63) and (21.64) yields 


(Ex — €0) Ex + €xyBy = {E,(F —iB)+E_(F +if)} (21.67) 


ENW5 
2(F2 + B?) 
and 


£005 
2i(F? + B2) 


—ExyEx + (Ex — €0)Ey = {E4(F — ip) — E_-(F +if)}. (21.68) 
Equating the coefficients of E, and £, for either of the preceding two equations 
leads to 


2 
on 


Pop (21.69) 


-1 
ExxEg = 1+ 
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and 


Using Eq. (21.47) leads to the following expressions: 


2 
‘ On(F + wa) 
Ni@)—-1= F2 + p2 
and 
w2(F — wa) 
N2(@) -1= pt : 


ee oe 


(21.70) 


(21.71) 


(21.72) 


From Eqs. (21.69) and (21.70), the asymptotic behavior as w — oo can be determined 


to be: 
=j O 
Exéy —1l= —~z, as w— Od, 
(63) 
and 
= o5B ico, 
ExyEo a Se ee 7? aso > &. 


Using Eqs. (21.71) and (21.72) leads to the following expressions: 


aye 
Ng(w) -1= =a as W —> 00, 
and also 
WeWs 
N4(@) —N_(w) = —z-, as w— ov. 
(63) 


21.4 Are there dispersion relations for the individual 


complex refractive indices VN; and N_? 


(21.73) 


(21.74) 


(21.75) 


(21.76) 


The next objective is to address the question posed in the section title, and, during 
the course of the discussion, point to the essential features that distinguish the case of 
circular polarization modes from the case of linear polarization. Ifa strategy similar to 
the treatment of the complex refractive index for linear polarization is to be employed, 
then it is necessary to pin down the analytical properties of N+(@) and N_(w) in the 


upper half of the complex angular frequency plane. 
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For the moment assume that N+ (w) is an analytic function in the upper half complex 
angular frequency plane. Consider the integral 


{Ny (@z) — Ido. 


Cc W— Wz 


where C denotes the contour shown in Figure 19.2. From the Cauchy integral theorem 
it follows that 
/ if 
Bf Ee eNO 6: (21.77) 
ae o-@ 
In order to bring this result into the standard form, where the integration domain is over 
the positive spectral range, a difficulty is immediately encountered. The term N+ (—a@) 
does not transform into a function of N+ (w), but rather is converted into the complex 
refractive index for the opposite helicity mode, N_ (q@). This is a direct outcome from 
the switching of modes that occurs in the crossing symmetry relations, Eqs. (21.48) 
and (21.49). So, clearly, the conventional approach to deriving dispersions relations 
for the optical constants fails for the case of N;(w). A similar situation applies for 
N_(q@). Ina sense, N+(@) is not a continuous function across the axis w = 0. 
The problem point in the approach just indicated is the introduction of the crossing 
symmetry relations. The reader might wonder if it is possible to circumvent this 
difficulty by considering the integral 


§ {Ni (@z) — l}dw, 
GC. 


2 2 ? 
WM — Wr 


where C denotes the contour shown in Figure 19.3. From the Cauchy integral theorem, 
and taking the limits p > 0 and R— on yields 


pf {Ni(') — 1}do’ ns im{N+(@) ~ 1 _ if- {N+ (ia) — Vdeo_ (21.78) 
0 wo — w? 2@ 0 a+ w 
The function V,(w) can be written as 

Ny(o) = 140) + ik4(0), (21.79) 


where n4(w) and x(q) are the real and imaginary parts of V,(w), respectively; 
similarly, for N_ (a), 


N_(@) = n_(@) + ik(@). (21.80) 
Taking the real and imaginary parts of Eq. (21.78) leads to 


oo nh / oo ae. 
ee Pp | {n+(w’) — l}dw +m | N+ (i@;)da; 
I 0 I 0 


Ww — Ww w2 fa w? 


(21.81) 
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and 


20. f° alo de’ 20 f™ ReNylio) — 1)do,; 
Miah = “pf ICEL =f {Re Mle) = GON 6499) 
ss 0 0 


wo — w? a w? + we 
The corresponding result for N_(q@) follows by replacing n+ (@) and k+(w) by n_(w) 
and x_(w), respectively. 

To complete the derivation of Eqs. (21.81) and (21.82), it is necessary to establish 
that N+ (w) is an analytic function in the first quadrant of the upper half of the complex 
angular frequency plane, and that V(w,) — 1 has an appropriate asymptotic behavior 
for large w,. The latter issue can be dealt with by making use of the model developed 
in Section 21.3. From Eq. (21.73) it can be shown that the integral along the circular 
arc vanishes in the limit R > oo. The reader should check this assertion. 

To deal with the issue of the analytic behavior of N+ (@), it follows from Eq. (21.47) 
that 


Ny(@) = J[(Exx(@) = i&y(@))e9 |). (21.83) 


The elements of the dielectric tensor are analytic in the upper half of the complex 
angular frequency plane and along the real axis for an insulator, and also for a con- 
ductor, provided the pole at w = 0 is excluded. This follows along the lines of 
the discussion presented in Section 19.3. Because of the square root relationship in 
Eq. (21.83), it is necessary to establish that there are no branch points for N+ (w). This 
can be handled by establishing that NV. a (q@) is not zero in the upper half of the complex 
frequency plane and on the real axis. If it is assumed that the system is in thermo- 
dynamic equilibrium, then it can be shown that the energy dissipation of a circularly 
polarized mode is proportional to w Im N. 2 (w). Hence, for w > 0,Im N. bcs (w) > 0, 
which in turn implies that NV. i (@) has no zeros for m > 0 on the real axis. To complete 
the argument, it is possible to continue in a couple of different ways. By extending 
the results in Sections 19.3 and 19.10 (see in particular Eq. (19.48)), it can be shown 
that ¢;;(@) has no zeros in the upper half of the complex angular frequency plane, and 
hence from Eq. (21.47) it follows that N2 (w,) does not have any zeros in the same 
region. Alternatively, consider the integral 


5) 


{Ni (@-) + NZ (w)}do, 
§ w+ w2 


where C denotes the contour shown in Figure 19.5 and w is real. The Cauchy residue 
theorem yields, on taking the limit R > oo, 


00 2 + N2 
@ 


00 w+ we 
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Using the crossing symmetry relations for N+(@), expressions for NE (iw) can be 
found in terms of integrals involving n_, n_,«4 and x_, which are in general non- 
zero. Hence there are no zeros for NZ. on the positive imaginary angular frequency 
axis. The argument can be generalized to all points in the upper half complex plane, 
with the result that NZ (w,) has no zeros in the upper half plane. 

Equation (21.82) and its counterpart for n_(w) — | are not particularly useful 
from a practical standpoint, since optical data are not measured at complex frequen- 
cies. These results could, however, be employed for checking theoretical models. So 
this approach fails to obtain the goal of connecting n+(@) with «,(@) via a simple 
dispersion relation, one that is amenable to practical data analysis. 


21.5 Magnetic optical activity: Faraday effect and 
magnetic circular dichroism 


From the failure demonstrated in the preceding section, it should be apparent that it 
is necessary to take appropriate combinations of the functions N+ (w) and N_(w). To 
derive dispersion relations, both the sum and difference of these two terms will work. 
The functions N+ (wz) + N_(q@-) are both analytic in the upper half of the complex 
angular frequency plane. This follows directly from the discussion at the end of the 
preceding section. The asymptotic behavior of these two functions is required, and 
this can be deduced directly from Eqs. (21.75) and (21.76). Consider the integral 


{N+(@z) + N-(@z) — 2}dw, 
C W — Wz ; 


where C denotes the contour shown in Figure 19.2. Application of the Cauchy integral 
theorem leads to 


z (ig {Ny (wo!) + N_(@') — 2do! _ 


/ 
65 o-oo 


in{Ny(@) +N_(w) —2}. (21.85) 


Employing the crossing symmetry connections in Eqs. (21.48) and (21.49) yields 


{N4(w')* + N_(o')* — 2} 


Nelo) +N(o) —2= =P | 
ar JO 


ota’ 
/ Z / 2. 
eae ate (21.86) 
wo-@ 
which simplifies to 
i [o.@) / = / =) 
Ns(o)+ Nw) -2= =P [ a wns 
IT ) wo — WwW 
EN A / / 
mas ee a (21.87) 
wo —@ 
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Taking the real and imaginary parts leads to the dispersion relations: 


© w'{k1(w’) + K_(o’)}da’ 


2 
n4(@)+n_(@) -—2= 2) 7) (21.88) 
and 
K+. () + k_(@) = 2p | ee eis (21.89) 
IU 0 wo” —W 


Consider the integral 


{N4(@z) — N_ (@z)}dw, 


C @— Wz 


where C denotes the contour shown in Figure 19.2; then, application of the Cauchy 
integral theorem and making use of the crossing symmetry relations, Eqs. (21.48) 
and (21.49), yields 


Nw=Nw@= <p [~ jae —Ni(')"} te {N4(o") — N-(')} Jac 
0 


ota’ o-—o! 


(21.90) 


which can be written as 


2i © ( a'{ny(o’) —n_(a')} — ia{k4(o') — k_(a’)} : 
Ns(o) = Nw) = =P | a +; da’. 
mz Jo wo* — w o* —@ 
(21.91) 
Taking the real and imaginary parts leads to the dispersion relations: 
2 fore) 1) ~ K_(o')¥do’ 
n(o) = no) = =P | oe x ou ws (21.92) 
ua 0 wo — WwW 
and 
2 oy 'y)—~ n_(a)}do" 
K+ (@) — K_(@) = Py one eed = (21.93) 
1s 0 o*~ — Ww 


The magneto-rotatory dispersion function, dF (@), is introduced by the definition 
a) 
or (w) = pant) —n_(@)}, (21.94) 
and the ellipticity function 6¢(@) is defined as 
@ 
Op (0) = 5th (0) — KC). (21.95) 


The most commonly employed symbols for the magneto-optical rotation and elliptic- 
ity are (w) and O(q@), respectively. These symbols are reserved for a description 
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of natural optical activity, which is treated later in this chapter. A complex 
magneto-optical rotation function can be defined by 


Dp(w) = op(@) + ie (@). (21.96) 
Since 


p(w) = = tM () — N_()}, (21.97) 


the complex optical rotation is analytic in the upper half complex angular frequency 
plane. The asymptotic behavior of ®F(@) is given by 


2 


Wey 

Pr(@) = =—,, asw— oO, (21.98) 
2cw 

which follows directly from Eq. (21.76). The analytic behavior of ®F(@) and knowl- 

edge of the asymptotic behavior allows dispersion relations for @f(w) and Of (w) to be 

readily determined. Alternatively, the definitions for ¢f(@) and 6(@) can be inserted 

into Eqs. (21.92) and (21.93), leading to 


2w? © Or(w’)da’ 
$r(w) = -p | me (21.99) 
aA 9 aw (@ — a’) 
and 
2D: [o@) i / 
Pui P = = (21.100) 
IT 0 O~ —W 


In order to derive sum rules for conducting media, it will be useful to give dispersion 
relations for N+(q@) that avoid the pole behavior at w = 0. To handle this case, consi- 
der the integral 


§ @z{N4(@z) + N_(@z) — 2}da,z 
C > 


(Oe 


where C denotes the contour shown in Figure 19.2. From the Cauchy integral theorem 
it follows that 


pf o' {N+ (o') + N_(o') — 2}do! _ 


/ 
oe oO-@ 


im@{Nz(@) + N_(w) — 2}. (21.101) 


The crossing symmetry relations allow this to be written as follows: 


wo-—a! 


i (oe) 
Ne(o) +N(@) -2= <p [ wo’ 
TW ) 


{Ni (o’)* + N_(a’)* — 2} | aa 


ota! 


jae + N_-(') — 2} 


(21.102) 
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which simplifies to 


j ee) 12 ! nh 
Neo) +N(o) -2= —P [ {2 {n(w’) + n_(w’) — 2} 
mo Jo 


w — w” 


. / / / 
ya eC es) Jac (21.103) 
w — a? 
Taking the real and imaginary parts leads to the dispersion relations: 
2 lo e) / / _ / d / 
A O\+AO)—2 = P| LCS Pa ee Oe (21.104) 
x Jo w — ow 
and 
2 © wns (w!) + n_(o’) — 2}do! 
K4(@) + kK_() = al {n+ us oe we, (21.105) 
to Jo wo —@ 


Starting instead with the integral 


§ oz{N4 (wz) — N_(@:)}dez 
C > 


W—z 


where C denotes the contour shown in Figure 19.2, yields 


nto) —Hto) = pfes{ BAGN=MGO) _ WL MeL, 
0 


o-—o! ot+oa! 
(21.106) 
which simplifies to 
2i © ( wa! {n+(o') — n_(o')} 
Neo) —N(w) = =P | ae 
ra Jo o* —w 
iw” {ky(o') —K_(')}) , , 
+ 3 da’. (21.107) 
aw — ow? 
Taking the real and imaginary parts leads to the dispersion relations: 
2 OO. 5/2: 1) — x_(a')$do’ 
ns(o) =n) =-—P | is Ce Nae (21.108) 
mo Jo wo — w 
and 
2 CO Ly 'y— n_(w')}do" 
K4.(@) — K_(@) = P| eves) g Aen Zs (21.109) 
as 0 w@ — WwW 
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In terms of df (w) and 6F(@), these preceding two dispersion relations are given by 


or(w) = =P [ peer (21.110) 
mx Jo 


w- = w'2 
and 


be (w) = *¢ p ° br (w’)dw 


(21.111) 


0 wo — w . 


21.6 Sum rules for magneto-optical activity 


A number of sum rules can be derived from the dispersion relations developed in the 
preceding section. The limit w — 0 in Eqs. (21.88), (21.93), (21.105), and (21.108) 
leads to several sum rules. Making use of 


n+(0) = n_(0) = n(0), (21.112) 
which applies for non-conducting media, then Eq. (21.88) yields 


nh -1 Ip [* ed Fe wae 


(22) 


(21.113) 


This result represents a generalization of Eq. (19.252). For non-conductors, «4 and 
k_ satisfy 


K+(0) = 0,«_(0) = 0, (21.114) 
so that Eq. (21.93) leads to the following sum rule: 


a {n4(@) — n_(w)}do@ 
0 


(2) 


= (21.115) 


Employing the definition for df (w), Eq. (21.94), the preceding sum rule can be recast 
as follows: 


ee d 
/ ne: (21.116) 
0 @ 
For a conductor or insulator, Eq. (21.105) in the limit @ — 0 leads to the sum rule 
[o,@) 
i; pee i}do=0, (21.117) 
0 


which is a generalization of Eq. (19.247), and from Eq. (21.108) it follows that 


iM {k4(@) — k_(@)}dow = 0. (21.118) 
0 
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Attention is now directed to a determination of the sum rules that can be obtained 
by examining the w — oo behavior of the dispersion relations given previously. 
The key ideas discussed in Section 19.9 are employed to achieve this objective. The 
asymptotic behavior of N.(@) and Ny (w) — N_(q@) given in Eqs. (21.75) and (21.76) 
is employed. From (21.73) it follows that 


K4(@) =0(w@*), asw@—> o, (21.119) 


and from Eq. (21.76) 
K4(@) — kK-(@) = 0(w@*), as @ —> ov. (21.120) 


From the Lorentz model discussed at the end of Section 21.3, an expression for the 
precise fall-off of ki (w) as w — oo can be derived. In what follows it is sufficient 
to assume a conservative fall-off of kz(w) = O(w~?~°) for 5 > 0, or the more 
conservative result k.(w) = O(w~? log~? w), with 6 > 1. In the limit a > oc, 
Eq. (21.104) yields 


Tw, 
/ wo{k+(@) + K_(w)}dw = ace (21.121) 
0 


which is a generalization of the Thomas—Reiche—Kuhn sum rule given in Eq. (19.242). 
Examining the limit @ — oo for Eq. (21.105) leads to Eq. (21.117), assuming explic- 
itly that «.(w) + K_(w) 4 O(w~3). The limit w — oo for Eq. (21.92) yields 
Eq. (21.118) and the same limit for Eq. (21.93) yields Eq. (21.115), whereas 
Eq. (21.108) leads to the following sum rule: 


Pe 9 TOO, 
/ w {k+(@) — K_(@)}da = — ak. (21.122) 
0 
or, in terms of 0¢(@), 
ae TW.w- 
i wp (w)dw = ———.. (21.123) 
0 4c 


A sum rule related to Eq. (21.116) can be obtained by applying the ideas of 
Section 19.9 to Eq. (21.100) and using Eq. (21.98), thus yielding the following 
result: 


i br (w)do = 0. (21.124) 
0 


Additional sum rules can be derived by considering some of the methods discussed 
in Chapter 19. These will be left for the reader to explore in the Exercises. 
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21.7 Magnetoreflectivity 
The magnetoreflection can be defined via 
AR(@) = Ri. (@) — R_-(o), (21.125) 
where R4 (w) and R_(q) refer to the reflectivities for left and right circularly polarized 
light, respectively. There is an advantage to work instead with the quantity 


AR) Rx (w) — R_-(@) 


AO FG) = oye Ry 


(21.126) 


which represents the magnetoreflectivity with a weighting factor of the averaged 
normal incident reflectivity for right and left circularly polarized modes. 
Schnatterly (1969) proposed that the magnetoreflection could be written to first- 
order in the applied magnetic field for a conducting material as follows: 
oR 
Ri(w) — R_@) agen (21.127) 
dw 
where R(q) is the intensity reflectivity defined in Eq. (20.2). Recall that the cyclotron 
frequency, we, is given by 


We = —, (21.128) 


where m and e are the electronic mass and absolute value of the electronic 
charge, respectively, and Bo denotes the static magnetic induction. Integration of 
Eq. (21.127) yields the sum rule 


i {Ri (w) — R_(w)}dwm = —a.¢, (21.129) 
0 


where the result R(O) = 1 has been employed for conductors. A related result is the 
sum rule 


/ {0+(@) — V_(w)}dw = Ta, (21.130) 
0 


where 34(@) and _(w) are the phases for left and right circularly polarized light, 
respectively. This result can be arrived at using the analogous result to Eq. (21.127): 


00(@) 


9; (@) — 9_(@) =a——, 
dw 


(21.131) 
where 0 (q) is the phase for the normal reflectivity. The results 6(0) = 0 and 6(co) = 
z are also required (recall Eqs. (20.48) and 20.54)). Both the sum rules Eqs. (21.129) 
and (21.130) are approximate when arrived at from the corresponding expansions 
given in Eqs. (21.127) and (21.131). However, a rigorous derivation of Eq. (21.130) 
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can be obtained from the appropriate dispersion relation. This approach will be shown 
momentarily. 
The generalized reflectivity for circularly polarized modes is given by 


F4(o) =re(oel*@). (21.132) 


The function log7i(w) can be written in terms of its real and imaginary parts as 
follows: 


log7ri(w) = logri(w) + 104(@). (21.133) 


The complex reflectivity for the different circular modes can be defined in terms of 
the corresponding complex refractive indices, so that 


(21.134) 


@® 


N+(@) —1 
+(@) = Hp 
+(w) +1 


The function log{7+(w)/r_(q@)} is analytic in the upper half complex angular fre- 
quency plane. This follows from the connection between 7+(w) and N+(q@), and the 
analytic properties of the latter functions. The absence of zeros of the permittivity 
in the upper half plane ensures an absence of branch points for Ni (w). Consider the 
integral 


2 2 2 
— 


§ log{r+(wz)/7F_(@z) }daz 
C 


(22) 


where C denotes the contour shown in Figure 21.1. Evaluation of the integral in the 
limits 9 > 0,65 > 0, and 2— ow leads to 


5 [ logtt(@)/F_@)) yy it, [2 7_(—@) 


F_(w) 74 (—@) 


. (21.135) 


= w — a? 20 
On making use of Eqs. (21.48) and (21.49), it follows that 


Ny(—@)-1 _ N_@)*-1 
Ni(—o) +1. N_(w)* +1 


74(-o) = =7_(w)*, (21.136) 


Or 


Figure 21.1. Contour for the determination of dispersion relations for the magnetoreflectivity. 
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and similarly for the other mode, so that 


r+(—@) = rr(@)*. (21.137) 


In the same manner as for the complex refractive indices for circularly polarized 
states, the crossing symmetry relations for the complex reflectivities for circularly 
polarized states lead to mode switching. From Eq. (21.137) it follows that 


r+(—@) = rz() (21.138) 
and 
Vi(—@) = —Vz(). (21.139) 
Introducing the definition 
AV(@) = 0 (@) — B_(a), (21.140) 
it follows that 
Ad(—@) = Ato). (21.141) 


From Eq. (21.125) the magnetoreflectivity satisfies 
AR(—@) = —AR(), (21.142) 
and from Eq. (21.126) it follows that 
&(-w) = -K(o). (21.143) 


Taking the imaginary part of Eq. (21.135) and using the crossing symmetry relations 
just given leads to the dispersion relation: 


Ri) = 4w © Ad(a’) 
08 Foy] oe Pf oft (21.144) 


Because of the crossing symmetry relations, taking the real part of Eq. (21.135) does 
not lead to a dispersion relation. 
Introducing the substitutions 


R4(@) = Rg) + SAR) (21.145) 
and 


R_(@) = Rg(@) -— SAR), (21.146) 
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allows Eq. (21.144) to be recast as follows: 


Bo) #(o) 6 _ 40, f° AV’), , 


(21.147) 


For many situations of physical interest, |Z(w)| is fairly small, of the order of 10~4 
or smaller, and, to a very good approximation, the preceding result simplifies to 


4 ° Ata! 
B@y= “pf ; @ y da’. (21.148) 
IT 0 @—-@ 
The derivation leading to the dispersion relations for the reflectivity and phase 
given in Eqs. (20.43) and (20.44) can be adapted to the case of circularly polarized 
modes by considering the integral 


§ {log 7+(@z) — logr_(@z)} ( : Jae, 
C 


WO-Q@, W—-@, 


where C denotes the contour shown in Figure 20.1. Application of the Cauchy integral 
theorem, and taking the limits 6 > 0,0 — 0, and @— ov, leads to 


in {1 a) I io) = P [  (log?(o') —log?-(o) 
r+(@0) r_(@) —co 


1 1 
x da’. (21.149) 
oa-a w—a’ 


On taking the real and imaginary parts, it follows that 


Atd(@) — AV(wo0) = apf {logr4(@’) — logr_(a’)} ( ! , : -) a 
KH Joo o-w w-a 
(21.150) 
and 
r+(@) ro) 1 oe , 1 1 ; 
log Fao) log ran oP f ave’) (—— —) de 
(21.151) 


Employing the crossing symmetry relation given in Eq. (21.141) yields 


es 


+(@)r_(wo) _ 2 re j aN) a / 
log = =P [ Ad (o') (= aS oa (21.152) 


~N 
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and from Eq. (21.150) it follows that 


2 er r4(@’) 1 l ! 
Ad(@) — Ad(wo9) = ae ‘ w log r_(@) o-oo w—w?2 de. 
as 0. 


(21.153) 
Starting with the simpler integral 
§ wz{logr+(wz) — logr_(wz)} A 
2 2: Wz, 
Cc wo” — Wz; 
where C is the contour shown in Figure 21.1, yields the dispersion relation 
2 [o,@) / iT / 3 / / 
Ade) = Py o Welded eye (21.154) 
1 0 w2 — @ 


For the integral in the preceding result to be convergent requires knowledge of the 
asymptotic behavior for log[r+(w)/r—(w)], and this will be addressed momentarily. 
Taking the limit @ > 0 in Eq. (21.154) and noting that Ad (0) = 0, yields the sum 


rule 
[Oo t05| 2 Jao =o. (21.155) 
0 r_-(@) 


This can be recast into the approximate form 


i wo |B(w)dw = 0. (21.156) 
0 


A loose end from the derivation of Eq. (21.154) is the asymptotic behavior of 
log[r+_(@)/r_(@)] as w — oo. This is addressed using Eqs. (21.75) and (21.76) and 
taking the real part of log[7+(@)/r_(«)], so that 


i Eel Se. ae feaee —) A-@) + of 
im log = lim log 
o D0 (N4(@) + 1) W_-(@) — 1) 


d— ws /2w7)* + (wc, /w — 1) 
= jim log 2/22 2 Tes3 
@—>0o ad _ o,/2w ) _ (Ween, /w _ 1) 


: 1—a@-/@ 
= lim log ; ———— 
@—> 00 14+ 0,/@ 
20 
=— , awsor oo. (21.157) 
0) 


This section is concluded with the derivation of the sum rule given in Eq. (21.130). 
Using the crossing symmetry relations for 74(@) allows Eq. (21.135) to be written 
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as follows: 


af log {74 (@')/r_(@')} — log{7+(@')*/r_-(o')"} deo! 
(02) 
0 


w2 — w 


__ it 7+(@) 7. (@) 
Ope acs * (o) | (21.158) 
This result simplifies to 
r+(@)| _ 20, [* {9+(0') -0-@)} , , 
0 |= Pf poe da. (21.159) 


Taking the limit w— oo in Eq. (21.159) and employing Eq. (21.157) yields 
Eq. (21.130). 


21.8 Optical activity 


Consider a medium that is non-magnetic, isotropic, and optically active, for example 
a dilute solution of an optically active species in a non-optically active solvent. In 
what follows, it is assumed for most formulas that the local field experienced by 
the individual molecules is the same as the external field. This assumption can be 
dropped by inclusion of the Lorentz approximation, and this issue is addressed later in 
Eq. (21.223). The term natural optical activity describes the situation where the plane 
ofa linearly polarized beam of electromagnetic radiation is rotated as it passes through 
a solution of optically active molecules, or through a solid lacking certain symmetry 
elements. No external magnetic field is required. An optically active molecule cannot 
be superimposed on its mirror image. Such molecules lack planes of symmetry and a 
center of symmetry. In group-theoretic parlance, the molecules lack an S, symmetry 
axis. The S, symmetry element denotes a combined rotation—reflection operation, 
called an improper rotation axis, and corresponds to a rotation by 27 /n followed by 
reflection in a plane perpendicular to the rotation axis employed. For example, the 
methane molecule, CH4, in which the hydrogen atoms are arranged in a tetrahedral 
configuration around the central carbon atom, has an S4 axis as shown in Figure 21.2. 
Note that for the S4 operation, the reflection plane is not a plane of symmetry for the 
molecule. An S2 symmetry operation is identical to the inversion element (denoted 
by i) and an S; operation is equivalent to a plane of symmetry (denoted by the 
symbol o). 

The description of a dilute solution of optically active molecules in terms of 
electromagnetic fields is given by the following equations (Condon, 1937a): 


H 
D=cE-g— (21.160) 
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—- 


Vl 


Figure 21.2. An improper S4 symmetry operation denotes a rotation by 2/4 followed by a 
reflection in a plane perpendicular to the rotation axis. 


and 


JE 
B= “H+ g— 


21.161 
a ( ) 


A quantum mechanical treatment leads to an additional term of the form fH for 
Eq. (21.160) and fE for Eq. (21.161). These extra terms do not contribute to the optical 
activity (Condon, 1937a), and are therefore discarded in the following discussion. 
The quantity g is termed the optical rotatory parameter, and it is a pseudoscalar. 
A pseudoscalar reverses sign under the inversion operation. A medium described by 
these two equations exhibits circular birefringence; that is, the plane of polarization for 
linearly polarized light is rotated as the beam traverses the medium. These equations 
are now solved to obtain an expression for the rotation of the plane of polarization as 
the beam propagates. 
Equations (21.160) and (21.161) can be written as follows: 


oB 
b=. 03 (21.162) 
[Le Ot 
and 
aD 
Haj p= =: (21.163) 
pe ot 


where terms of O(g7) are dropped since g is small. Let the unit vectors i, j, and k 
form a right-handed axis system, with k along the z-axis, and suppose the beam is 
propagating in the z-direction. The spatial and temporal dependence of the fields are 
of the form e'(4/OKt—) | Equations (21.162) and (21.163) can be rewritten as 


E=<« 'D—iyB (21.164) 
and 
H =p 'B+iyD, (21.165) 
where 
poe, (21.166) 
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From the Maxwell equations, 


V-D=0andV-B=0, (21.167) 
it follows that 
k-B=0 (21.168) 
and 
k-D=0. (21.169) 


The Maxwell curl equations, 


0B dD 
V x E+ — =0OandV x H—- — =0, (21.170) 
ot ot 
lead to 
N 
—kxH=-D (21.171) 
Cc 
and 
N 
—kxE=B. (21.172) 
Cc 


Applying the operation kx to each of the preceding two equations, and making use 
of Eqs. (21.168) and (21.169), leads to the following expressions for H and E: 


N 
~H=kxD (21.173) 
Cc 


and 
Ne = —k x B. (21.174) 
c 
Employing Eqs. (21.164) and (21.165) yields 
Ny : 
—{e ‘k x D—iyk x B} = B (21.175) 
c 
and 


N 
—{u-'k x B+iyk x D} = —D. (21.176) 
Cc 


Both B and D are transverse to the direction of propagation (recall Eqs. (21.168) and 
(21.169)), so the following results can be given: 


B= Bit Boj (21.177) 
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and 


D = Dii+ Dj. 


Inserting these expressions into Eqs. (21.175) and (21.176) leads to 


Ny ; 
te D2 + iyB2} = Bi, 
ING och 
ae D, —iyBi} = Bo, 


NN _ ; 
tu 'By +iyD2} = Di, 
and 


NA pez . 
male 'By + iyD)} = —D). 
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(21.178) 


(21.179) 


(21.180) 


(21.181) 


(21.182) 


Making use of a result from elementary linear algebra, the solution of this set of 
homogeneous simultaneous equations requires the determinant of the coefficients to 


vanish, that is 


1 -a 0 5b 
-—a —-l b 0 
= 0 
0 d-la , 
d 0 a l 
where the following definitions have been employed: 
iN N N 
c cé ch 
Expanding the determinant yields 
Ne dt view yy 
Fey? ” 
which can be rewritten as follows: 
E 1 


Ne = . 
69 Wo (LF (en) vy)? 


Taking the positive root of this expression yields 


E 1 
N= 
WE a FJ/(Eu) y) 


(21.183) 


(21.184) 


(21.185) 


(21.186) 


(21.187) 
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For a non-magnetic material, 49 '~ltoa very good approximation, and since y 
is a small correction, it follows, on introducing N+ to denote the solution with a +g 
component and N_ to designate the result with a —g component, that 


€ wg 
Ni= ae T+ : 21.188 
a v(5) ( es) 


From the preceding expression it follows, assuming a non-magnetic medium, that 


N,(@) — N_(@) = 2wcg(o), (21.189) 
and an averaged complex refractive index can be written as 
1 € 
Nave(@) = 5 N+) + N_@)} =x) ay (21.190) 


which is the expected result. 
It is conventional to write the complex refractive indices for the medium as 


Nz(@) = ni(@) + 1ki(), (21.191) 


which is similar to the case for magneto-optical activity. The optical rotatory 
dispersion, (@), is then defined by 


¢(o) = 5 (1+) ~n_(o)}. (21.192) 


The ellipticity function, Y(w), is defined by the angle whose tangent is the ratio of 
the minor amplitude to the major amplitude of the emergent beam, and is given by 


tan Y(@) = tanh Face — KL (| ; (21.193) 


where / denotes the length of the medium traversed. Experimentally, the normal 
circumstance is that 


tel) — KL. (21.194) 
Introducing the ellipticity per unit length, defined as 
O(w) = V(@)/1, (21.195) 
allows Eq. (21.193) to be recast as 


6(w) = 5 feo) ~ «_(w)}. (21.196) 
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The circular dichroism of a system is determined by 6(w). The term Cotton effect 
is used to describe collectively circular dichroism bands and the associated optical 
rotatory dispersion occurring in the absorption regions. 

A complex optical rotation function can be defined by 


P(w) = (a) + 10(@). (21.197) 
This is directly related to the function g(w) by the result 
O(w) = wg (o). (21.198) 
From Eggs. (21.189) and (21.198), it follows that 
(0) = + {N+ (@) — N-(0)}. (21.199) 


The complex optical rotation function is analytic in the upper half of the complex 
angular frequency plane. This statement is supported using an argument presented by 
Thomaz and Nussenzveig (1982), which is very similar to the discussion presented in 
Section 19.3 for the permittivity. Suppose that the function wg(w) is square integrable 
over the interval (—0o, oo), that is 


a |og(w)|? < oo. (21.200) 


The magnetization at some point r in the medium can be written, on making use of 
Eq. (21.161), assuming the medium to be non-magnetic and employing a harmonic 


time dependence for the fields of the form e~'”’, as follows: 
1 
M(r, o) = —B(r, w) — H(r, ) 
Lo 
= —iwpy'g(@)E(r, o). (21.201) 


The magnetization and electric field can be written as follows: 


oo . 
Mr, t) = i M(r, we dw (21.202) 
—0o 
and 
ec) * 
E(r, t) = i; E(r, we da, (21.203) 
—0o 


and the inverse Fourier transform relationships are given by 


1 x 
M(t, 0) = =— / Mr, pei de (21.204) 
—oo 
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and 
tf 
E(r, w) = =| E(r, te dt. (21.205) 
20 Jo 
From Eq. (21.202) it follows that 


ing [® —iwt - N\aiot’ 44! 
M(r, t) = = De og (w)e dw Kcr, t ye dt 
—0o —cC 


7-1 poo 0° ae Me, 
ae i Birt)d [ og(wye 1)? da 


2% Joo —oo 


[o,@) 
= i Kcr, ')G(t — ¢’)dr’, (21.206) 
—0o 
where 
1 we ; 
G(t) = san | wg(we *® da. (21.207) 
27140 J—co 


The function G(r) plays the role of a response function. It connects the incident 
electric field of the electromagnetic beam with the induced magnetization resulting 
from the optical activity of the medium. The causality principle can be expressed as 


G(t) =0, fort <0; (21.208) 


that is, from Eq. (21.206) there is no induced magnetization at the position r until 
the field E is applied. Application of Titchmarsh’s theorem, and using Eqs. (21.200), 
(21.207), and (21.208), leads to the conclusion that wg(w), and hence w~!(), are 
analytic functions in the upper half of the complex angular frequency plane. Some 
refinements to this discussion will be presented momentarily. 

Note from Eq. (21.189) that the difference V(w) — N_(q) is an analytic function, 
however, to establish that VN, (@) + N_(q@) is an analytic function requires an exam- 
ination of /(e(w)eq ') The permittivity is an analytic function in the upper half of 
the complex angular frequency plane. It is also necessary to establish that there are 
no branch points for V(@) + N_(q@) in this same region. This could be approached 
along the lines presented in Section 21.4 for magneto-optical rotation. The reader is 
invited to consider this as an exercise. 

In order to derive dispersion relations for optical activity, information is required 
on the asymptotic behavior of ®(w) as w > oo. From Eqs. (21.160), (21.161), and 
(21.170) it follows that 


p= (0+ £5 e+ fvxe, (21.209) 
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and assuming the standard harmonic time dependence of the form e~”" leads to 
49 
D= (:-“£)e+ ey XE. (21.210) 
lL a 


The following shorthand notation for vector cross products is introduced: 
(a x b)x = eyxaibj, Q1211) 
where €,; denotes the Levi-Civita pseudotensor, defined by 


1, if ijk = 123,231,312 
eyk = 4—1, if wk = 321,213,132 (21.212) 
0, otherwise, 


and 1, 2, and 3 denote the x-, y-, and z-components, respectively. From Eq. (21.210), 
and on comparing with D; = ejE;, where ej are the elements of the general 
permittivity tensor including the effects of optical activity, leads to 


wg? ig 
6 (k,@) = 1e(0,@) — aa by + poe (21.213) 


The contribution that is of the form O(g?) is usually very small and can be dropped. 
Linear response theory (Noziéeres and Pines, 1999, p. 255) leads to the following 
result: 


=i Op wpm 
eiy(K,@)e9 | = 1 — 5 8 by — yl, o), (21.214) 


with the current—current response, x;;(k, ), given by 


xi(k,o) = > 


n 


(21.215) 


(Ol Axil) (1,5 10) (Ol Ag I) (r|Jic10) 
@ — @yn +16 @+ a, + 16 > 


where 6 plays the role of a positive infinitesimal, and the current operator is given by 
1 ose fen aber 
Bg ee) (hale) 


and p; denotes the momentum operator for electron 7. Comparing Eqs. (21.213) and 
(21.214), and ignoring terms of order g, yields 


QW, 
(wey ' =1— me as Ww —> 00, (21.217) 
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and 
og(@) = wo | ®(w) = 0(w”), as @ > od. (21.218) 
The preceding result leads to 
$(@) =0(w'), asw— ov, (21.219) 
and 
0(w) = 0o(w!), as@— oo. (21.220) 


An alternative approach to determine the asymptotic behavior of ¢(w) and 6(@) 
will be presented shortly. 

The connection between Eqs. (21.160) and (21.161) and the response of individual 
molecules to the electromagnetic field is made by means of the following results 
(Condon, 1937a): 


peeqin = emees (21.221) 
Cc ot 
and 
m= poe (21.222) 
coat 


where p and m denote, respectively, the induced electric dipole moment and the 
induced magnetic moment for an individual molecule. The quantity 6 (w) is a measure 
of the natural optical activity of the medium and w(w) is the polarizability. The prime 
denotes the effective local field at the molecule, and this is often related to E by the 
Lorentz connection (in SI units): 

1 


BE’ =E+—P. (21.223) 
3e9 


The total electric and magnetic moments are given by 
P=Np (21.224) 
and 
M=Nm, (21.225) 


where AN is the average number of molecules per unit volume. Equations (21.221)— 
(21.225) lead directly to Eqs. (21.160) and (21.161). This allows a connection to be 
made between the molecular parameters a and 6 and the quantities ¢ and g. For the 
polarizability, it follows from Eqs. (19.1), (19.3), (19.5), (19.6), and (21.223), with E 
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replaced by E’ in Eq. (19.6), that 


-1 
= 3&9 €€&) —1 
a 


=e el 21.226 
N £6, | +2 ( ) 


which is called the Clausius—Mossotti equation; when e&9 lis replaced by n’, it is 
referred to as the Lorentz—Lorenz equation. Starting from the expression 


D=eE+P, (21.227) 


substituting Eqs. (21.221) and (21.224), and comparing with Eq. (21.160), leads to 


No 
g(w@) = —, B@). (21.228) 
Alternatively, starting with 
B= “oH+ “woM, (21.229) 


and substituting Eqs. (21.225) and (21.222), ignoring local field effects, assuming 
the medium to be non-magnetic, and comparing with Eq. (21.161), also leads to 
Eq. (21.228). If the local field is not ignored in this sequence of steps, then Eq. 
(21.228) is replaced by 


= 
Poe = 2 ND Gass, (21.230) 
Cc 


g(w) = 
The optical rotatory dispersion can be expressed directly in terms of 8 by the formula 
(in SI units) 


p(w) = 


—| 2 
Poh FOE MO a a (21.231) 
c 


3 


The next issue to address is how the asymptotic results for the complex optical rota- 
tory dispersion given previously compare with the results obtained from a quantum 
mechanical treatment of optical activity. The connection with a quantum mechanical 
description of optical activity can be made via the Rosenfeld (1928) formula. In the 
Rosenfeld analysis, the parameter f is given by 


2c Rno 
B(w) = 3 2 GP a? (21.232) 


W109 — @ 


where fiw, denotes the transition energy from the ground state Eo to the eigenstate 
Ey, and Ryo, called the rotational strength, is defined by 


Rno = Im{(O|p|n) - (x|m]0)}. (21.233) 
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The sum in Eq. (21.232) is over all the excited states. The rotational strengths satisfy 
the Kuhn sum rule, which takes the form 


Y= Rno = 0. (21.234) 
n 


This result follows directly from the resolution of the identity (the closure theorem) 


S > |m)(m| = 1, (21.235) 


where the summation is over all states. Hence, 
Y* Im {(0|p|n) - (n|m|0)} = Im {(O|p - m|0) — (O|p|0) - (O|m|0)} 
n 
= 0. (21.236) 


The last line of Eq. (21.236) makes use of the fact that the diagonal matrix element of 
a Hermitian operator is real. The Rosenfeld result applies only to dilute solutions or 
gases at low density. The independent particle model is assumed. This implies that the 
optical rotation from a sample of V molecules is NV times the optical rotation resulting 
from one molecule. The average over Euler angles implicit in the formula implies 
that rotational motion must be fast, which implies that information on rotational states 
is lost. Of principal concern is the fact that the formula breaks down in the vicinity 
of an absorption band, that is when the resonance condition w ~ w,9 applies. The 
Rosenfeld formula therefore provides no account of circular dichroism. It is common 
practice to estimate the asymptotic behavior for B(@) in the limit @ — oo from the 
Rosenfeld equation in the following way: 


: 2c Rno 
jim BO) = 5 ia — aa 
n nO 
= fee Y > Rno + ae Si wRnd + ows] 
= : : 2 
3hw - ar 
2c 2 £% 
= Ft DL Ono + OW), (21.237) 
n 
and hence 
B(w) = O(a 4), asw> ov. (21.238) 


From this result and Eq. (21.228) it follows that 


g(@) = O(w*), as w— ov, (21.239) 
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and, from Eq. (21.231), 


$(@) = Ow’), asw—> oo. (21.240) 


While this estimate of the asymptotic behavior for the optical rotatory dispersion is 
consistent with Eq. (21.219), a word of caution is in order. One of the fundamental 
assumptions required in the derivation of the Rosenfeld formula, in the form given in 
Eq. (21.232), is that the wavelength of light must be much greater than the molecular 
dimensions of the optically active species. Taking the limit @ — oo in the Rosenfeld 
formula leads to an obvious contradiction with the previous assumption. 

One of the difficulties with the Rosenfeld formula, namely the behavior near 
resonance, can be dealt with by employing the Condon (1937a) modification, 
given by 


y} Rn 
po) ==> es (21.241) 
n nO 


where y» is a damping parameter associated with the line width of the transition from 
the ground state to the state n. Combining this result with Eqs. (21.198) and (21.231) 
yields (in SI units) 


2N uw ewe +2 Rno 
aes 


P(w) = ——. (21.242) 
3h 3 ~ Way — © + i@Yn 
From this result it follows, on taking the real and imaginary parts, that 
2N wow €(w)eg | +2 (@2) — w7)Rn0 
o(@) = = (21.243) 
ac 2 (oo — @?)P + oY 
and 
2N uw? e(w)eq | +2 YnRno 
O(w) = : (21.244) 
on X (erg — 0°)? + oy? 
The limit w > oo in Eq. (21.243) yields 
b(@) =O’), aor, (21.245) 


and from Eq. (21.244) the limit @ — oo leads to 


0(w) =O(w!), asw@— oo. (21.246) 
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This result is not in agreement with Eq. (21.220). If all the damping constants were 
the same, that is y, = I for all n, then 


Yo mRno =T YO Rao = 0. (21.247) 
n n 


In this case, the limit @ — oo in Eq. (21.244) yields 
6(w) = Ow), asw— ov. (21.248) 


However, the assumption that y, = I for all is unlikely to hold in general. Thomaz 
and Nussenzveig (1982) proposed an alternative form for ®(w), with the local field 
effect ignored, which does not impact the basic order behavior for the asymptote of 
D(a): 


_ WNuo 5 (w + i(Yn/2))Rno 
Ww 6 (v7/4) i w _ 1OYn 


, (21.249) 


n 


which, on separating into real and imaginary parts and writing On = O25 + y7/4, 


leads to 


_ 2N uo y [w* (Wig — © — Vn /2) — Of (Vr /4) Rn 


= 21.250 
(a) ae Gece? wane ( ) 
and 
2N Low wr YnRno 
0(w) = al 
(w) aE > (21.251) 


1 (why — ©)? + oy? 
The limit @— oo in Eq. (21.250) yields Eq. (21.245), and the limit w— oo in 
Eq. (21.251) yields (21.248), in contrast to the result obtained from Eq. (21.244), 
that is Eq. (21.246). A drawback of Eq. (21.250) is that the low-frequency limit does 
not lead to (0) = 0. 

From the preceding discussion it should be apparent that an entirely satisfactory 
quantum mechanical model has not been given, particularly in regards to obtaining a 
convincing explanation of the asymptotic behavior for the complex optical rotation 
as w—> oo. Additionally, some of the simpler models, for example the Rosenfeld 
formula, do not lead to an appropriate description of the analytic behavior of ®(@). In 
the following sections it is assumed that both Eqs. (21.245) and (21.248) apply. These 
assumptions lead to dispersion relations that appear to be consistent with experimental 
observations. A complete theoretical description of optical activity, one that treats both 
the molecule and the radiation field quantum mechanically, accounts for the analytic 
structure of the complex optical rotatory function, and provides a detailed description 
of the limits w > 0 and particularly a — oo, still appears to be an unresolved problem. 


21.8 Optical activity 343 


The topic of the analytic behavior for the complex optical rotatory function is now 
reconsidered, and the previous discussion is refined using an argument due to Healy 
(1976). The induced electric dipole moment for an optically active molecule depends 
on both the electric field and the curl of the electric field. Ignoring local field effects, 
the induced dipole moment can be written as follows: 


p(w) = a(w)E(@) + p e ve eee” x E(w). (21.252) 


This follows directly from Eqs. (21.221), (21.170), and (19.7). The important point 
of interest here is that, for the induced electric dipole moment to be zero for some 
time t < t, both E and V x E must be zero for t < t. In much the same manner as 
for the magnetization, in the time domain p(t) can be written as follows: 


pi) = i. a(t — ¢’)E(’)dt! + Ho f Bit —-—t') Vx E(e)d@’. (21.253) 


In order that p(t) = 0 before the electric field and its curl are turned on requires 


a(t) =0, fort <0, (21.254) 
and 
B(t)=0, fort <0. (21.255) 
That is, 
E;(t) and ems =0, fort<t,>p.() =0, fort <tr. (21.256) 
i 


The important idea here is that the spatial variation of the field must be taken into 
account. An induced electric dipole can potentially occur at the molecular center 
when the field is applied anywhere in the molecule, independent of the appearance 
of a non-zero electric field at the center point. Note that an optically active molecule 
cannot be treated as being “point-like.” Application of Eq. (21.256) and Titchmarsh’s 
theorem leads to the analytic behavior of ® in the upper half of the complex angular 
frequency plane. Since spatial effects are obviously important for discussing opti- 
cal activity, the causality condition should be refined to deal with this phenomenon. 
For an electromagnetic beam moving in the z-direction, the relativistic version of 
the causality principle requires that the wave front cannot reach the point z, a pos- 
itive position in the molecule measured from z = 0, before the time z/c, assuming 
that the beam passed the point z = 0 at time ¢ = 0. This statement reflects the 
fact that the electric field does not instantaneously appear at all points across the 
molecule. 
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The final point considered in this section is the form of the crossing symmetry 
relations for the complex optical rotation. Two approaches are taken to deal with the 
complex optical rotatory function at negative angular frequencies. The first is simply 
to adopt, for an optically active medium, the following definitions for w > 0: 


Ni(—@) = N_()* (21.257) 
and 
N_(—@) = N+()*, (21.258) 
from which it follows that 
O(—w) = O(a)*. (21.259) 


A direct consequence of this is that 

b(—w) = o(@) (21.260) 
and 

6(—@) = —O(@). (21.261) 


An alternative approach is to adopt the definition of the field of the electromagnetic 
beam as 


© . 
E(z,t) = / [Es (w)(& + iV els Z/¢ 
—oCo 
+ E_(@)(k — yeeros e iat de, (21.262) 


where X and y are unit vectors in the x- and y-directions, respectively. For the field 
E(z, t) to be real requires, for real w, that 


E,(—o) = E_(o)*, (21.263) 

E_(-o) = Ex (o)*, (21.264) 

Nx (—) = N_(@)*, (21.265) 
and 

N_(—o) = Ny(o)*. (21.266) 


Equation (21.259) follows from the preceding two results and Eq. (21.199). 
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21.9 Dispersion relations for optical activity 
Some of the dispersion relations that apply for optical activity will be derived in this 
section. Consider the integral 
§ (wz )da, 
C Ww, , 


where C denotes the contour shown in Figure 19.2. The analytic behavior for ®(w,) 
in the upper half of the complex angular frequency plane and the asymptotic behavior 
were discussed in the previous section. Making use of this information and employing 
the Cauchy integral theorem leads to 


pf. ®(a’)da’ 


wo! 


= —in (a). (21.267) 


_~ O- 


Taking the real and imaginary parts and using Eq. (21.197) yields the dispersion 
relations 


Ce a more (21.268) 
tT Jic O-O 
and 
Ome i * ee (21.269) 
HT Jico O-W 


Using the crossing symmetry relations for #(@) and @(w) given in Eqs. (21.260) and 
(21.261), the dispersion relations just given can be recast as 


6(w) = “2p rie Ser (21.270) 


0 w2 — @” 


and 


¢(@) = =P [ Go se (21.271) 
x Jo 


w2 — w 


The interpretation of these results should be apparent: the circular dichroism for the 

medium can be determined from the optical rotatory dispersion measured over a very 
wide spectral interval, and vice versa. 

To obtain a different dispersion relation for the optical rotation, consider the integral 

§ w;! ®(w,)dw, 

C > 


W@— @z 
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where C denotes the contour shown in Figure 19.2. Evaluation of the integral 
leads to 


© P(a’)da’ ne 

P ———— =~intw P(a). (21.272) 
oo wo! (w — a’) 

From Eq. (21.198) it is expected on physical grounds that wg(w) > 0 as w> 0. 

Alternatively, from Eq. (21.199) it is expected that {N(w) —N_(w)}— O0asw — 0. 

The latter condition is obvious for the case of insulators, where 


n4(0) =n(0), n_(0) = n(0), (21.273) 
and 
Ki(0)=0, x«_(0) =0. (21.274) 


For non-conductors there is no singularity for ®(w) at w = 0 in Eq. (21.272). For 
the case of a conductor, would the reader anticipate that the medium can or cannot 
differentiate between left and right circular polarization modes in the limit a > 0? Is 
it expected that {N;(w) — N_(w)} > 0 as w — 0, keeping in mind, for a conductor, 
the presence of a 1/,/@ singularity for both N;(w) and N_(@)? Taking the real and 
imaginary parts of Eq. (21.272) yields 


6) = —P / Okara (21.275) 


oo W!(w — w') 


and 


¢(w) = —P i eC (21.276) 


co WO (@ — a)’ 


which simplify, on application of the crossing symmetry relations, to yield 


2 lee) / / 
pia ep / ease (21.277) 
8 0 


ow! (w 7 w’) ; 


and Eq. (21.270) is also obtained. It is left as an exercise for the reader to decide what, 
if any, dispersion relations result if @~!®(w) is replaced by w~7 ®(w). 


21.10 Sum rules for optical activity 


Sum rules for the optical rotation and circular dichroism can be derived from the 
dispersion relations developed in the preceding section; they can be obtained by 
considering various contour integrals, or they may be obtained by direct application 
of some of the properties of the Hilbert transform. The approaches are similar to those 
first discussed in Sections 19.10 and 19.11. 
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The simplest sum rule to derive follows directly from Eq. (21.271), taking the 
limit @ — 0 and noting that (0) = 0; hence, 


f La (21.278) 
0 


(a) 


If the approach of Section 19.9 is applied, and the asymptotic behavior given in 
Eqs. (21.240) and (21.220) employed, then from Eq. (21.270) it follows that 


[o,@) 
/ o(w)dw = 0. (21.279) 
0 
For an insulator it follows, on taking the limit w — 0 in Eq. (21.270), that 
d 
/ Oe iy, (21.280) 
0 wo 


For the preceding result to hold requires that 
lim @'0() = O(w"), fora > 0, (21.281) 
o-7 


and this follows if the Condon extension of the Rosenfeld formula applies; see 
Eq. (21.244). 

Analternative approach to obtain sum rules is to consider the evaluation of appropri- 
ately selected contour integrals with no singularities on the real axis. Some examples 
will illustrate this approach. Consider the integral 


§ ow, © (w,)dw, 
(e, 


where C denotes a closed semicircular contour in the upper half of the complex 
angular frequency plane, center the origin and radius & The parameters m and p are 
taken to be integers, with p > 1, and m is allowed to be negative, selected so that 
the integrals are convergent. Because of the remarks made at the end of Section 21.8 
concerning the asymptotic behavior of ®(w) as w — oo, no attempt is made to pin 
down a precise condition relating m and p; however, a couple of simple examples are 
considered. The choice m = 0 and p = | leads to 


R a4 : Q 
i ®(w)dw + iz i; &(Ze!” el’ dv = 0. (21.282) 
R 0 


Using the result ®(@) = o(w~!) as w > oo, and taking the limit 2 — oo, leads to 
Eq. (21.279). Consider the case m = —1 and p = 1; then, 


ie OD = (21.283) 


— o 
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and hence Eq. (21.278) follows. The choice m = 0 and p = 2 leads to 


lee) 
i} ©*(w)dw = 0, (21.284) 
—0o 
from which it follows that 
[o@) lee) 
i $°(o)dw = / 67 (w) da, (21.285) 
0 0 


which the reader will recognize as the Parseval-type identity applied to the Hilbert 
transform relations given in Eqs. (21.268) and (21.269). 
The following can all be derived by appropriate choices of m and p: 


/ w(@)O(w)da = 0, (21.286) 
0 
[ COT se = 0, (21.287) 
0 (60) 
and 
oo 42 oO 92 
/ ese oe = i OS (21.288) 
0 (63) 0 (3) 


The calculation of these sum rules is left as an exercise for the reader. 


Notes 


§21.2 Born and Wolf (1999) and Jackson (1999) are excellent sources for further 
reading on polarization modes. 

§21.3. For additional reading, see Boswarva, Howard, and Lidiard (1962) and Smith 
(1980). Note that some sources work the classical model for a charge q, in place of 
the charge of the electron, —e. For an electron the cyclotron frequency is defined by 
@c = eB,/m (the sense of motion is opposite for positively and negatively charged 
particles). However, some differences of sign will appear because of the negative 
charge. The reader also needs to be alert when making comparisons between different 
references as to which frequency dependence is employed for the field, e! or e~i#". 
§21.4 Smith (1976a) addresses the key issues associated with deriving dispersion 
relations for circularly polarized modes, and this source should be consulted for 
further reading. 

§21.5 Supplementary discussion on the topics of this section can be found in Henry, 
Schnatterly, and Slichter (1965), Schnatterly (1969), Smith (1976b, 1976c), and King 
(1978b). For some applications, see Boswarva et al. (1962) and Brown and Laramore 
(1967). For a chemistry perspective, see Buckingham and Stephens (1966). 

§21.6 All of the sum rules in this section are discussed by Smith (1976c). For 
additional reading, see Furuya, Zimerman, and Villani (1976) and Mukhtarov (1979). 
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§21.7 Further discussion on magnetoreflectivity and dispersion relations can be 
found in Smith (1976b) and King (1978b). For a discussion of the rotation of the plane 
of polarization of reflected light from a metallic surface in the presence of a magnetic 
field, the polar reflection Faraday effect, see Stern, McGroddy, and Harte (1964). 
§21.8 For additional background reading on optical activity, see Condon (1937a), 
Moscowitz (1962), Oosterhoff (1965), and Caldwell and Eyring (1971). Emeis, 
Oosterhoff, and De Vries (1967) (see also Healy (1974)) adopt Eqs. (21.257) and 
(21.258) as the starting definitions for the extension of the complex refractive indices 
for an optically active medium at negative frequencies, which then allows the 
determination of the domain of analyticity for the complex optical rotatory dispersion. 
§21.9 For works discussing dispersion relations, see Moffitt and Moscowitz (1959), 
Moscowitz (1962, 1965), Emeis et al. (1967), Hutchinson (1968), Healy and Power 
(1974), Healy (1974, 1976), Smith (1976c), and Thomaz and Nussenzveig (1982). 
The latter two references address the issue of the validity of Eq. (21.272) for conduc- 
tors. Parris and Van Der Walt (1975) discuss numerical aspects for the evaluation of 
the Kramers—Kronig relation for circular dichroism. 

§21.10 Further reading on sum rules for natural optical activity can be found in 
Emeis et al. (1967), Smith (1976c), King (1980), Bokut, Penyaz, and Serdyukov 
(1981), Brockman and Moscowitz (1981), and Thomaz and Nussenzveig (1982). 


Exercises 


21.1 Prove that a system with C, symmetry about the z-axis for n > 3 has a 
permittivity of the form 


21.2 By considering the integral 


> 


§ oy oe, (w,)da, 
< 


O— QO, 


where C is a suitably selected contour, determine the resulting dispersion 
relations assuming the parameters m and p are integers with p > 1. 

21.3 Starting from the integral f,. ol” PP (wz)daz, where C denotes a closed semi- 
circular contour in the upper half of the complex angular frequency plane, 
center the origin and radius & and the parameters m and p are taken to be 
integers with p > 1, determine the resulting sum rules that can be obtained for 
the magneto-optical rotation and the magnetic circular dichroism. 

21.4 What sum rules and integral inequalities can be derived by applying the com- 
mon properties of the Hilbert transform to the pair Eqs. (21.99) and (21.100) 
and to Eqs. (21.110) and (21.111)? 
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What dispersion relations are obtained by considering the integral 


§ of {r4(@z) — r_(az)? doz 
Cc 


@— 


’ 


where C is a suitably selected contour and the parameters m and p are integers 
with p > 1? 

What sum rules can be derived from the dispersion relations obtained in 
Exercise 21.5? 

Given that the optical activity parameter g is a pseudoscalar, explain what 
happens to the optical activity for a system composed of a dilute solution of 
molecules with inversion symmetry. 

Determine the dispersion relations for the function © (w). 

Derive the dispersion relations resulting from the choice w~* ©? (a). 

What sum rules can be derived from the dispersion relations obtained in 
Exercises 21.8 and 21.9? 

Can any dispersion relations be derived starting with the function w~* ®(w)? 
If the answer to Exercise 21.11 is in the affirmative, what sum rules can be 
obtained? 

Derive the sum rules given in Eqs. (21.286)-(21.288). Determine whether 
these sum rules apply for both conductors and insulators or only to insulators. 
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Dispersion relations for nonlinear 
optical properties 


22.1 Introduction 


The focus of this chapter is the derivation of dispersion relations for nonlinear optical 
properties. For reasons that will be soon apparent, this area has lagged significantly 
behind the developments for linear optical properties. The study of nonlinear optical 
properties essentially commences at the start of the 1960s, and the explosive growth 
in this area parallels the discovery, development, and exploitation of the laser. For 
linear optical properties, the polarization of the medium is given by 


P= eX) -E, (22.1) 


where X‘") designates the linear electric susceptibility tensor. The X‘”) tensor is 
second-rank and it is often denoted simply by X when only linear phenomena are 
under discussion. To deal with nonlinear behavior, the standard approach is to expand 
the polarization in terms of powers of the applied electric field, so that 


P=co{X) .E4+X% °EE+X° [EEE+---}, (22.2) 


where X 7) and X°) are called the second-order and third-order nonlinear electric sus- 
ceptibilities, respectively. The quantity X) is a third-rank tensor and X®) is a fourth- 
rank tensor. The mode of writing the field terms as ‘ EE and : EEE is to alert the 
reader that the appropriate tensor product must be taken. The justification for the 
series expansion of the polarization is that the successive higher-order susceptibilities 
diminish in value fairly swiftly. 

An alternative way to view nonlinear behavior is to define the polarization in terms 
of a general electric susceptibility via 


P= 0X -E, (22.3) 
where x is now an electric-field-dependent tensor given by 


X=XVLXOD EF XOIEEY+.... (22.4) 
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In what follows it is more convenient to work with Eqs. (22.3) and (22.4), so that 
X will denote the general nonlinear electric susceptibility. The term X has units 
of (m V~!)"~!, There is a different convention employed where the factor ¢9 only 
precedes the linear susceptibility, in which case the units of X”) become m’~* V~” C 
for n > 2. A detailed discussion of different unit systems employed in nonlinear optics 
can be found in Boyd (1992). The tensor component indices for the electric suscep- 
tibility are often dropped when they are not central to the topic under discussion. 
Some different conventions are used for displaying the frequency dependencies of 
x, and these are illustrated for the case of X°). The general second-order electric 
susceptibility is often written as x°(w1, 2); however, it is also common to write 
it as the function X° (w3, w1, @2), where the first given angular frequency is a com- 
bination of the other two frequencies. To signal that there are only two independent 
arguments, the notation X°)(w3;1,@2) is commonly employed. Another conven- 
tion is to write X®(w3 = w, + @2). In the discussion that follows, X@ (a1, @2) is 
used unless the context makes X 2) (a3; w1, 2) more informative. The former can be 
regarded as the general second-order susceptibility; the latter notation can be used 
to specify a particular type of second-order process, such as sum-frequency gen- 
eration, difference-frequency generation, and so on. For harmonic generation, the 
notation will on occasion be simplified further, for example X )(2w) for second- 
harmonic generation. Some different nonlinear processes are briefly outlined in the 
following section. There are several conventions employed in the literature of non- 
linear optics, and this sometimes makes comparisons between different formulas a 
more formidable exercise than it should be. The first thing to consider when mak- 
ing comparisons is the choice of units. Differences in unit systems often show up 
as the appearance of a 47 factor or the occurrence of the factor ¢9, the vacuum 
permittivity. Incident monochromatic fields are written commonly in the following 
forms: 


E(t) = E,e + Exe? (22.5) 
or 
1 ; ; 

EQ) = 5 [Ewe + Exe), (22.6) 
and E, is sometimes written as E(w). The difference in these two choices will show 
up as various powers of 2 in a number of final formulas. 

The total polarization can be expressed as follows: 


P= p +4 Pp?) a p® ees (22.7) 


where each term on the right-hand side has an obvious connection with the terms in 
the expansion in Eq. (22.4). The general time-dependent electric polarization can be 
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expressed in the following form: 


(oe) 
Px(t) = of D / Gip (H)EV(t — t)dty 
l 0 
Co (oe) 2 
+O [an fo oRcrm rene = nent = nde + 
r me 0 


[o,e) [o,e) 
HD Pare fo Ge rte est 
h In 0 0 


x Ey, (t—t1)...£),(t- int. (22.8) 


The subscripts designate the Cartesian coordinates x, y, andz. To simplify the notation, 
the summation convention is employed, which means sum over any repeated index. 
The function G plays the role of a response function. It is real and satisfies a causality 
condition in the following way: 


CP eG by dei iH 0. Uhh <0) Torn = 1.4 oH. (22.9) 


For more complicated situations, where the function G has to be treated as a complex 
quantity, the approach outlined in Section 17.7.1 would be required. The first few 
terms in the expansion in Eq. (22.7) are now examined. Restricting to the linear 
response contribution, from Eq. (22.8) it follows that 


[o,@) 
PL (t) = £0 i. GO (E(t — dtr. (22.10) 
Recall from Chapter 19 that the electric field can be written as 
ee) . 
E\(t) ai Ej(@)e'°'' day. (22.11) 
=0O 


The reader is reminded about a common convention employed in the literature, where 
the time-dependent electric field and the frequency-dependent electric field have 
the same symbol; the variable dependence is meant to signify which quantity is 
under discussion. The same convention is also employed for the electric polarization. 
Equation (22.10) can be rewritten as follows: 


0° 00 
PY) = eo [ Gada f Ey(@)e 1) da 
0 


—oo 


= co f Ex(orye "de | GY (teen dt, 
= 0 


ee) 


oo ws 
= £9 i XP @VE(@)e"! dan, (22.12) 
—0o 
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where the first-order electric susceptibility has been introduced as 


ee) . 
x (@) = [ Gi) (Hel de. (22.13) 


Taking the inverse Fourier transform of Eq. (22.12) yields 


1 
= Te PP (Hei dt = c05— —f el”! dt de Xp (OE (@e'"! door; 
(22.14) 
that is, 
pop cal (1) °° ior) 
k (w) le oe (@)E)(@1)da, e dt, (22.15) 
- —0o 
and hence 
(1) at) 
PM) =e fx WE (o)8w— odor, (22.16) 
—cC 


which is the required result. For the linear case, the integral can be evaluated to give 
PY) = c0x(? Eo). (22.17) 


From Eq. (22.8), an expression for pe (t) is given by 


[o-e) [o-e) 
PO (t) = 0 i dty ) GO (tH, D)EMt — tH) Em(t — t)dtr 
0 0 


0° . 
= «| an Ghim (C1 nde f E(w Je!) don} 
[o,@) 
x i Em(an)e 2) don 
—oo 


oo < os) + 
=e | Ex(orye "dey | Em(a@2)e ©" dan 


—0O —00 
eo) @: ; : 
x i dt, if GO (H, ty ell Hlo2t2 dtp 
0 0 


oo ‘ oo . 
= co | Ey(orye" de | Em (ane! x2 (w1, @2)dor, 
—0o —C 


(22.18) 
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where the definition of the second-order electric susceptibility is introduced as 
follows: 


(o,@) [o,@) : r 
x{p (o1, 02) = / dty i GE (tr, to) eet F222 diy, (22.19) 
0 0 


Taking the inverse Fourier transform of Eq. (22.18) leads to 


1 aa (2) iwt 1 . iwt o —iw\t 
— He dt = ep — e™ dt E}(@1)e da 
20 Jo 20 Jo nae 
- iit @) 
x i} En (one x2 (w1,cn)den; (22.20) 
—0o 
that is, 
Ory oe ht Sh me Q) 
Pe (@) = €0-— E/(@)da, Ein (2) Xjgjn (1, ©2)d@2 
2m Joo —0o 
co ry 
x / elo-a1—ar)t gy (22.21) 
—0o 
and hence 
Q) ‘a os Q) 
P; (@) =e f Ey(or)de f Em(@2) X pjm(O1, ©2)6(@ — @1 — @2)dar, 
—0o —ooO 
(22.22) 


which is the required result. The preceding arguments can be repeated to obtain the 
nth-order electric polarization RY (w) as follows: 


[o-e) [o-e) [o-e) 
Pw) = €9 / Bonde, / CN eee / Bie) 
—oo —0oO Co 


XE (1s 2s «<4 On)O(W = (W1 + 02 +++ + Oy))don, (22.23) 


where the nth-order electric susceptibility is defined by 


or) oe) 
(n) = (n) i(@1 t) +a@210+---+O@ntn) 
Xj (Cse02.---s00n)=f dty | Gy only E19 f25 +++ 9 tne dt. 


(22.24) 


Different variations on the formula given in Eq. (22.23) can be found in the literature, 
some of which reflect the particular definition of the Fourier transform employed. 
These are recognized by the appearance of factors involving 27. 

Since the electric field and the polarization are real quantities, it follows from 
Eq. (22.8) that the various response functions are real. This in turn means that, from 
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Eq. (22.24), the susceptibilities satisfy 
XE, (Os O25 On)* = yp) (1, —@2,.--, On). (22.25) 


This is the crossing symmetry relation for the generalized electric susceptibility. There 
are various permutation symmetries of the tensor indices, some of which depend on 
whether the medium is non-dissipative or dispersion free. For example, for a general 
medium, 


X{;) (@1,2) = x, (@2, 01). (22.26) 


This is referred to as an intrinsic permutation symmetry condition. Simultaneously 
interchanging / <> m and w < @ in Eq. (22.22) leaves the electric polarization 
contribution Pe (@) unchanged. 

Spatial symmetry plays an important role in determining the number of inde- 
pendent tensor components that exist for a particular susceptibility tensor. For 
example, for an isotropic medium, x“!) has only one unique tensor component, so 
rae (w) = pet (w)6,, and the third-order susceptibility can be expressed as follows: 


3 3 3 
ie (@1, @2,@3) = Xt 139(w1, @2, 03)5;j5k1 + X13 19 (@1, 2, 3) diK5jI 


+ X43}1 (@1, ©2, 03)515jk, (22.27) 


where the subscripts 1 and 2 denote the Cartesian components {x,y,z}. Results like 
this can be worked out by straightforward symmetry arguments. Equation (22.27) 
expresses the fact that of the eighty-one possible tensor components of x°), only 
three components are needed to specify the tensor for an isotropic system. The num- 
ber of tensor components for each of the distinct crystal classes for the lower-order 
susceptibilities can be found in a number of sources, for example Butcher and Cotter 
(1990, pp. 298-302) or Boyd (1992, pp. 44-51). 
The polarization terms in Eq. (22.7) are usually expressed in the following form: 


PY (@) = 9X (w) - E(o), (22.28) 
P (w) = eoX (w; @1, 02)? E(@1)E(@2), (22.29) 
with w = w) + w2 in Eq. (22.29), and, in general, 


(n) 
P™ (w) = e9X (w; 01, 02,-.-,@n) | E(@1)E(@2)---E(@n), (22.30) 


(n) 


where w = )°/_, @,, and the appropriate tensor product is symbolized by ne 
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22.2 Some types of nonlinear optical response 


There are a number of optical processes that are classified as nonlinear. Some exam- 
ples include second-harmonic generation (SHG), third-harmonic generation (THG), 
and sum-frequency and difference-frequency generation. A brief description of these 
four processes is now considered. 

In second-harmonic generation, also referred to as frequency doubling, the incident 
light beam impinging on the material has an angular frequency of w, and there is an 
emergent component with an angular frequency of 2w. This is illustrated in the energy 
level diagram, Figure 22.1. 

In the energy level diagram, the ground state is represented by a solid line, the 
dashed lines represent virtual levels of the system, and a wiggly line represents an 
incoming or outgoing photon of specified angular frequency. Virtual levels do not 
represent bound excited states of the system. The interaction of the light beam with the 
media is represented by a virtual process: a photon of angular frequency w undergoes 
a virtual absorption; a virtual absorption of a second photon with an angular frequency 
of w occurs, with the simultaneous release of a photon of angular frequency 2w. The 
virtual levels represent a formal device for presenting energy changes on an energy 
level diagram. In this chapter it is assumed that the media under discussion are passive. 
The second-order nonlinear electric susceptibility X° is the factor responsible for 
second-harmonic generation. SHG offers the possibility to switch the spectral region 
for an incident beam. For example, the visible 694.2 nm beam from a ruby laser can be 
converted by a quartz crystal to a beam in the ultraviolet at 347.1 nm. This particular 
case was the first observation of SHG (Franken e¢ al., 1961). 

In third-harmonic generation the incident light beam impinging on the material 
has an angular frequency of w, and there is an emergent component with an angular 
frequency of 3w. This is indicated in the energy level diagram of Figure 22.2. 

The third-order nonlinear electric susceptibility x is the factor giving rise to 
third-harmonic generation. THG was first observed in a study of crystalline calcite 
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Figure 22.2. Energy level scheme for third-harmonic generation. 
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Figure 22.4. Energy level scheme for difference-frequency generation. 


(Terhune, Maker, and Savage 1962). Typically the higher harmonics are harder to 
observe experimentally, though for the case of four of the rare gases, very high-order 
harmonic generation has been observed, and in particular, for neon, 135th-harmonic 
generation has been detected (L’ Huillier and Balcou, 1993). For systems with an inver- 
sion center, that is the system is unchanged by the operation {x,y,z} — {—x, —y, —z} 
for the Cartesian coordinates, the second-order nonlinear electric susceptibility van- 
ishes identically. Isotropic materials, including gases, normal liquids, and certain 
crystal classes do not exhibit second-order nonlinear effects. For these materials, the 
first nonlinear effects that can be observed experimentally depend on the third-order 
nonlinear electric susceptibility x ©. It is assumed that the electric susceptibilities 
are described in the electric dipole approximation; electric quadrupole and higher- 
order effects are ignored. At the interface between different media, each having 
an inversion center, or simply at the surface of a single medium, inversion sym- 
metry is broken. In such cases, second-order nonlinear effects such as SHG are 
allowed. 

Sum-frequency and difference-frequency generation are depicted in Figures 22.3 
and 22.4, respectively. In difference-frequency generation, the incident light beams 
impinge on the media with angular frequencies @ and w2. The two-photon emission 
observed has one photon at angular frequency w2, stimulated by the incident beam 
of angular frequency w2, and the second photon has the angular frequency difference 
@| — @2. In sum-frequency generation, an exit photon has the angular frequency 
@ + w2, the sum of the two incident angular frequencies w; and w. This was first 
detected by firing two ruby laser beams of different frequencies simultaneously at 
a crystal of triglycine sulfate (Bass et al., 1962a). The different frequencies were 
obtained by running one laser at room temperature, the other at liquid nitrogen tem- 
perature (77 K), which leads to a wavelength difference of the two ruby laser beams 
of approximately 1.0 nm. Three closely spaced lines were detected in the ultravio- 
let region of the electromagnetic spectrum, corresponding to angular frequencies of 
2@1,2w2, and w, + w. 
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22.3 Classical description: the anharmonic oscillator 


The classical Lorentz model discussed in Section 19.2 can be extended to cover the 
case where the electron experiences, in addition to a harmonic restoring force and a 
damping term, an anharmonic perturbation of the form max’, so that 


mx + myx + mx + max? = —cE. (22.31) 
The electric field is assumed to take the form 
E = Eye?! + Eye? +. c.c., (22.32) 


where c.c. denotes the complex conjugate of the terms that immediately precede 
this symbol. Vector notation is dropped at this point. To deal with the solution of 
Eq. (22.31), suppose that the anharmonic correction wx* is small, and develop the 
solution in the following form: 


Bay ua (22.33) 
j=l 


The parameter A is employed to keep track of the order of the perturbation, and the 
field is written as AE. When the parameter A takes the value zero, the electric field is 
switched off, and when A = | the field is at full strength. Inserting Eq. (22.33) into 
Eq. (22.31), equating like powers of A, and dropping vector notation, leads to the 
following equations: 


eee: myx) By map) = —eE, (22.34) 
HO 4 yE@ 4 @2x@ 4 orf xD}? — 0, (22.35) 
$9 4 58 + w2x 4 20x72 = 0, (22.36) 


and so on. The solution of Eq. (22.34), which represents the linear problem, can be 
written as follows: 


x) (1, 02,0) = x1(@1, DEI + x1(@2, Er +.c.c. , (22.37) 


leading to the familiar result 


e %* 
Hi == ae e iat (22.38) 


where D(a) is given by 


D(a) = @ — w — iyo. (22.39) 
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To obtain the solution for x it is necessary to insert Eq. (22.37) into Eq. (22.35). 
This approach continues, so that x°) is determined after the solutions for x“ and 
x) are inserted into Eq. (22.36), and so on. The second-order correction x) con- 
tains terms with an angular frequency dependence of 21,22, w, + @2,@| — @2, 
and a time-independent or dc component. To see why the preceding frequencies 
are expected, consider the square of the electric field, which takes the following 
form: 


E? = Eve eit f EX ePiort +2/E; | ae Exe 7ie2t ns Ex e2iont 42 |Eo|? 


+ 2E\ Eye er tont 4 QE* Bxehoi tort 4 2E| Exe i@1—o2)t 
+ 2E* Epler)! (22.40) 


In what follows, tensor notation is suppressed. The polarization according to Eqs. 
(22.3) and (22.4) is given by 


P = 60[x [Bre + Boe") + x [Bho 0" + 241? + |EaI?} 
+ Exe 72! 4 2B) Eye Mo teo)t 4 2B Exe @1—oo)] 4 |. (22.41) 


The electric polarization to first-order, denoted by P“), is given by 


PY = —Nex (1, 02,1) 


2 —ia\t —iw2t 
E 1 E 2 
ages aie ae (22.42) 
m D(a) D(a2) 
Let 3 = w| + 2,04 = @| — 2, and set 
2 —2iw,t 
ae e 
Dini = , 22.43 
x2(2@1, t) Diop? Doan (22.43) 
2ae2 ew inst 
t= 22.44 
X25 (1, ©2, 03, ) m2D(@1)D(w2) D(a3)’ ( ) 
2ae? eat 
X24(@1,@2, 4,1) = ; (22.45) 
m?D(w)D(—@2) D(w4) 
and 
2ae? 
X2or(@1) = (22.46) 
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then, the solution of Eq. (22.35) is given by 
x (ey, @2, 0) = x2 (201, DET + x2 (202, ES +. x25(1, 02, 03, EL ED 


+ x2q(@1, @2, 04, 2/ELEX + x20r(@1)|E1 |? + x201(@2)|E2? « 


(22.47) 


The subscripts s, d, and or refer to sum, difference, and optical rectification. Optical 
rectification is the generation of a dc field in the medium, the size of which is governed 
by x(0;w,—q@), assuming there is no inversion center present. This effect was 
first observed by Bass et al. (1962b) using a high-power ruby laser. The second- 
order polarization contribution, P@, has contributions arising from the nonlinear 
susceptibility terms 


p® _ Nae e ioit Fe ii oe Picat Ee % 2e13'F E> 
m | D(a1)?D(2e1) = D(@2)?D(2e2) ~~ D(w1)D(@2)D(@3) 
Qe iwat Ey E* QE |? 2|E2/? 
4 2 
D(@\)D(—@2)D(@4) — D(@1)D(—@)D(0)_ —— D(@2)D(—a@2)D(0) 
(22.48) 


From this expression it follows that, for input angular frequencies of w; and a, there is 
a possibility for observing new frequency components at 2m, 2w2, w; --w2, and 0. The 
electric susceptibility X °) has components that depend on these different frequencies, 
and explicit expressions can be readily written down for each susceptibility term 
by reference to Eqs. (22.41) and (22.48). For example, for SHG (ignoring tensor 
components) X 7) (2) is given by 


Nae? 


Cans 
A OO) = TED Gy DOD). 


(22.49) 


The value of X °)(2w) depends directly on the size of the anharmonicity parameter a. 
For higher-order polarization contributions, the number of frequency combinations 
that can occur increases significantly, and the resulting expressions for P are 
cumbersome. 

Since a focus of this chapter is the derivation of dispersion relations for the nonlin- 
ear electric susceptibilities, the classical model expressions such as Eq. (22.49) are 
useful for determining the analytic structure when w is allowed to become a complex 
variable. In addition, the asymptotic behavior as w — oo can also be extracted in a 
rather straightforward manner from expressions like Eq. (22.49). Attention is now 
directed to a more rigorous description of the electric susceptibility via a quantum 
theoretic approach. 
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22.4 Density matrix treatment 


As a prelude to a discussion of dispersion relations for the nonlinear susceptibility, 
a density matrix formulation of the electromagnetic interaction with the medium is 
examined. This allows the determination of the asymptotic behavior of the nonlinear 
susceptibility as w — oo, which is an essential element in the derivation of dispersion 
relations. The treatment is semiclassical, which means the electromagnetic field is 
not treated in a quantum field theoretic manner, but the medium is treated quantum 
mechanically. Only electronic contributions are considered. 

In the following development, the wave function has a spatial and temporal depen- 
dence. The variables representing these quantities are suppressed to keep the notation 
compact. The wave function employed is normalized, so that 


(wily) =1, (22.50) 


and it is assumed that it describes a pure state. The density operator o, which is 
frequently symbolized by ( to indicate its operator nature, is defined by 


p=lvhvl, (22.51) 


and a one-line calculation shows that it is itempotent. In the following, the temporal 
dependence of p will frequently be suppressed to simplify the notation. When the 
system is not described by a single pure state w, ¢ is given by the following expression: 


p= > Paldn) (Val. (22.52) 


and p, is a probability factor given by the Boltzmann distribution: 


eo En/kT) 
Se Enh)” 
m 


where k is the Boltzmann constant, 7 is the temperature on the Kelvin scale, and the 
E,, are energies corresponding to Wy. 
The Hamiltonian for the system can be written as follows: 


Dn (22.53) 


Ke = ai) Se AG E Handom> (22.54) 


where #% is the Hamiltonian in the absence of the electromagnetic field, Hint is 
the perturbation caused by the presence of the field, the term Mandom treats the 
perturbation of the system by the thermal surroundings and accounts for the relaxation 
of excited state populations back to an equilibrium population, and A is an order 
parameter. The lowest-order electric dipole approximation is adopted, so that 


Hg, = —n-E, (22.55) 
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where y is the electric dipole operator, which takes the form 


N 
w=) > -er,, (22.56) 
u=1 


where N is the number of electrons, r,, is the position vector for electron u, and the 
reader is reminded that the charge of the electron is written as —e. The eigenfunctions 
of the unperturbed Hamiltonian 7% are taken to be the solutions of the Schrédinger 
equation, 


KHOGn = EnGn, (22.57) 


where E,, is the energy corresponding to g,, and the gy, are time-independent. The 
wave function y is expanded in the following manner: 


(oe) 
v=) cee. (22.58) 
k=1 
The functions g; are orthonormal and form a complete set, so that 


(vel gi) = dx (22.59) 


and 


Y- lee) (Gel = 1. (22.60) 
k=1 


Matrix elements of the density operator are defined by 


Pmn = (Ym\1Gn)> (22.61) 
which is frequently expressed in the more compact form 
Pmn = (m|p|n). (22.62) 
The trace for a particular operator @ is defined by 


Tr O = 7 (vel lyn): (22.63) 
k=1 


The expectation value of the operator @ is given by 


(6) = (WIAlW) = D> en (Gm! lpn). (22.64) 


m=1 n=1 
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The expectation value of the operator @ can be written in terms of Tr(o@) since 
Tr(p@) = > (vel lyr) 
ol 


=> (vulw)(WlAlex) 


aa | 


= > ce(wlO ler) 


k=] 


= (Waly). (22.65) 


From the time-dependent Schrédinger equation, 


ine? =H |p), (22.66) 
the Hermitian conjugate is given by 

-in = (W|H. (22.67) 
Then it follows that 

8p _ (., lv) _ ap | 
=H \)vl| -— Wl, (22.68) 

and hence 

ine = [(#, pl, (22.69) 


which is referred to as the quantum Liouville equation or the Liouville-von Neumann 
equation. 
The solution of Eq. (22.69) is obtained in the following manner. The identification 


0p 1 
ee ease 22. 
( ar Me ih [ Afandom: P| (22.70) 


is made, and a phenomenological damping term I’, is introduced via 


C) 
(“a = —VamPam; (22.71) 
at relax 


with Dym = Timn. The term with a relax subscript denotes those relaxation processes, 
such as collisions in the gas phase, that allow the system to return to equilibrium. 


22.4 Density matrix treatment 365 
The quantity p(t) is expanded as the following series: 
pt) = POW FAPVO + MPO +---, (22.72) 


where A is treated as an order parameter. Inserting this expression into Eq. (22.69) 
and evaluating the nmth matrix element leads to 


(0) 


OPnm 
at = 51%. 2 lnm — Vamp ®, (22.73) 
dpm _ 1 () l (0) () 
aL = Gp Le. 0 Jam + Gy Lint» P Jam — Tam Pps (22.74) 
(2) 
OPnm 1 
van = [6 Tam + LPG» 0 Tum — Pam Pans (22.75) 


and so on for higher-order contributions. The solutions of these equations are now 
examined. From Eq. (22.73) it follows that 


(0) 


a ; 
om = {=i@nm PoalOon: (22.76) 
and hence 
po (t) = e7 Gen + Pim)! 94 Q297) 


where pam denotes the equilibrium value. The quantity pa/, satisfies 
po, =0, forn Am. (22.78) 


The off-diagonal elements are zero since there is an absence of coherence between 
different states of the ensemble. 
For the solution of Eq. (22.74) it follows that 


(1) 


“ton = (-i@am — Dame = 1 lis Pam: (22.79) 
Let 
p20) = Sum(the Seam + Pam)t, (22.80) 
then 
Pun = — 21 Hia nme +P), (22.81) 
and hence 


. t : 
Lnm(t) = -5 / [Hats pp Inmelonm +Tnm)t dt’, (22.82) 
—cCo 
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so that 
1 t 
1 eA s 7 
pi) (t) — ae (G@nm + Unm)t / [Gat Pp Inmelom +TPnm)t dt’. (22.83) 
—0o 


Equation (22.75) can be written as follows: 


9 ey 


ot 


. i 
= (lpm Peo = 7 Lint, jo bans (22.84) 


which is of the same form as Eq. (22.79), and can be solved in a similar fashion to 
yield 


£- . , 
p2) (t) = — ore +Tnm)t / [Hats p Inmelenm +Tnm)t dt’. (22.85) 
—o 
In fact, the kth-order solution is, by analogy, given by 
1 t 
i a_7 7 : ; 
p® (t) = —;ze (l@nm + Vnm)t if [Ants p* Dame t@nm + Prime di’. (22.86) 
—C 


These results are now employed to obtain the linear and second-order contributions 
to the electric susceptibility. To evaluate [Mat, pO) nm, it follows from Eqs. (22.55) 
and (22.56), and (22.78) that 
n) 


255 {(nlrulp) (ple lm) — (nfo | p)(pleulm)} - E 


[Aint pO lnm = (n oe oa p” nt 


u=1 p=1 
- ys Ye {tral Po) = (pirate) | 
u=1 p=1 
N 
=> {tmiealmayo() — (nlrulon) 2 | 
u=1 
=- [0% - et Penm ° E. (22.87) 


The time-dependent electric field is assumed to have a harmonic time dependence 
of the following form: 


E(t) = >) E(@s)e""", (22.88) 


and to simplify the following notation, Eq. (22.88) will be restricted to a single 
frequency term for the linear case, so that E(t) = E(w)e™. The reader should keep 
in mind the convention employed for the electric field (recall the comments following 
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Eq. (22.11)). It is necessary to determine ps (t), which is required in the following 
development. Employing Eqs. (22.83) and (22.87) leads to 


: t 
: er i : 
pd (t) = z° G@nm + Pmt (0) _ po) }am . / E(t) jenn +TPnm)t dt’ 
—0oo 


i 
= 9e 


mm — Pnn 


t 
—Genm+Pnm)t § (0) (0) }enm 2 E(a) / @l@nn io +Tnm)t! dt’ 
—0o 


—iwt 


1 
= FlOnm — Pan tum“ E(o) (22.89) 


Onm — ® — 1pm 


The expectation value (w(t)) is determined to first-order as follows: 


(w(0) = Tr (wp) 
= fo 
= LL comic (nfo mp 
= DD Hm Pm (22.90) 


It will be assumed that yc(t) has a harmonic time dependence of the same form as the 
electric field, and to minimize the notation a restriction to a single frequency term is 
employed, so that 


(w(t) = (wo). (22.91) 
Recall from Chapter 19 that the electric polarization of the medium is given by 
P(o) = N(u(o)), (22.92) 


where WN is the number of molecules per unit volume. The polarization to first order 
in the field is expressed by 


P(w) = e9X" - E(o), (22.93) 
and the vector components of the polarization are given by 


Pi(w) = £0) Xj (EO). (22.94) 
J 


368 Dispersion relations: nonlinear optical properties 


Combining Eqs. (22.92), (22.91), (22.90), and (22.89), followed by comparison with 
Eq. (22.93), leads to the following expression for X“): 


pace psy to KinnEenm 
xD = ie 22.95 
a 8 2 ae (22.95) 


In this result ft, Mnm iS a dyad. The tensor components of x“) are given by 


ree (i)mn (jam Ee pape Pin. | 
22.96 
xy ~ eohi oe dX = Pam : ( ) 


which is more commonly written as follows: 


0 0 
dd) _ ay: (Hi)mn Cee (Hi)mn (14;)nmPnn 
Xj ~ goh eR nm — © — iC nm nm — © — iC nm 


: ; (0) ; E (0) 
_ N 3 y- | (Hi)mn (4 nm Pmm (Hi)nm (14j) mnPmm | (22.97) 


egh = Onm — © — Il ym Omn — © — il mn 


and hence 


y nm + @ + 12 nm mn + @ + iP am ae 


N (i) nm (Lj) mn (Hi)mn (yj) nm 
yO = a ~ | J 7 |i, (22.98) 


To determine the second-order form of the electric susceptibility it is necessary to 
evaluate [-74at, 0 lnm, which is determined as 
n) 


oe ce 


= 7 { (m1 26rd (p [0 |m) — (ro | p) (ltl) f 
P 


int 


[ Aint, eo lam = (n 


== Yo [epo{t) - Bomb | - E. (22.99) 
Pp 


The p summation is over the complete set of states. To determine ey (t), it follows 
from Eq. (22.85) that 


. t 
| eaeey “ ae j 
p® (t) =— 5° G@nm + Pum B (a1) %s y i {HnpOs — inp em ia) +Tnm)t dt’, 
P —cC 


(22.100) 
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which simplifies, on using Eq. (22.89), to yield 
p?) (it) = = =(i@ym + Pam Bay js x is enm —ia) +Tam)t! d’’ 


e / 
e lw2t 


0 0 
’ - — Pop Wom * Ben) a Pm 


—lw2t 
a O_O, oF dr! 
Lym{Ppp Pun np (w2) =U =| 


1; Pays 
—_ R° Genm + Tam (q1) - 


(0) (0) 
” y- ee — Ppp }kym * Ea) (ian ico) ~i007-+P pm)! ay 


= ®pm — @2 — iD ym ee 


(0) (0) 
Bym{Ppp — Pnn }enp E(@2) * (en ito, ~ie2+T pm)! w] 


np — @2 — iD np L563 


e ai ten)t 


fh? (@nm — @| — @2 — iP nm) 


1 | tee BO tpe E(2)(Pmim — Ppp’) 
Wpm — @2 — iD pm 


P 
Kym *E(O1)Bnp * E(@2)(Ppp — Pn) 
z ss (22.101) 
np — @2 — iD np 
The second-order contribution to ((f)) is given by 
(u(t) = Tr(w()p™) 
= DI (m|p(0)p |m) 
= = 2 » Penn Pam (22.102) 
The second-order susceptibility is given by 
x2 = pe S Emn 
eh? (@nm — @| — @2 — iT pm) 
(0) (0) 
x 2 Pep pm(Pmm = yy y) HpmEnp (Ppp. — oun *) (22.103) 
= ®pm — 2 — iD ym np — @2 — ID np 
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The tensor components of x) can be written as follows: 


¥? = (Hi)mn 
Xigk = egh? 2 2 (@nm — @| — @2 — iE nm) 


0 
J | Depun)pm (on = Pop) _ (Hj)pm( tk )np Opp = Pm) | 
Wpm — @2 — iD pm np — ©2 — ID np 


Pp 
(22.104) 


In order to ensure that the susceptibility is invariant under the appropriate permutation 
symmetry, one-half of the right-hand side of Eq. (22.104) is added to one-half of the 
same expression, but with the interchanges w2 <> @ andj < k employed, which 
leads to 


a N (Ki)mn 
Xiik 7 2eoh? dX dX (@nm — @| — @2 — ID») 


@pm — @2 — iC pm np — ©2 — iD np 


| (jap (Mk) pm (Onn = ne y (Hj) pm (Mk) np (phy = pan 5 | 


P 


0 
+ | Lem eDomtonn = ep!) _ We pms) pl Bop = Pr) 
pm — @1 — iP pm np — © — iP np 


P 
(22.105) 


Some authors do not include the factor of 1/2, so the reader needs to be alert to 
this contribution when comparing formulas for x, 6 ey from different sources. Equation 
(22.105) can be simplified in two stages. The first stage involves a summation variable 
interchange n <> m in terms where pw occurs, which leads to 


Oy, 
Xijk ~ 2egh2 


(Hi) mn (Hj) np (HK) pm 
(0) (0) J7Np P 
“ dX ps 2oPnm Pep lo — W| — @2 — iP nm) (pm — W2 — iP pm) 


(i)mn (Mk) np (Lj)pm 


ay ; : 
(@am — @| — ©2 — IP nm) (@pm — @W| — =| 
ae (po aig)| (Hi)mn (-4j)pm (Hk) np 
PP "| (@nm — @1 — @2 — ID nm)(@np — @2 — iPnp) 
sf (i) mn (Lk) pm (Hj) np 
(@am — @| — @2 — Pam) (np — @| — iPnp) 
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sae LO Liao) 


2 - eee 
(@am — @| — @2 — IP am) (pm =" OZ: = iP pm) 

(Hi)mn (Hk) np (j)pm 

(@am — @| — @2 — I nm)(@pm — @1 — pm) 
(Hi)nm (Hj)pn (Hk) mp 

(®mn — @| — @2 — Pn) (mp — @2 — iP np) 
(Hi)nm (Hk) pn jmp 

(@mn — @| — @2 — iD mn) (mp — @| — iD mp) 


(22.106) 


The preceding expression can be reduced to a single factor po by making the inter- 
change m < p:p for the terms involving es and the notation simplified by introducing 
Ws = @| + @, So that 


P= 5 2d Lhe 


. pai Aeris (Hi) pn Hk) nm (yj) mp 
(@np Ws — iP np) (@mp — W2 — iP mp) (np — Ws — iP np) (@mp — W@W — iP mp) 
(Hi) np (jn (Hk) pm (Hi) np (Hk )mn (j)pm 
(@pn — Ws — Dyn) (@pm — @2 — iD ym) (@pn — Ws — ID pn) (@pm — @ — ID pm) 
(Hi)mn (Lj) np (Hk) pm (Hi)mn (He) np (Lj) pm 
(@am — Os — ID nm) (@pm — @2 — iP pm) (@nam — Os — iP am) (@pm —@\|— iP ym) 
(Hi)nm (Hj) pn (He) mp (Hi)nm (Hk) pn (ej) mp 
(@mn — Os — Pan) (mp — @2 — iP mp) (@mn — Os — IP nn) (mp —@\— iD mp) 
(22.107) 


By appropriate switches of the dummy variables m and n, Eq. (22.107) can be written 
with the matrix element indices aligned, so that 


KP = 5 2d Lhe > 


52 oN ae (Hi) pn (Hk) am (yj) mp 
(np — Ws — iP np) (@mp — W2 — iP mp) (np — Ws — iP np) (@mp — Ww, — iD mp) 
(Mj) pn (iam (Mk) mp (Hj) pn (ein (ie) mp 
(@mn — Os — iP mn) (pn — @| — Dyn) (@mn — Os — ID nn) (Omp — @2 — iP mp) 
(Hj) pn (La) nm (Hi) mp (Hk) pn (Hi) nm jmp 
(@pm — Ws — iP pm) (pn — W| — iP pn) (@mn — Os — Inn) (@pn — W@2 — iP pn) 


(ik) pn (Hi)am (Hj) mp (ik) pn (j)nm (i) mp 
(@mn — Os — iP nn) (mp —Q@| — iP mp) (pm — Ws — iP pm)(@pn =. O27 — iP pn) ; 
(22.108) 


372 Dispersion relations: nonlinear optical properties 


This is the quantum mechanical formula for the second-order contribution to the 
electric susceptibility. For those readers familiar with Feynman diagrams, one can 
appreciate that they are particularly useful as a book-keeping device for this type of 
calculation, and for the evaluation of the expressions for the more complex situations 
that arise for higher-order susceptibilities. 

By treating w and w2 as complex variables, an examination of the denominator 
factors in Eq. (22.108) indicates that the poles lie in the lower half of the complex 
angular frequency planes, and therefore a quantum theoretic treatment confirms the 
analytic structure found from the anharmonic oscillator model. This formula can also 
be employed to ascertain the asymptotic behavior of x hg as @| > coandw2 > ~, 
a topic to be addressed in the following section. 


22.5 Asymptotic behavior for the nonlinear susceptibility 


Before proceeding to the derivation of the dispersion relations for the nonlinear sus- 

ceptibilities, it is necessary to investigate the asymptotic behavior as w — oo. The 

linear case is considered first, to see the approach employed in its simplest setting. 
From Eq. (22.98) it follows that 


xy) = 


: -l1 : =] 
(0) vu, Wow Wig. ae 
Aa bbe (1+ + “) (14% + ~) 
x [of (u|rilu) (ulrj|v) — (ulrilv) (ulrjlu)} + ue {(vlrilu) (ulrj|v) 


= Ra + Ow {(v|rilu)(ulyjlv) + (ulrilv) (virjlu)} 
= ~— bal lw{(u|rilu) (ulrj|v) — (ulri|v) (vlrj|u)} 


+ Pye {(vlrilu) (ulrjlo) — (ulrilv) (oly lay} 


+ Ouv{(vlrilu) (ulrglv) + (ulrilv) (vlrylu)} + OC"). (22.109) 


The term O(w~!) in the preceding result can be ignored. Making use of Eq. (22.60) 
yields 


Dew { (ulrila) (ulrjlv) — (ulrilv) (vl; lee) } 
= S72 pO (ulrjlv) (virilu) - 2 Pin ( sara Te 
u VU 
0 
= Fale) Clare 
u 


=0. (22.110) 
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The third term in Eq. (22.109) can be simplified by making use of the following result: 


(oll, rdlu) = (wl Ar: — rib) = (oy — feo, tvlrilu)s 22.111) 
employing 

(16%, rlu) = — (opal (22.112) 
leads to 

copa virile) = ~~ (pile. (22.113) 


The third term in Eq. (22.109) can be rewritten in the following manner: 
X pe Pur l—evut (vlrilt) (ulrylv) + (ulrilv) (oly; le)} 


== OY) OM evulvlrilu) (ulrjlv) — (v[rjlu) Ou, (ulrilvy} 
= — SO oft (ol pale) (ulrjlv) — (olrjlu) (ul pilv)} 
= — SY pl ulrjloy(vl pale) — (ul pile) (vlle} 
_i (0) 44 Si 
=< en {((ulrspilu) — (ul pirjlu)} 
= 7 Lael (ulrjpilu) — (u\(pirj) + rpilu)} 
ah os Pa (ul (pir)|U) 
m 
= = —*5, Do sila (22.114) 


Hence, from Eq. (22.109) it follows in the limit @ — oo that 


Ne* 3, 


£0 (ulu). (22.115) 


(1) 
Be @O)=— 
Xz (@) SD 


There is an additional term O(w~*) arising from the contribution involving I’,,. If all 
the I’, factors are approximately constant, that is T',,,, ~ I’, then this additional 
O(w~*) term can be deleted on using Eq. (22.110). At room temperature or below for 
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a medium at thermal equilibrium, it is an excellent approximation for most systems 
to assume the excited electronic states are not significantly populated, which means 


6 oe: (22.116) 


where g is used to designate the ground electronic state. Hence Eq. (22.115) can be 
simplified as follows: 


Ne? 6; 4 
x5 @) =-——+4 +0(w”’). (22.117) 
€0M @ 


Inserting the definition of the plasma frequency, wp, yields 


(1) Oi ~2 
Xi (w) = =e + o(w *). (22.118) 


When spatial and relativistic effects are considered in first order, the asymptotic form 
of xy, w) is given by 


wb; vue 
XP (k, 0) = -2 (: *) + ow), (22.119) 
w 3mc 


where (70) denotes the average ground state kinetic energy, m is the electronic mass, 
and c is the speed of light. For readers interested in pursuing the details leading to 
Eq. (22.119), see Scandolo et al. (2001). 

The asymptotic behavior of x (@; @1, 2) is now evaluated. Two cases are con- 


sidered: the behavior of X pp (@5 1,02) as w,; — oo and the SHG case, where 


lima—+oo X ae (2; w, w). To simplify the writing, let 
a= (Hi) pn (Uj) am (Lk) mp> (22.120) 
D= (Li) pn (Lk) nm (Hj) mp> (22.121) 
c= (jpn Hin (Hk) mp> (22.122) 
d= (Mj) pn Lk )nm (Li) mp, (22.123) 
C= (Uk) pn(Hi)am (jmp, (22.124) 
and 
f= (Hk )pn (jum (Hi) mp- (22.125) 


If the I, factors are ignored, then the expansion of Eq. (22.108) would be expected, 
on the basis of results from the anharmonic oscillator model, to take the following 
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form: 


Cl C2 3 1 
lim wer (ws; 01,02) = eo + — + 5+44+0(4}, (22.126) 
rr @ 


OME @l wy 1 


with cy = 0, for k = 0, 1, 2, and 3. From Eq. (22.108) co = 0, by inspection. The 
coefficient c; is given by 


a—c f—e 
= § + ; 22.127 
" (@2 — mp) (w2 + np) ( ) 


where S' is a multiple summation operator represented by 
= 58 LL Lae (22.128) 
~ Deke Pop : 
m n 


If the sum over n is performed for the first term and over m for the second term in 
Eq. (22.127), then 


d= 


one (@2 — mp) 


oP (0) ps ye (Hi) pn (jam (ik) mp ai (jpn (ein (ik) mp 


ry (1k) pn (ej)nm (Li) mp — (Lk pn (ei) nm (ej mp | 


(@2 + np) 


Dee (0) bs (Hilt pm (Hk) mp — (Hj Hi)pm (Hk )mp 


= 5 (@2 — mp) 


m 


(ik )pn (Hj Li) np ia (Hk) pn (Hilt np 
= ss (@2 + np) | 


= 0. (22.129) 


It is left as an exercise for the reader to examine c; for k = 2, 3, and 4. 

In a related manner, it is expected, also on the basis of the anharmonic oscilla- 
tor model, that the asymptotic behavior for the SHG susceptibility would take the 
following form: 


> 


ee Oe Ck 
Jim, xj¢ 20; 0,0) = Let o(= i) (22.130) 


with cy, = 0 for k = 0 to 5. Equation (22.108) yields cp = 0 and c; = 0, by inspection. 
For the coefficient cz it follows that 


1 
Q= gdlat b- 20+ d—e), (22.131) 
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which simplifies, by carrying out the m and n summations, to yield 
c2 = 0. (22.132) 


Establishing that co, cj, and cz vanish is sufficient to derive the standard form of the 
Kramers—Kronig relations for ie (2m; w, w), but is not sufficient to determine all 
the sum rules that must be satisfied by the real and imaginary parts of this optical 
property. The interested reader is left the task of examining c; for k = 3, 4, 5, and 6. 

The brute force technique just sketched clearly benefits from having access to 
one of the standard symbolic algebra software packages. Extending the brute force 
approach to deal with the general nth-order susceptibility has obvious limitations. 
Bassani and Scandolo (1991) gave a more direct approach. The basic idea is to 
represent the frequency-dependent optical constant as a Fourier transform, and then 
carry out an integration by parts, leading to an asymptotic series in the frequency 
variable of interest. This approach requires the evaluation of time derivatives of the 
response functions. This can be achieved by a density matrix formulation using an 
explicit formula for the response function. The final result is as follows: 


Cc 
lim X°(w1,@2) = — + o(@;*), (22.133) 
(49) 


@|—>00 1 


where C is determined as a somewhat complicated integral. This result is in agreement 
with the O(@,*) behavior obtained from the simpler anharmonic oscillator model. 
The same authors (Scandolo and Bassani, 1995a) carried out an analysis for SHG and 
determined 


lim X pp (@s o)= = +0(w °), (22.134) 
Oo 


Ne? a3V 1 
8m3 


OX; Ox; OX, 0 (a) 

where V denotes the external potential, and the subscript zero signifies that the average 
is calculated for the ground state of the system. The asymptotic behavior O(w~°) 
found for po (@, w) coincides with that obtained from the anharmonic model. Rapapa 
and Scandolo (1996), using the same approach, determined the asymptotic behavior 
for third-harmonic generation as follows: 


Net ary 


1 8 
a) 22.1 
a ) — +00) (22.135) 


lim rae (@, @,@) = 
woo F OxjOXj OX, Ox) 


The analysis has been taken further by Bassani and Lucarini (2000), who found that 


1 


at) forn > 1. (22.136) 
@ 


: (n) : zs 
im Xd... 0: @,0,...,@) =O ( 


Readers interested in the asymptotic behavior of the susceptibilities can pursue the 
intricacies of the derivations involved by consulting the references cited. 
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22.6 One-variable dispersion relations for the nonlinear susceptibility 


This section considers the derivation of simple dispersion relations in one angular 
frequency, with all but one of the angular frequency variables held fixed. Tensor 
subscripts are omitted to simplify the notation. The mth-order susceptibility under 
discussion is X) (w1,2,...,@g,..-,@n), Where it is assumed that all angular fre- 
quencies are distinct and positive. Attention is focused on the angular frequency w,, 
so that the function X“) (w1, w2,..., @g,...,@p) is analytic in the upper half complex 
wx-plane, and has a suitable asymptotic behavior as w,; — oo. Consider the integral 


§ X™ (wy, @2,...,@z2,...,@n) dw, 
Cc Ww WwW, 


’ 


where C denotes the contour shown in Figure 19.2, and apply the Cauchy integral 
theorem. It follows, in the limits R + oo and p — 0, that 


1 2 XM (1, 2, .. 5 Wry 5 On dw 
XO (e095. 06s. 4_) =P f (1,02 - n) zs 
Ti Joo O— Or 
(22.137) 
If X (w1,@2,...,@,...,@n) is expressed in terms of its real and imaginary parts as 
follows: 
X™ (@1,09,..-,0,-++5@n) = Re{X™ (a1, @n,...,@,---,@n)} 


+ilm{x™(@1,@2,...,@,...,@n)}, (22.138) 


then Eq. (22.137) can be written as 


1 © ReX™ (aw, @2,...,@r,.--, On) dw 
ImxX (1, @2,...,@,-..,@n) = Pf (or, @ : n)dos 
a eee oO — ay 
(22.139) 
and 
1 © Im X (a1, W2,...5 Wry. +, @n) dw 
Rex (1, @2,...,@,..-5@n) = Pf (1, @2 : n) = 
va —oo @ — Wr 


(22.140) 


These relations correspond to single-variable versions of the conventional Kramers— 
Kronig relations applied to the nth-order susceptibility, with the previously stated 
conditions on the angular frequencies imposed. The preceding derivation rests on a 
similar set of assumptions to those outlined at the end of Section 19.2 for the deriva- 
tion of the Kramers—Kronig relations for the linear susceptibility. In par- 
ticular, the derivation is model-dependent, since the analytic structure of 
x” (@1, @2,...,@,..-,@n) and its asymptotic dependence as wz — oo are deduced 
directly from the anharmonic oscillator description of the physics involved. 
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A different approach is now explored for the development of the dispersion relations 
for the case of higher harmonic nonlinearities. Let pz, for k = 1,...,n, be the set 
of integers describing the harmonics which appear, and let the restriction that py, > 
0 fork = 1,...,n be imposed. For example, SHG has n = 2 and pj =p2=1, 
THG has n = 3 and pj = p2 = p3 = |. The nth-order susceptibility can be written as 
X (pi @, pr, ...,Pnw). Consider the integral 


5) 


§ X (pi@z,proz, . ++ Dn@z)daz 
G W— Wz 


where C denotes the contour shown in Figure 19.2, and apply the Cauchy integral 
theorem. It follows, after taking the limits R — oo and p — 0, that 


Xx (pio, pro, ..., Pn”) = ——P . (22.141) 


Wi Joo W — Or 


1 iz x (Pier, PrOr, «+65 Pn@z) doy 


The resulting dispersion relations then take the following form: 


© Rex (P1@;5P2z5 +» + 5PnOr) da, 


1 
Im X (pio, p2®, ...,Pn®) = pf 
Tv 


2% W— Wy 


(22.142) 


and 


1 © Im x” se d 
REO id poco al XY) (Pi Or, P2Ozs + + +5 Pn@r) 2 


va —oo @ — Wr 


(22.143) 


They can be put in a more useful form by employing the crossing symmetry relation 
Eq. (22.25), so that 


* Re X (par, P2r@r, «+65 Pn@r) doy 


2 
Im x (pye,pr0,..., Pato) = —2P i; 
wv 0 


(22.144) 
and 
2. <p Tek OL opitiecs enna 
Re X (pia, pow, ...,Pn®) = P| a a Wen Prt) me 
Iv 0 @* — Wr 
(22.145) 


The preceding two results have the form of the conventional Kramers—Kronig relat- 
ions. For SHG these equations can be expressed as 


dw a Re x (2a; @;, Or) day (22.146) 
0 


Im X% (2; @, @) = —P — 
us 


On — Wr 
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and 


°° wy Im x @) (2ay;3 @r, @r) day 


Oa 2 
Re xX? Qu; ,@) = ——P (22.147) 
a1 0 


em ep 
(a (Fs 


The previous discussion for harmonic generation dispersion relations can be 
generalized by considering the integral 


> 


§ we {X™ (P1Q@z, P2rOz, see »PnWz)}4 da; 
Cc 


WO— Wz 


where C denotes the contour shown in Figure 19.2, and p and gq are integers subject 
to the constraints g > 1 and 0 < p < (2n+ 2)q, withn > 1. This approach leads to 
the following result: 


w? {Re X (pia, pre, ...,Pn@) + ilm X (pi, pro, ...,Pnw)}4 


an [ee X™ (pio, prw',...,pno’) +ilm xX (pya’, pow’, ..., no’) }4 
0 


Uv 


wo— oa! 


aw {Re X™( pia, prow’, .. .. pnw’ )—iIm X"( po’, pro, .. ., pnw!) }4 deo! 
a’. 


+(-1P 


o+a! 


(22.148) 


For p = 0,q¢ = 1, and n = 2, Eq. (22.148) simplifies to Eqs. (22.146) and (22.147). 
A large number of the available sum rules for harmonic generation can be generated 
from Eq. (22.148). 

The nonlinear susceptibility can also be expressed in the alternative following form: 


x — x eb, (22.149) 


where | x” | denotes the modulus and ¢ the phase shift, with both quantities depending 
on the appropriate frequencies. Since both of these are experimentally accessible, it 
is of interest to examine the dispersion relations that are obtained for the modulus and 
phase. The problem is very similar to that already covered in Section 20.2, and some 
of the details can be carried over directly to the present problem. 

Let ¥ denote a dimensional factor having the same units as X)(w1,@2,..., 
Wk, +++, @n). In order to uncouple the modulus and phase, it is necessary to take the 
log of X™ (1, @2,...,@k,...,@n). Consider the integral 


1 1 
§ log{x (w1,@,... fees ie, ,@n)/X} ( ) ao, 
fa O-O;, -0x 


where C designates the contour shown in Figure 20.1, and w and wo are two arbitrary 
frequencies. The factor x keeps the argument of the logarithm dimensionless. To 
simplify the notation for the moment, all the frequency arguments except the one 
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being integrated are suppressed, so that x” (@1,@2,...,@k,...,@n) iS written as 
xX (w,); the superscript (n) should remind the reader that it is the general nth-order 
nonlinear susceptibility under discussion. Employing the Cauchy integral theorem 
leads to 


o—s 1 1 
/ log x (w,)/x} ( ) ae, 
—Rz W@— Wr @0 — Or 


Pot 1 1 
+ / log{x (@,)/x} ( ) de, 
wt+6d 


O-O@, 0 — 


® 1 1 
+ i log{x” (or) /x} ( ) ae, 
wo+p W — Wr WO) — Wr 


1 : 1 . 
log(x™ del?) /™ — ) ide? d 
+f CEE NO OS ha tN gig ene pS Se 
m : 1 . 
- / log{x (wo + pel?) / x} — + — ) ive dg 
0 @— @ — pel? pel? 


; 1 1 
(n) v (n) + Dald = 
+f log{x? Re” )/x;"} (— Bae age za) ize” dv = 0. 


(22.150) 


Taking the limits 6 > 0 and p > 0 in Eq. (22.150) leads to 


® 1 1 
P / log{y ” (wr)/x} ( ) da, + i log{x (w)/X (wo)} 
R W@W — Wr WO — Wr 


a ; 1 F 
(n) PY) py ™ ‘Deid Ze 
+f log(x (Re )/x2"} (a ——aar) ize do = 0. 


(22.151) 


Taking the limit 2 — oo, the integral along the large semicircular arc vanishes, and 
hence 


a-wvw a-w 


(22.152) 


in togix(w)/X any) = =P foetx'o'y/x81( : _— : de 


From the real and imaginary parts of this result, it follows that 


(1, @2,...,@,-.+5@n) — $(@1, @2,...,00,--++,On) 


1 0 1 1 
= <P | Jog ]X (001, 0025 2-5 Oks + 5On)/ X40 ( ) a 
4 oO ®M— Wk WO — Wk 


- (22.153) 
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and 


X (aw, 02,...,@,.-+,@n) 
log 


X (1, ©2, ++ +50, +++, @n) 


1 [o,@) 
= P| b(@], 2,...,Wk,-.-,@n) 
Tw J—oo 
1 


1 
x ( ) der. (22.154) 
O-OWr @0 — 


Because of the multi-variable dependence, the crossing symmetry relations cannot 
be employed to convert the integration range to [0, 00). 

The case of general harmonic generation is now considered. Equations (22.153) 
and (22.154) can be written as follows: 


(Pi, P20, ...,Pn©) — (P10, P20, - »-,Pn©0) 


1 lee) 
= =P | log x (pio, pro, wees PnO’)/ xX? 
TU —0o 


1 1 
da’ 
o-a a-—a’ 


(22.155) 
and 


Xx (pio, pro, sie »Pn®) 
X (pa, P20, - - -»Pn©0) 


1 [oe 
log = P| b(piw',prw’,... Pn’) 
Tv oe) 


x (— — de (22.156) 
Employing Eq. (22.149) and the crossing relation Eq. (22.25) yields 
P(—P1®, —P20, ..-, —Pn®) = —P(P1®, p20, ---;Pn) (22.157) 
and 
x (—pio, —pro,..., —pno)| — x (pie,pre, + +5Pn®)], (22.158) 
so that Eqs. (22.155) and (22.156) simplify to 


(P11, P20, ...,Pn®) — (P10, P20, - »-,Pno) 


@ wo ; 
0) 72 2 dw 
wo —w wo — a2 


(22.159) 


2 [o-e) 
mad i log x rie! pro’, ee Pn) x 
0 
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X (p1@, pr, ..., Pn) 
X (pa, P20, ++ ,Pn0) 


log 


2 BS / / / / 1 1 / 
=—P OO( Pie ,p2@,...,Pn@) | 7 3 A da’. 
IT 0 Wo — @ wo —W 
(22.160) 


An alternative approach can be taken by considering the integral 


5) 


f (w3 + ww,,) loglx (wz) /xn” }dorz, 
Cc (wp + @2 )(@ — ox) 


where C denotes the contour shown in Figure 19.2 and wo designates an arbitrary 
frequency. The contribution (a + Wz, (We + et i serves as a weighting factor, 
inserted to improve the convergence behavior of the integrand as w, — oo. There is 
a pole located at w, = iw, in the upper half of the complex frequency plane. The 
Cauchy residue theorem yields 


+ in log{y” (@)/x?} 


. is (@2 + wa) log{x (@,)/x0” }dox 
—0o («5 iF w2)( — @,) 


= in log{x™ (ia) /x?}. (22.161) 
Taking the real and imaginary parts leads to 


P(@1,@2,...,@,...,@n) 


1 oo (w + war) log X (1, w2,... Ory. On) / XM” da, 
2 


eee (op + a )(@ =o) 
(n) : (n) 
+ Im[log{X" (@1, w2,...,1@0,---,@n)/Xy" (22.162) 
and 


Jog |X (01,0225. 2505.-2@n)/ xq” 


u 


= Pf (w) + @0r)b(O1, ©2,.. +, Or, +++, On) dor 
7 dle (03 + a2)(@ — o) 


+ Re[log{x (w1,w2,...,1@0,..-5n)/x?}]. (22.163) 
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Restricting to the case of harmonic generation, then the two preceding dispersion 
relations can be written as follows: 


1 00 (wp tow’) log|X pia’, prw’,... spn’) [Xx da! 
$( pio, p2o, 28 puo)=—Pf 


00 (09 + ©?)(w — o') 


(22.164) 


and 


1 (24 ane! co! py0)',. « Dao! deo! 
log|X (pio, pre, . . .,Pn@)/X |= ~Pf (Qo TOO ORO Pn) 


= (w + w2)(@ — o’) 


+ log{x (pyia, priwo, -..,Pniwo)/X}. 
(22.165) 


The crossing symmetry relations can be used to simplify Eqs. (22.164) and (22.165) 
to yield 


oo log (rie! pro’, oa pro’) [XM da’ 
(a —w) 2 


(22.166) 


2 
(P10, p20, ..-,Pn@) = pf 
a 0 


and 


log |X (pia, pr, ... ,Pnw)/X™ 


U(wp+o") i <o'p (pio', p20’... »Pnto! do 
T 0 (ws 4+ w')(w2 “= w’?) 


+ log{x (pia, prio, ...,Pniwo)/X}. (22.167) 


The fact that the term X (pj iao, priwo, . . . , Pniwo) is real has been employed. To jus- 
tify this statement, first note that the crossing symmetry relation given in Eq. (22.25) 
can be written in the following more general form: 


hae (@2,,@z)5+-+5@z,)" = roe (-—o* , —wx,...,-@% ). (22.168) 


Z\? 22? Zn 


This result follows directly from Eq. (22.24). On restricting to the case of harmonic 
generation, writing w, = w; + iq, and setting the real part to zero, gives 


Xp, Gwin ii, ...,1@1)* = XQ 1 Gai, iwi, ... ia), (22.169) 


from which it follows that the imaginary component of x“ (pjiwo, primo, . . . , Pniwo) 
is Zero. 
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This section is concluded with a brief mention of subtracted dispersion rela- 
tions for the nonlinear susceptibilities. From Eq. (22.144) it follows, on setting all 
Pr = 1, that 


Im X(@,@,...,@) 


7 2p [* [ee 
0 


1 w2 — 2 


5 (22.170) 


Re xX (wo, @0,.--,@0) / 
dw, 
wo — ow 


which can be rewritten in the following form: 


(n) 2o sae (n) 
Im X“" (@, @,...,@) = —P {w*[Re X“" (a0, Wo, .--,@0) 
u 0 


— Rex (o',0’',...,0)] + we ReX™ (w',a',...,0') 
da’ 
(w? I wo?) (a _ aw?) 
(22.171) 


— w Re X™ (wo, w0,...,@0)} 


The frequency wo is sometimes referred to as an anchor point. For the case wo = , 
Eq. (22.171) reduces to 


Im X (o, 0, ...,@) 


= Zep (REO oe) — Rex (a, a,...,@)|da’ 
— = 0 @ — Ww : 


(22.172) 


Similarly, from Eq. (22.145) it follows that 


y 


2 (™[o! Im X(o!, ',..., @!)—@ Im X ee d 
BEX OG ercan= Pf [ ( ; @ (@,@,...,@)] wo 
0 a — w? 


(22.173) 


Multiple subtracted dispersion relations for the determination of both Im X” (a, 
w,...,@) and Re X(w, w,...,@) can be derived. The form of the subtracted dis- 
persion relations offer the potential for a more accurate numerical evaluation of the 
principal value integrals that arise. 


22.7 Experimental verification of the dispersion relations for the 
nonlinear susceptibility 


It is rather difficult to verify, even in an approximate manner, dispersion relations 
for the nonlinear susceptibility. The reader should keep in mind that nonlinear sus- 
ceptibilities are only rendered accessible by laser sources, and these are typically 
monochromatic or tunable over rather narrow frequency intervals. The first effort 
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attempting an experimental confirmation of the dispersion relations for the nonlin- 
ear susceptibility was carried out by Kishida et al. (1993), who focused their effort 
on verifying the dispersion relations for third-harmonic generation of the following 
form: 


w pr los |x Bo'so',0',0)/xi? [dor 
i (22.174) 
0 


2 
$ (3a; W,W, w) = ae (a _ w/2) 
and 


o' $30’; 0’, 0’, w')da’ 


(a + w?)(w = w’) 


2 24 2 [eve] 
log 198030, 0,0)/x0| _ (+o *p | 
a 0 

+ log{x® (3iap; iw, iw, io) /x}, (22.175) 


for samples of polymeric polydihexylsilane, and using wo = 1 Hz. Equations (22.174) 
and (22.175) are obtained as special cases of Eqs. (22.166) and (22.167) for n = 3, 
and all the p;, factors are set to unity. Kishida et al. (1993) measured both the 
modulus | x? and the phase ¢; however, the measurements were made over a rel- 
atively narrow spectral range of 0.75—1.90 eV. In the test of Eq. (22.175), the term 
log{ x © (313 i, i, i) / 7} was treated as an adjustable parameter. They found that the 
dispersion relation Eq. (22.174) using the experimental modulus | x9 gave a phase 
that was in satisfactory agreement with the measured phase. Using the experimental 
phase, the dispersion relation Eq. (22.175) gave a modulus that was also in satisfactory 
agreement with the experimentally determined modulus. 
Kishida et al. also checked the dispersion relations, 


2 OR BBa’; fe ‘ o)da! 
Im x9 Bo; 0,0, @) = =p [ ex ee eae (22.176) 
a 0 wo — Ww 
and 
2 © wT QD Ba'; e e da! 
Re x9) 3a; 0,0, @) = | eee 2 a ode 22.177) 
1s 0 @ —W 


for polydihexylsilane. The values of Im x@) (3a; @,@, @) and Re x °) (30; w, w, ) 
were obtained directly from the measured modulus and phase. The calculated 
Im x (3@;@,@,@) and Re x°)(3w;@,@,@) were found to be in reasonable 
agreement with the corresponding experimentally derived values. 

Lucarini and Peiponen (2003) carried out an analysis of third-harmonic generation 
data for the polymers polysilane and polythiophene, for which experimental results are 
available over the intervals 0.4—2.5 eV and 0.5—2.0 eV, respectively. In place of exam- 
ining the Kramers—Kronig relations for x °) (3a; w, w, w) directly, they examined the 
more general dispersion relations based on the functions wr x B30; @, w, w). Since 
the asymptotic behavior of x ° (3a; w, w, @) as w > 00 is O(w~8), then the integer 
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parameter a is constrained to satisfy 0 < a < 3 to formulate Kramers—Kronig rela- 
tions. A more generalized function, w?{ 7° (3a; @, a, w)}* for integer k > 1, was 
also studied. The authors found reasonable agreement between the calculated and 
experimental data: the low-energy part of the spectrum gave a poor comparison, but 
the high-energy correspondence was very good. The analysis of these authors did 
not employ various extrapolation models to extend the experimental data beyond the 
measured spectral interval. 

A related study by Lucarini, Saarinen, and Peiponen (2003a, 2003b) con- 
sidered a multiply subtractive form of the Kramers—Kronig relations applied to 
wo x3) (3w; w, w,@). A principal issue in this approach is the selection of anchor 
points, since experimental data for the real and imaginary components of a nonlinear 
susceptibility are not readily available. The improved convergence characteristics of 
the subtractive form of the Kramers—Kronig relations, due to the faster asymptotic 
fall-off of the integrands, gave improved results relative to the standard unsubtracted 
form of the Kramers—Kronig relations. Although very good data sets over wide spec- 
tral intervals for nonlinear susceptibilities are essentially unavailable, there is clear 
support for the validity of the Kramers—Kronig relations for harmonic generation 
susceptibilities based on the limited data sets that are accessible. 


22.8 Dispersion relations in two variables 


The case of dispersion relations for the electric susceptibility in two angular frequency 
variables is considered in this section. Tensor indices are ignored for notational sim- 
plicity, and attention is focused on the second-order electric susceptibility. Provided 
the signs of the frequency terms are positive, the electric susceptibility X@ (1, 2) 
is analytic in the upper half of the complex angular frequency plane for each variable 
separately. This follows directly from the analysis of the anharmonic model discussed 
in Section 22.3. 
Applying the Cauchy integral theorem to the integral 


oy 


§ x2 (a1, Oz, )d@z, 
ie) 


Wb — Wz 


where C2 denotes the contour shown in Figure 19.2, which is located in the upper half 
of the complex plane of the variable w,,, and taking the limits R > oo and p — 0, 
leads to 


1 ag x?) Tt T 
i XM @1 edo: (22.178) 


x (1, op) = ——P 
1 —~oo Wp — Or 


In a similar fashion, consider the contour integral 


F} 


§ x2? (oz, , wp)dw,, 
Cc 


Ma — Wz, 
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where C| denotes the contour shown in Figure 19.2, and the upper half complex plane 
now refers to the variable w,,. It follows, on taking the limits R > oo and p —> 0, 
that 


1 £® X2(w, : 
/ XM Gr, op) dor (22.179) 


XO (wa, @p) = ——P 
1 —0o @Ma — Wr 


Substituting Eq. (22.178) into (22.179) yields 


1% d 2 x2) d 
x2) (wa, 0) = ——5P i se i (rr, @n)d0n 99 180) 
IT = 


co Wa — Wr; —oo Wh — Wr 


Taking the real and imaginary parts of this result leads to the following: 


1 od © Rex (ay, wr, )d 
Re X® (w,, ay) = Pf zai P| e XE On, On)der (99 181) 
uv —oo Wa — Wry —oo Ob — Wry 
and 
1 Pe ad © Im X (w,,, wr, )d 
Im x) (Wa, Wh) = Pf Or, P| m (Or, Or) Or . (22.182) 
8 —oo Wa — Wry —0o Ob — Wry 


The preceding two results are not useful for optical data analysis, because the same 
quantity appears on both the left- and right-hand sides of the equation. These results 
provide a constraint on any model employed to describe X )(@1,@2), and so serve 
as a necessary condition to be satisfied by any rigorous theoretical description of the 
second-order nonlinear susceptibility. 

One of the standard approaches used to derive sum rules for a particular optical 
constant is to apply the superconvergence theorem (see Section 19.9) to the disper- 
sion relations. A more fruitful approach is to work directly with contour integrals of 
functions such as X ) (w1, 2), or extensions of this such as {w1 2}? {x (wy, w2)}4, 
for a suitable choice of the integer parameters p and q, and evaluate the integrals over 
the upper half of the complex w- and w2-planes. The interested reader can explore 
the possibilities. 
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The argument of the previous section can be extended in a straightforward fashion to 
yield 


i” °° COO Cie ny ety Oe DR, <2 dw 
X (01, @2,..-,@n) = —P| Pf ( Tyr tn) Tr] tn 
ma” —0o —0o (a1 — Or) -++(@n — Or, ) 


(22.183) 
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For n even, both sides of the equation involve either Re X(w1,@2,...,@n) OF 
Im X) (1, @2,..., @n), and the resulting dispersion relations provide necessary con- 
straints that must be satisfied by any model for X)(w1,@2,...,@n). These results 
are not useful for optical data analysis. For 1 odd, it follows that 


Rex (a1, @,... :On)=— 


jrtl ae f Pf Im XM, Or, 1.5 Or, day, + + -der,, 
(@1 — Or) -(@n — Or, ) 


(22.184) 


and 


rae ae pf = Xr; Wry, ++ Or, dy, ++ -dar, 
(@ — Oy) (On — @,,) 


(22.185) 


Imx” (@1,02,... sOn)=— 


The preceding two formulas have the potential to be more useful in optical data 
analysis, compared with the corresponding results for n even. More general dispersion 
relations can be derived by starting with the function 


S(@1,@2,. 7 +>Mn, Way» War>- & > Von»P>) = {x (@r,, ry» « z ., Wr, )}4 


x 1 1| Ga et (22.186) 


Experimental data for susceptibilities with n > 3 are so limited that Eqs. (22.184) and 
(22.185) have not found any practical applications. Sum rules of an n-dimensional 
nature can be derived from the given dispersion relations, or derived starting from 
contour integrals using kernel functions of the form appearing in Eq. (22.186). 


22.10 Situations where the dispersion relations do not hold 


This section considers situations where the standard Kramers—Kronig relations cannot 
be derived for particular circumstances involving the nonlinear susceptibility. The 
case of difference-frequency generation, which is governed by the term X ?) (w, — wy; 
@1, —@2) in lowest order, is considered first. From the classical anharmonic model, 
Eq. (22.48), it follows that 


72 PP = w2) 2Nae? 
Xije (1 — ©2301, —-@2) = hie ae : 
e0Ej(@)ER(@2) — egm*D(@1)D(—a@2)D(@a) 


(22.187) 


where Po in this expression denotes the second-order polarization arising from 
difference-frequency generation. Recalling Eq. (22.39) and considering the complex 
@,-plane, it is clear from the denominator factors that ie (@| — @23@1, —@2) has 
four simple poles, as depicted in Figure 22.5. 
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Figure 22.5. Pole structure for Hee (@1 — @2;@1, —W2) in the @;-plane using 6 = y/2 and 
Wa = Jor ae Bb’). 


Wj 


() 


PY oe 


Figure 22.6. Contour for deriving a dispersion relation for x 2 (w — w2;@1, —w) in the 
variable wo. 


If the angular frequency w2 approaches zero, then pairs of these poles coalesce to 
form poles of order two. The important point is that all these poles are located in the 
lower half of the complex w -plane. By considering the contour integral 


> 


§ x 2 (az, > —a7)daw-, 
C 


Wa — Wz, 


where C| denotes the contour shown in Figure 19.2; and applying the Cauchy integral 
theorem, leads to 


XP) (Wy — 02; Oy, —@2) = ——=P (22.188) 


T1 Joo Wy — Or 


1 i x (or, —@2) dor 


which corresponds to the dispersion relation for difference-frequency generation. 

Consider the complex w2-plane. Here the situation is different: for this case the 
poles are located in the upper half of the complex w2-plane. A dispersion relation 
similar to Eq. (22.188) can be derived by considering the integral 


> 


§ Xx 2) (@) > Wz )daz, 
Ci 


WO — Wz 


where the contour C; is shown in Figure 22.6. The preceding line of reasoning can 
be extended to i (@| + @2 — W331, @2, —W3), and so on. 

Consideration is now turned to a more complicated situation, the third-order sus- 
ceptibility x 2 (@; @, @,—w), which corresponds to a particular case of 1 (@, + 
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Figure 22.7. Pole structure for ie (@; @, w, —@) in the w,-plane. 


Figure 22.8. Contour for dealing with the kernel function (w, — w)~!x 2 (@; @, @, —@) in the 


w;-plane. 


@2 — 0331, @2, —w3). The poles of ra (@; @, @, —@) are shown in Figure 22.7. In 
this case there are poles in both the upper and lower half complex angular frequency 
planes. There are no standard Kramers—Kronig relations for this particular type of 
nonlinear electric susceptibility function. The function x a (w; w,@, —@) is not ana- 
lytic in either the upper or lower half complex frequency planes. However, dispersion 
relations can be derived, but the pole structure in the upper half plane must be taken 
into consideration. Consider the integral 


’ 


3 
§ oe (Oz; @z, Wz, —z) dw, 
Cc 


Wu — Wz 
where C denotes the contour shown in Figure 22.8. Applying the Cauchy residue 


theorem leads to the following result involving the residues of x - (Wz; Wz, Wz, —Wz): 


«_ (3) : 
+ IT X iin (@u; Ou, x, —Oa) 


00 de (w; w, w, —w)dw 
P 
ss Wy — @ 


= Ini Res{ xj) (25 Wz, @z, Wz), =wp}s (22.189) 


®p 
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where the summation is over each of the poles in the upper half of the complex angular 
frequency plane. On letting w,, =if + ./(@% — 6) and wp, =iB — /(w — 6”), 
and making use of the crossing symmetry condition Eq. (22.25), Eq. (22.189) can be 
written in the following form: 


2 2 
a 


a Re a (w; @, @, —w)dw 2p | olm oe (@; w, w, —w)dw 
0 0 —@ 


7 2 — w 1 
ar (3) : = I (3) F = 
= —1Re X jus (Poe a, @a,—®a) + M X jjxj (@a; yu, ®u, —Oa) 
: 3 
+21 Re[Res{ x41 (23 @z, Oz, — Wz) w, =p} 


3 
a Res{x/4) (@z; Wz, Wz, —Wz)w, = op) | 


3 
=2, Im[Res{ x; (@z; Wz, Oz, —Wz)w, =p} 


+ Res x0) (We; @:,@2, Oz). =ap,th (22.190) 
so that 
2 oo Re PAOD w, —w)dw 
I Desa a i) = a p ijk] > Os Vs 
™ X jx] ct» Vor» Vers Ge Se Te A we — ow? 
+ 2Im[Res{ et (25 Oz, @z, Wz) o,=wp,} 
Te Res{x;1) (@z; @z, Wz, —®z)o,=wp,} | (22.191) 
and 


2 pf” olm ae (@; w, w, —w)dw 
0 


B)7,.. 
Re Xijni a a; ®u, —Ow) = 5) 


pry 
4 Wa (0) 


+2 Re[Res{x/4) (Wz; Wz, Wz, —Oz)o,=wp} 
+ Res(xG) (2; 02502, —O2)—wyp}). (22.192) 


Clearly, these expressions are more complicated than the standard form of the 
Kramers—Kronig relations. In terms of analyzing experimental optical data, these 
results would be of limited utility, since the pole structure has to be known precisely 
in order to pin down the values for the residue contributions. 

An approximate model based on a two-level atom, which is sometimes employed 
to represent the nonlinear susceptibility, is given by Yariv (1989, p. 161) as follows: 


—pANo @—wo —il 


: 22.193 
eph =(@—@o)* + F721 +s?) ( ) 


X(@) = 
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where ANp is the population difference between the two levels at zero electric field, 
i is the dipole transition moment for the resonance transition of angular frequency 
wo, = T,) My where 7) is a relaxation time, s denotes a saturation factor, and a sign 
change has been employed for the imaginary component of x (@), consistent with the 
previous usage in this chapter. Saturation, as the term is used in spectroscopy, refers to 
the situation where the populations of the two states involved in a transition become 
equal. For the case of complete saturation, no net absorption of electromagnetic 
radiation occurs. For no saturation, s = 0, and it follows from Eq. (22.193) that x (w) 
is an analytic function in the upper half of the complex angular frequency plane, 
since there is a single pole located in the lower half of the complex angular frequency 
plane at w = wo — il’. In the presence of saturation, s > 0, there is a pole in both the 
upper and lower halves of the complex angular frequency plane. Clearly, in this case 
Kramers—Kronig relations in the standard form cannot be derived. Note also that in 
the case s = 0 the standard form of the Kramers—Kronig relations cannot be derived, 
since the x (@) defined by the approximate model of Eq. (22.193) does not satisfy the 
crossing symmetry relations. However, a Hilbert transform connection can be written 
for x (w). The Yariv model for the nonlinear susceptibity does not satisfy the standard 
dispersion relations on the frequency interval [0, oo). 


22.11 Sum rules for the nonlinear susceptibilities 


Consider the contour integral 


§ ob {x (w1,02, wee ® » Wz, yore On) }4 da,, 
Cc 


where C is the contour shown in Figure 22.9 and p and gq are integers chosen so 
that p > 0,qg > 1 and 1+ p < q. This choice is based on the assumption that 
the asymptotic behavior of X)(w,@2,...,@k,--+,@n) = O(w,'~*), as Wp > CO 
and 5 > 0. To simplify the notation slightly, the complex angular frequency w,, and 
its real and imaginary components @,, (which equals w;) and @;,, are abbreviated 
by dropping the subscript &. All angular frequencies are assumed to be distinct and 
positive. The Cauchy integral theorem yields, in the limit R > oo, 


[o,@) 
/ ak {X™ (@1, @2,-. +, @t,--+5@n)}4 da, = 0. (22.194) 
—cC 
In terms of the real and imaginary parts, 


CO 
[Fire 01,02... 401-500) 
=O 


+ ilm{X (1, @2,...,@r,---,@n)}4 da, = 0. (22.195) 
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Or 


Figure 22.9. Contour for deriving sum rules for the function ok {x (@1, ©2,.. 2525... On) J. 
Consider the integral 


§ xe (P1@z,P2Wz,... »Pn@z)da;, 
a 


where C is the contour shown in Figure 22.9 and the p; coefficients are defined in 
Section 22.6. It follows by the now familiar arguments that 


lee) 
/ Xx (pio, p20, ...,Pno)do = 0. (22.196) 


—c 


In this case, the integral over the interval (—oo, co) can be converted to an integral 
over the physically meaningful spectral range [0,00) by taking advantage of the 
crossing symmetry relation for the nth-order nonlinear susceptibility (see Eq. (22.25)). 
Employing this result allows Eq. (22.196) to be written as the following sum rule: 


Co 
/ Re{X (pia, pro, ...,Pnw)}da = 0. (22.197) 
0 
A special case of Eq. (22.197) occurs for second-harmonic generation, so that 
Co 
/ Re{X® 2m; w, w)}dw = 0. (22.198) 
0 


With the tensor components inserted, the preceding two results take the following 
form: 


Co 
i, Rey, ¢ (P10, P2,...,Pnw)}dw = 0 (22.199) 
0 


and 


lee) 
/ Re{x{") (20; 0, w)}dw = 0. (22.200) 
0 
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Equation (22.197) can be generalized by considering the integral 
§ wP{x™ (P1@z,P2Wz,... »Pn@z)}4 daz, 
Cc 
where C is the contour shown in Figure 22.9 and p and gq are integers. To fix the 


values of p and q, recall that X (p1@, p20, ...,Pn@) = O(w~?""7) as w > 00 for 
n > 2. This leads to the constraints 


0<p < Qn+2)q-1, (22.201) 
for g => 1 andn > 2. Evaluating the contour integral leads to 
[o,@) 
/ wo? [X™ (pia, pro, ...,Pn@)|1 dow = 0, (22.202) 
—oo 


which simplifies, on using the crossing symmetry constraint, to yield 


lee) 
/ wo? {[Re x (pia, pro, we e3Pn@) + ilm x (pio, pr, . + sPno)]|4 
0 


+ (-1)?[Re xX (pia, pra, ...,Pno) — im xX (pia, pre, ...,Pnw)|}do = 0. 


(22.203) 
For example, using g = | and considering SHG, it follows that 
(oe) 
/ ow? (1+ (—1)”) Re x Qa; @, w) do = 0 (22.204) 
0 
and 
(oe) 
/ ow? (1 — (-1)?) Im x” 2; w, w)do = 0, (22.205) 
0 
for 0 < p < 4. The specific sum rules obtained are Eq. (22.198) and 
(oe) 
i; wo” Rex” (20; w, w)da = 0, (22.206) 
0 
(oe) 
/ wo Rex” (20; w, w)da = 0, (22.207) 
0 
(oe) 
/ olmx® 2a; 0,)dw = 0, (22.208) 
0 
and 
(oe) 
/ wo Imx 2a; 0,@)dw = 0. (22.209) 
0 


A significant number of additional sum rules can be generated from Eq. (22.203) for 
larger powers of g and for the cases of higher-harmonic generation. 
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The strategy employed at the end of Section 19.13 can be applied directly to the 
nonlinear susceptibility for harmonic generation. For example, consider the integral 


5) 


§ x (@2, @z, eh , Dz) daw; 
G 


@; + 1@9 


where C denotes the contour shown in Figure 19.7 and wo is an arbitrary angular 
frequency satisfying wp > 0. Applying the Cauchy integral theorem and the crossing 
symmetry condition leads to 


{olx” (a, 0, 22,0) —X(o,0,...,@)*] — iao[X (o, @,...,@) 
vs +X (w,0,...,0)*}}do 
0 wo + w er 
(22.210) 
from which it follows that 
[ olmx™ (a, a, .,@)d@ = if wo EO ee ot sod (22.211) 
0 wo + ® 0 w + wp 


This result applies for both the linear susceptibility and the nonlinear harmonic gen- 
eration susceptibilities. Relations such as this can serve as necessary constraints on 
theoretical models. For further development of ideas along the lines of Eq. (22.211), 
including some generalizations, see Saarinen (2002). 


22.12 Summary of sum rules for the nonlinear susceptibilities 


This section provides a summary of the sum rules that have been derived for various 
forms of the nonlinear susceptibilities. Specific cases are given first in Table 22.1, 
and more general results applying to the nth-order susceptibility are given in the 
latter part of the table. The references given should be consulted for any restrictions 
that might apply. Tensor indices are not given to keep the notation as simple as 
possible. 


22.13 The nonlinear refractive index and the nonlinear permittivity 


Anumber of materials have a refractive index that exhibits a weak dependence on the 
intensity of the propagating electromagnetic pulse through the medium. For a general 
medium, the nonlinear refractive index NN“ (w), can be expressed as follows: 


NNU(@) = N(@) + No(@)E7(@), (22.212) 


where the tensor components are omitted to keep the notation as simple as possi- 
ble. In this formula N(w) is the normal complex refractive index and N3(w) 1s the 
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Table 22.1. Summary of sum rules for the nonlinear susceptibilities 
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Number Sum rule Reference 
CO 
(1) / o !Im x? (@,@)do = x (0,0) Scandolo and Bassani (1995a) 
0 
[oe 
(2) / olm x (w,o)dw = 0 Scandolo and Bassani (1995a) 
0 
(oe) 
(3) i Re x? (w,w)dw = 0 Peiponen (1987c); Scandolo and Bassani (1995a) 
0 
(oe) 
(4) i wo Im x? (w,@)dw = 0 Scandolo and Bassani (1995a) 
0 
(oe) 
(5) i: aw’ Re x? (w,w)dw = 0 Scandolo and Bassani (1995a) 
0 
(oe) 
(6) / w* Re x (w,w)dw = 0 Scandolo and Bassani (1995a) 
0 
lee) 3 3 
arV 
(7) i: wo Im x (w,w)do = uN Scandolo and Bassani (1995a) 
0 16m3 OX, OX;IXf | 9 
CO 
(8) i x (w, w, —w)dw = 0 Peiponen, Vartiainen, and Asakura (1997a) 
oe 
(9) if {X (w, 1) + XP (—o, w1)}do = 0 Peiponen (1987c) 
0 
[oe 
(10) i ReX™ (w,0,...,@)do = 0 Peiponen (1987c) 
0 
(oe) ‘s 
(11) / {Xx (W1, 02, -- +, Oks ++, On) }4 dax = 0, Pponen eas c) 
PHO. bic GSO OS pg 
CO A 
(12) / BALK (@1,. 6.5 Oks ++ +5 OL, ++, On) }4 deg = 0, Peiponen (1987c) 
p= Olsah GET iw, ORpeyad 
(13) ie wim x (3a; O,, w)dw a [ Re x (3a; OO, QO, w)dw Saarinen (2002) 
0 o* + we 0 w+ ws 
(14) wo a of Re[X (neo; 0, .,@)I! de = Saarinen (2002) 
0 we + ow 
[ okt! Im[x™ (nw;@,...,@)]! dw 
0 aw + ws ° 
k=0,2,4,..., LEN 
(15) / © OAM REX (Hoi 0,..- Ido _ Saarinen (2002) 
0 a+ wo 
© okt] Im[x™ (nw; 0,...,@)]! dw 
—Wo : a) + me 5 
0 
k=1,3,5,..., JEN 
[oe e 
(16) i Ax (O1, ©2,- ++ Oks —Oky ++ On)}4 da, = 0, Pemponen el 7e1¢) 
P= OA GE Op SGai 
(oe) (oe) 7 
(17) da)... {a1 ...,@n}?{X™ (@1,...,@n)}7 day = 0, Peiponen (1987b, 1988) 


—0o 
p=0,1,.. > q = 1,2,.. > O0<p<q-l 
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second-order refractive index. From Eq. (22.2) the electric polarization can be writ- 
ten, for a general medium, to the first nonlinear field term, again omitting tensor 
components, as follows: 


PL) = 69x") (@)E(@) + 3e0x° (W)E*(0), (22.213) 


and it is assumed that a single laser frequency w is employed. The nonlinear permit- 
tivity eN“ (@) can be expressed in terms of the general susceptibility x (w) by analogy 
to Eq. (19.5): 


eNL(w) = egf1 + x(w)}. (22.214) 


When magnetic effects are ignored, it follows that 


NL (oy? = =14+x7%@) +3x°()E* (a), (22.215) 


eNL (a) 
€0 
so that the normal complex refractive index is related to the first-order electric 

susceptibility by 


N?(@) = 1+ x. (22.216) 


Ignoring higher-order field corrections, the contribution N2(@) can be written as 
follows: 


3x9) (a) 


(22.217) 


The nonlinear refractive index NN'(w) depends on the field strength, so, more for- 
mally, the appropriate notation is NN'(w, EZ). The reader is expected to keep this 
field dependence in mind, even when it is not made explicit. In Section 19.6 it was 
established that, in the absence of spatial dispersion, the complex permittivity has 
no zeros in the upper half of the complex frequency plane. It follows that the same 
situation applies for the complex refractive index N(w). The third-order electric sus- 
ceptibility in Eq. (22.217) is actually x °)(w; @, w, —@), and the discussion given in 
Section 22.10 established that x @ (w;@, @, —w) is a meromorphic function, having 
poles in both the upper and lower halves of the complex frequency plane. Hence, 
N>(w) is a meromorphic function and NN“ (w) is also a meromorphic function with 
poles in both the upper and lower halves of the complex frequency plane. This means 
that the standard form of the Kramers—Kronig relations cannot be obtained for the 
functions nN (w) and «N“(w), the real and imaginary parts of NN“ (w). It is possible 
to obtain dispersion relations via the application of the Cauchy residue theorem, in 
a fashion similar to that indicated for the susceptibility in Section 22.10. However, 
the resulting formulas have limited practical value, since they depend on parameters 
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governing the locations of the poles in the upper half of the complex frequency 
plane. 

A second approach that can be employed involves two laser beams: one intense 
beam operating at the frequency w, and the second probe beam at the frequency @. 
The susceptibility factor that comes into play in this situation is x °) (@1; @1, @, —@), 
so that 


eNh(w1) 
E 


N™U (1)? = =14+ x) + 6x (1; 1,0, —@)E?(@), (22.218) 


from which it follows, on ignoring higher-order field corrections, that 


3x (a1; 01,0, —o) 
N>(@1) = ; 22.219 
2(@1 Nw ( ) 


The quantity V2(@ ) is a fourth-rank tensor. 
Consider the integral 


N2(@z)daz 


° 
C Wa — Wz 


where C denotes the contour shown in Figure 19.2. On applying the Cauchy integral 
theorem, it follows on taking the limits R > oo and p — 0 that 


N2(@a) = ad 


“pf wow (22.220) 


oo Oy — Oo 


The asymptotic behavior employed is N2(@1) = O(@,”) as w — oo. This allows the 
semicircular section of the contour integral to be evaluated. To proceed further the 
appropriate tensor subscripts are inserted: 


1 0 ( No. (w N>.., (—@ 
Nop) (@a) = ——P i 2) | Nowak aco (22.221) 
: 0 


1 WOq — WO Wa + w 


Making use of the results 
Njj(—@) = Ny(o1)* (22.222) 


and 


3 3 
an (—@1;—@1,@,-—@W) = ree (@1;@1,—@, w)* 


= xy (O13 01,0, -0)", (22.223) 
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where the preceding result employs the intrinsic permutation symmetry for x ay it 


follows that 


3 
3x j4)(—O1; —@1, 0, —@) 


N2,4,(—@1) = 
cities Ny(—o1) 
3h (a1; @|,—®, w)* 
7 Ny(@1)* 
* 
3X (a 31,0, —o) 
: (22.224) 
Ny(@1) 
so that 
Noi (—@1) = Noy (@1)*. (22.225) 
Using this result, Eq. (22.221) can be expressed as follows: 
Lf (N2 (0) — N2y (o)* 
Noi _j(@e) = ——P / SUBSE a2 Ue Jac (22.226) 
: 1 0 Wa — W Wy + @ 
and on writing 
No jpg (@) = N2jqg() + ik2 jy (@) (22.227) 
this yields 
1 © (Nig (@) N24 (@) 
Kj (@a) = —P / | Limos NEE Jao. (22.228) 
a 0 Mu — W Wu +o 
and 
1 (Ky (O) — K2;4 (@) 
12 ;4j(Oa) = ——P i m un Jao. (22.229) 
: TU 0 Ou — @ Wg + @ 


which represent the dispersion relations for the second-order correction to the 
nonlinear refractive index. 

Dispersion relations can be given for NN'(@1) by ignoring higher-order suscep- 
tibility corrections beyond x). The argument of Section 19.6 can be repeated, to 
establish that NN'(qw,) — 1 is an analytic function in the upper half of the complex 
angular frequency plane. Following the same approach given previously for N2,,, () 
leads to 


1 oo f NNL(@) — 5, NNL(—-w) — 5, 
1 0 


| (22.230) 


Wy — W Wg + W 
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If an isotopic medium is considered and attention focused on the diagonal tensor 
components NE (@y), then it follows from Eq. (22.218) that 


NNT (-a1)? = 1+ x45) or) + 6x; 4) (—@15 —O1, ©, —@) Ex (@)E(—@) 
=14 x0 @1)* + 6x9) (oi; 01, —0, @)"Ex(@)E(—@). (22.231) 
Making use of the intrinsic permutation symmetry leads to 
iq) (O15 01, —@, @) = XK (W101, 0, -@), (22.232) 
and employing Eq. (22.27) yields 
x) (1, 02,03) = X1139(@1, @2, @3) SKI a {x(3\5(@1,@2, 03) 
+ x9), (@1, @2, 03) 5K Sit- (22.233) 
From Eggs. (22.232) and (22.233) it follows that 
x) (@|;@1, —@,@) = von (@1;@1,@, —@). (22.234) 
Hence, Eq. (22.231) can be written as follows: 
NNT (ei)? = (1+ xy (Or) + 6x j41 (01; 1, ©, —@)E(@)E|(—0)}* 
= {N}'(@1)?}*. (22.235) 
From the preceding equation it follows that the most plausible result is as follows: 
Ni (-o1) = Np (@)*, (22.236) 


which becomes consistent with the linear case when the x ° contribution is omitted. 
Equation (22.236) can be obtained in a more rigorous fashion as follows. The function 
NSE (@) is analytic in the upper half of the complex angular frequency plane, and 
has a suitable asymptotic behavior there. Employing the previously derived results 
for the asymptotic behavior of oe (w) and xi, (@13;@1,@, —@) as w > ov, a Hilbert 
transform pair can be written for the real and imaginary parts of N, ae (@). Titchmarsh’s 
theorem can now be invoked, so that 


ee) . 
NE) —1= i Ri(te dt (22.237) 
0 
where R;j(t) can be viewed as a real response function. Equation (22.236) follows 
directly from Eq. (22.237). 


If NNL(w) is written in terms of its real and imaginary parts as follows: 
ii ginary p 


NAT (@) = no) + ikM (o), (22.238) 
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then Eq. (22.230) becomes 


2 © {nNl(w, E) — 1}d 
«NL (wy, E) = —*P ie mi e ) : ise (22.239) 
Uv 0 Wy — w 
and 
2. £% wk“, E)d 
nN" (wy, E) —1 = —2P i Oni a 2 = (22.240) 
se 0 Wy — w 


and the field dependence has been made explicit in these final results. The preceding 
two equations have same structure as the Kramers—Kronig relations for the normal 
linear refractive index and the dissipative component of the complex refractive index 
for an isotropic medium. 

A number of sum rules can be derived for nN“ (w) — 1 and x" (w). Dropping the 
tensor components, the following results can be derived: 


lee) 
il {nN!(w, E) — 1}do = 0 (22.241) 
0 
and 
ee ua 
/ ok! (o, E)dw = —or. (22.242) 
0 4 /P 


The asymptotic behavior required to obtain these results comes directly from the 
asymptotic behavior of x “!). Similar sum rules can be derived for the real and imag- 
inary parts of the nonlinear permittivity, ene (w) and oe (w), respectively. For an 
isotropic medium, with the tensor components ignored, it follows that 


[o,@) 
/ [eN' (@, E) — eoldw = 0 (22.243) 
0 
and 
9 EQ, 
/ wen (w, Edo = rie (22.244) 
0 


Many additional sum rules can be derived based on the approaches discussed in 
Chapter 19. 

Dispersion relations can be derived for the nonlinear reflectivity. This can be 
achieved by starting with the formula for the reflectivity in terms of either the nonlin- 
ear susceptibility or the nonlinear refractive index. To derive the dispersion relations 
it is necessary to deal with the meromorphic structure of the complex reflectivity 
in the upper half of the complex angular frequency plane. For readers interested in 
pursuing the details on this topic, consult Peiponen and Saarinen (2002). 
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Notes 


§22.1 For general background on nonlinear optics, the texts by Bloembergen (1965), 
Shen (1984), Butcher and Cotter (1990), and Boyd (1992) are recommended. For 
concise accounts, see the chapters on this topic in Yariv (1989) and Brau (2004). Sig- 
nificant progress on the principal topics of this chapter has been made by the Finnish 
workers Peiponen, Vartiainen, and their colleagues and the Italians Bassani and 
Scandolo. Papers by these authors can be consulted for further general information. 
§22.2 For detailed discussion on experimental issues, see Shen (1984) and Boyd 
(1992). 

§22.3 Further discussion on the anharmonic oscillator model is given in the books 
cited in Section 22.1. 

§22.4 The density matrix approach is discussed well in a number of sources. See, 
for example, Shen (1984), Butcher and Cotter (1990), and Boyd (1992); for a 
more advanced presentation, Mukamel (1995) is recommended. The seminal paper 
developing the ideas of this section is Kubo (1957). 

§22.5 Fora more detailed and general discussion of the asymptotic behavior of the 
susceptibilities, see Bassani and Scandolo (1991), Scandolo and Bassani (1995a), and 
Rapapa and Scandolo (1996). A discussion of the mth-order case is given by Bassani 
and Lucarini (2000). 

§22.6 Early contributions to the study of dispersions relations for nonlinear systems 
are due to Kogan (1963), Price (1963), Caspers (1964), and Kawasaki (1971). Some 
later works on this topic are Ridener and Good (1974, 1975), Smet and van Groenen- 
dael (1979), Sen and Sen (1987), Peiponen (1987a, 1987b, 1987c), and the reviews 
by Peiponen ef al. (1997a, 1997b, 1999). An alternative approach to the analysis of 
the nonlinear susceptibility involves the application of a maximum entropy model; 
see, for example, Vartiainen and Peiponen (1994) and Vartiainen et al. (1996). 
§22.7 The first key effort to test dispersion relations for the nonlinear susceptibilities 
is due to Kishida et al. (1993). Recent work on this topic has been carried out by 
Lucarini and Peiponen (2003) and Lucarini et al. (2003b, 2005b). 

§22.8 Double dispersion relations are discussed in Kawasaki (1971), Smet and Smet 
(1974), and Peiponen (1987b). 

§22.9 For further reading on nth-order dispersion relations and the sum rules that 
can be derived from them, see Peiponen (1987b, 1988). 

§22.10 For additional discussion, see Portis (1953), Troup (1971), Yariv (1989), 
Shore and Chan (1990), Hutchings et a/. (1992), and Kircheva and Hadjichristov 
(1994). Extensive work on the meromorphic optical functions has been carried out 
by Peiponen and coworkers; see Peiponen, Vartiainen, and Asakura (1997c, 1998), 
Peiponen (2001), and Peiponen and Saarinen (2002). 

§22.11 Further elaboration on the derivation of sum rules, testing, and the applica- 
tion of these results can be found in Peiponen (1987a, 1987b, 1987c), Bassani and 
Scandolo (1991, 1992), Peiponen, Vartiainen, and Asakura (1992), Scandolo and 
Bassani (1992a,b, 1995a,b), Vartiainen, Peiponen, and Asakura (1993b), Chernyak 
and Mukamel (1995), Rapapa and Scandolo (1996), Cataliotti et al. (1997), Bassani 
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and Lucarini (1998, 1999), Scandolo et al. (2001), Saarinen (2002), Lucarini, et al. 
(2003c), Lucarini and Peiponen (2003), Peiponen, Saarinen, and Svirko (2004), and 
Peiponen et al. (2004a). For an application to the nonlinear Raman susceptibility, see 
Peiponen et al. (1990). 

§22.12 In addition to the specific references cited in Table 22.1, Lucarini et al. 
(2005b) provide further extensions and elaborations on a number of the sum rules 
tabulated for the nonlinear susceptibility. 

§22.13 Further discussion can be found in Boyd (1992). An investigation of sum 
tules for the nonlinear refractive index and dielectric constant can be found in Bassani 
and Scandolo (1991, 1992) and Scandolo and Bassani (1992b). For an application to 
semiconductors, where the quantity nz is determined, see Miller et al. (1981), and 
for an additional use see Kador (1995). 


Exercises 


22.1 By appealing to symmetry ideas, show that x) vanishes for an isotopic 
medium. 

22.2 Is the density operator for a non-pure state idempotent? 

22.3 For readers with a knowledge of Mathematica (or any other symbolic algebra 
capable software), construct an automated code to evaluate the coefficients 
cx in the asymptotic expansion of the susceptibility X@ (w1, @2) as a sum of 
terms of the form cho, * , fork = 0, 1, 2, 3, and 4, using the quantum formula 
Eq. (22.108). 

22.4 Develop a Mathematica (or other software package) program to evaluate 
the coefficients c, in the asymptotic expansion of the SHG susceptibility 
x (w, w) as a series of terms of the form c,w—", for k = 0, 1, 2, 3, 4, 
5, and 6, using the quantum formula Eq. (22.108). 

22.5 Can any dispersion relations be derived describing optical rectification? 

22.6 Employing Eq. (22.203), derive the specific sum rules for THG for the cases 
q = | and 2, and for valid values of p. 

22.7 What dispersion relations can be derived for the functions ml (w) and“ (o), 
assuming the first nonlinear correction arises from x B(w;@, 0, —w)? 

22.8 Can dispersion relations be derived for the susceptibilities connecting different 
phenomena, for example between SHG and optical rectification, or between 
SHG and sum-frequency or difference-frequency generation? 

22.9 Explain the physical significance, if any, of the real and imaginary parts of 
x” forn > 1. 

22.10 What sum rules can be derived for the function 


_ Ww {X (nw; 0, w,...,@)}4 
Di wp +o 


f (@) ? (22.245) 


Take wo to be an arbitrary angular frequency. Assume p and q are integers and 
justify the range of these variables for the sum rules you derive. 
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22.11 Can a two-variable conjugate series approach be developed for x (@, @2) 
in a similar manner to the one-variable series technique applied to x“! (w)? 

22.12 For the susceptibility X°(w,,,@z,), can the product of the upper half com- 
plex w,,- and w-,-planes be mapped into the bidisc {(z,z2) € Cale 
1, |z2| < 1}, and what relationships (if any) can be determined connecting the 
real and imaginary parts of the SHG susceptibility in the bidisc? 


23 


Some further applications of Hilbert transforms 


23.1 Introduction 


In this final chapter, some further applications of Hilbert transforms are considered. 
Several of these topics are of considerable significance and could easily be devel- 
oped into rather lengthy chapters. The underlying theme of this chapter is that the 
applications all make use of the standard Hilbert transform, or one of its variants, as a 
substantial part of the technique or approach that is under discussion. Since problems 
from diverse areas are considered in this chapter, the reader is alerted to the fact that 
the same symbol may designate unrelated quantities in different sections. 


23.2 Hilbert transform spectroscopy 


The term Hilbert transform spectroscopy is used in the literature with two different 
meanings. Both techniques are discussed in this section. The first involves the use 
of the Josephson junction. Here the spectrum of the incident electromagnetic radia- 
tion on the junction is related to the Hilbert transform of the electrical response of 
the Josephson junction. The second development employs the conversion of a time 
domain signal into an absorption spectrum, using the Hilbert transform in a man- 
ner designed to try and improve spectral features, such as the identification of weak 
spectral lines and the minimization of spurious noise peaks. 


23.2.1 The Josephson junction 


The approach described in this section was proposed by Divin, Polyanskii, and 
Shul’man (1980), and called Hilbert transform spectroscopy by Divin et al. (1993). 
The terminology Hilbert spectroscopy has also been employed (Tarasov et al., 1995). 
A Josephson junction consists of two superconducting layers separated by an insu- 
lator layer. In the de Josephson effect, a current flows across the junction without 
the application of an external electric or magnetic field. The equation describing this 
behavior is given by 


I =1, sin(go), (23.1) 


406 
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where J is the superconducting current, go is a relative phase factor for the proba- 
bility amplitudes of electron pairs on opposite sides of the junction, and the junction 
can pass a maximum zero-voltage current J,, which is the critical current of the dc 
Josephson effect. 

If a de voltage is applied across the junction, then current oscillations in the radio- 
frequency region are set up across the junction, and this is termed the ac Josephson 


effect. The phase ¢ is now time-dependent and is given by 
dg(t) 2eV 
= 23.2 
dt h ee) 


where V is the applied voltage, ¢ is the time, and e is the absolute value of the electronic 
charge. A short calculation (see Kittel (1976)) shows that the superconducting current 
of Cooper pairs across the junction can be expressed as follows: 


eV 
I(t) = Iesin ( ie a) (23.3) 


The current has an angular frequency of oscillation given by 


2eV 
= —_., 23.4 
o=> (23.4) 
The frequency v is related to the voltage by 
v = 4.8355 x 108V (MHz V~!), (23.5) 


so that a 1 pV applied voltage produces a frequency of 483.55 MHz. 

In the resistive-shunted junction model of a Josephson junction, the total current 
across the junction is given by the sum of the superconducting current and a normal 
resistive current. It is conventional to introduce relative dimensionless variables, 
defined by 


é=1/Ic, (23.6) 
v=V/Ve, (23.7) 
@ 
o=—, (23.8) 
Wc 
T = Wel, (23.9) 
where 
2eV, 
ee 7 (23.10) 


and V, is defined in terms of the resistance R by 


V_ = Rg. (23.11) 
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In the resistive-shunted junction (RSJ) model the total current J is given by 
V : 
T= Rtke sin g(T). (23.12) 


Equations (23.2) and (23.12) can be expressed in terms of reduced variables as follows: 


COD 255 (23.13) 
dt 
and 
As ee cy ee (23.14) 


dt 


The solution of Eq. (23.14) for the case where the relative current ¢ 1s time-independent 
is given by 


€ 


ae 
g(t) = 2tan@! (=~ vane), (23.15) 


where 


dee 


0= (tT —c), (23.16) 


and c is an arbitrary constant. A short calculation shows that 


{1+ cos 26 + ./(é? — 1) sin 26} 
é? + cos 20 + ./ (e2 — 1) sin 20 


sin g(t) = (23.17) 


and 


y(t) _ ee? — 1) 


1G)sS dre? +. cos20 + / (e2 — 1) sin 20° 


(23.18) 


The time-averaged relative current, ¢, is given in terms of the time-averaged relative 
voltage v by 


i= send / (0? + 1). (23.19) 


Application of an additional external current 7(a )at the relative angular frequency 
w to the junction leads to a change in the current-voltage behavior of the junction 
from Jp(V) to /(V). If the current response is denoted by AJ(V) = I(V) —Io(V) and 
reduced units adopted, replacing AJ(V) by Ag, then, for a given relative voltage v, it 
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can be shown that 


Ss 1 ita) 
Ac(v, @) = ae =D 


3 (23.20) 


-—oO 
The derivation of this result can be found in the work of Kanter and Vernon (1972). 
The preceding Kanter-Vernon formula (Eq. (23.20)), ignores the presence of any 
fluctuating current in the junction; when this is included in Eq. (23.14), the current 
response is found to be 


Aé(¥, 7) = (23.21) 


i(@)2 v+o 4 V-@ 
8&v [Wt+o0)+y? W-w)?+y7J’ 


where y denotes a fluctuation induced line width of the Josephson oscillation. This 
result requires that v and w are much greater than y. The frequency-integrated current 
response is given by 


aiw = [ Ac (V, 7) dw 
0 


-af ior| Vee. =p Se Jam 
0 


829 @toyty | w-oyty? 

[ii Cg (23.22) 
a i(w)* ——_—..—_., da, : 

820 J 00 (¥-—w)? +y? 


which, in the limit that y — 0, leads to 


1 © i(w)*d 
M22 —P / eee (23.23) 
8V Jo V-@o 
Introducing the definition 
gv) = 8r lev Ac (9), (23.24) 
it follows that 
1 oo F; 2d es 
g(¥) =—P / ABE: = Hie. (23.25) 
IT Jiwo V-w 


and g(v) therefore represents the Hilbert transform of the time-averaged square of 
the external current. By analogy with the term interferogram used in Fourier spec- 
troscopy, the designation hilbertogram has been employed to describe the function 
g(v) (Shul’man, Kosarev, and Tarasov 2003). The inversion property of the Hilbert 
transform can be employed to write the following: 


i@raer i, ee NL (23.26) 


Xr o OV 
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If S;(a) denotes the continuous spectrum associated with i(@)? and S(a) denotes 
the spectrum of electromagnetic radiation impinging on the Josephson junction, these 
two functions are connected by a transfer function K(@), so that 


Si(w) = |K(w)|?S(w). (23.27) 


Hilbert transform spectroscopy has found application in the frequency range of 
approximately 100 GHz to the few terahertz region. 


23.2.2 Absorption enhancement 


Under the title Hartley/Hilbert transform spectroscopy, Williams and Marshall (1992) 
suggested a means by which enhanced absorption spectra might be obtained. The 
enhanced nature of the spectrum includes the possibility for slightly improved visual 
identification of weak peaks and the minimization of noise spikes that might be 
mischaracterized as weak absorption peaks. The basic idea is illustrated in the flow 
chart shown in Figure 23.1. The Hartley transform was employed by these authors 
to evaluate the required Hilbert transform. Other techniques such as the Fourier 
transform can be substituted for the Hartley transform, although the Hartley transform 
does have some features that recommend its use. 

In the absence of noise, the scheme outlined in Figure 23.1 would lead to the 
same peak heights for absorption bands as would be found from a direct analysis 
of the time-domain data. Since the time-domain data are discrete, a discrete cosine 
Fourier transform of N data points yields N frequency-domain points, of which NV/2 
are unique — the second half of the frequency-domain data is a repeat of the first 
half. A similar situation holds for the sine Fourier transform. It is possible to work 
with just the cosine Fourier transform using 2N time-domain data points, of which 
N have been obtained by appropriate zero filling. When this is done, both the normal 
absorption spectral profile and the so-called enhanced profile should be the same. In 
the absence of zero-filling, the enhanced absorption spectrum shows improvements 
over the normal absorption spectrum, when spectral noise is taken into consideration. 


time-domain signal 


dispersion spectrum 


[Hilbert transform 
absorption absorption 
spectrum spectrum 


average absorption spectrum 


Figure 23.1. Scheme proposed to obtain an enhanced absorption spectrum. 
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Padding the original N-point time-domain signal with N zeros, leads, after Fourier 
transformation and application of the scheme given in Figure 23.1, to a spectrum that 
is not enhanced relative to the normal absorption spectrum. The difference between 
the two approaches amounts to one of computational convenience. Since the FFT 
approach can be executed very quickly, even on very large data sets, probably little 
is gained by combing the FFT with a Hilbert transform evaluation. 


23.3. The phase retrieval problem 


It is common in many experiments involving the interaction of electromagnetic radia- 
tion with matter to measure intensity data. Phase information for the electromagnetic 
wave Is lost in this measurment process. It is often impractical to determine directly 
phase information experimentally. The phase problem, or synonymously the phase 
retrieval problem, deals with the determination of phase information from measure- 
ments of the modulus. Intensity measurements are proportional to the square of the 
modulus. Some different approaches that have been applied to deal with this rather 
venerable problem are examined in this section. A key idea that forms the basis of 
various procedures is to set up the dispersion relation connection between the phase 
and the modulus. 
Let the intensity of some physical measurement be represented as follows: 


1 «x |F(o)|? (23.28) 
and 
F(a) = |f(o)|e?™, (23.29) 


where @(w) denotes the phase and | f(w)| is the modulus. It is assumed that the 
function F is an analytic function in the upper half of the complex angular frequency 
plane. In order to set up a dispersion relation connection for the phase, it is necessary to 
separate @(w) and f(w). This is accomplished by working with the function log F(@), 
so that 


log F(w) = log | f (@)| + id (@). (23.30) 


The material presented for the reflectivity in Section 20.2 can be applied directly, 
leading to the following dispersion relation: 


1 © lo a’) |da" 
oteye =P | log fod" (23.31) 
Hw Joo o-@ 
It is assumed that f(w) = O(w~*) with A > 1, as w — oo. To examine the 


convergence of the preceding integral in the asymptotic region, select an angular 
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frequency wp >> w, and then consider the sum of the two integrals 


—%0 log |e! |doo! T log |’ |dao! 
[ o-oo! +f o-w — 
This pair of integrals gives a convergent result in the limit T — oo. The two important 
factors that are required for arriving at this result are: (i) that | f(@)| has no zeros in the 
upper half of the complex angular frequency plane, and (ii) the absence of Blaschke 
factors. For the latter issue, if B(w) is a Blaschke factor (recall Eq. (20.19)) then 


If(@)B)? = |f(@)/’. (23.32) 


The presence of zeros for | f(@)| leads to logarithmic divergences for log | f(w)| . 
One approach (Burge et al., 1974) that has been employed to avoid the problem of 
zeros for the function f(@) is to write 


g(w) =f(@) +C, (23.33) 


where C is a complex constant selected so that the function |g| has no zeros in the 
upper half complex angular frequency plane. Let the modulus and phase of g be 
denoted by |g(w)| and g(w), respectively, so that 


g(@) = |g(w)| ?, (23.34) 
with 
tan y(w) = ae (23.35) 


where g;(@) and gi(@) are the real and imaginary parts of g(w), respectively. 
If it is assumed that f(w-) satisfies f(wz) = O(w;!~) ford > 0, as w@, > o, 
then the following result can be derived: 


fey=-aPp [FOR (23.36) 


/ 
co O-O 


The resulting dispersion relations then take the following form: 


f(w) = Pf fie ee (23.37) 
wT Jico Ww-W 
and 
fw) = pf Ho. (23.38) 
IZ Jo wo-@ 
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which can be modified by the addition of a constant C, with real and imaginary parts 
C, and C;, respectively, so that 


(OG ae (Ce) + Gea +C; (23.39) 
and 
f(@)+ C= -<P is cree +C. (23.40) 
These equations can be rewritten as follows: 
gi(@) = “P ie sole +C (23.41) 
and 
gr(w) = “P iA - — nae (23.42) 
From Eqs. (23.35) and (23.42), it follows that 
a = “P [ sited emo (23.43) 


Solving this integral equation offers the possibility for obtaining the phase. The prob- 
lem can be approached in the following way making use of the Sokhotsky—Plemelj 
formulas (Perina, 1985, p. 48). If the function w(q-) is introduced by the following 
definition (for w; 4 0): 


1 f® gilo'\do" 1 
i So do de, (23.44) 


¥@) = 20 Jo 0! — Oz 2; 


then examining the limit w; — 0 and using Eqs. (10.7) and (10.8) yields 


bo 7 ated. 4 1 
i @) = =P i, SOEs, igi(w) + —C, (23.45) 
2m Jo wo -@ 2 2 
and 
1 f® gia)do! 1 1 
reg eee i DCE eer Oy ee en (23.46) 
2m Jo ow -@ 2 2 


where the limits are taken as w; — 0+ for wt and w, — 0- for y~. Employing 
Eq. (23.42) yields 


syicy 3:2 
wv" (@) 78) (23.47) 


414 Some further applications of Hilbert transforms 


and 
- hg 
vy (@)= 38 (a), 
from which it follows that 
Wt (@) + (@) = g(o) 
and 
vt (@) — W (@) = igi). 


Equation (23.34) leads to 


2 2 .2ip(@) 

8 (@) ) lg(@)|* e'? 
| joe | Se <= V2 5i9t) 
8 (or ce( ig@r as 


and 


VF) _ 8) _ 8) _ digo) 
W-(@) — g(@)* —_|g(@)| : 


so that 
log y* (w) — logy (@) = 2ig(@). 


The solution of Eq. (23.53) is given by 


1 [ 2i¢(w’)da! 


log ¥ (wz) = 201 wo -@ 
—0o ‘Z 


+ loge, 


where c is a constant, and hence 


Won) =cexp |= Hos), 


/ 
_~ OW — az 


From the preceding result it follows, on using Eqs. (10.7) and (10.8), that 


V+) = cexp | -P / Hoe + iv(o)| 


and 


] lee) Yd / 
Ww) =cexp{ =P f pone iwo)} 


(23.48) 


(23.49) 


(23.50) 


(23.51) 


(23.52) 


(23.53) 


(23.54) 


(23.55) 


(23.56) 


(23.57) 
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Equations (23.49) and (23.50) yield 


1 (oe) / / 
gi(@) = 2esin g(w) exp P| Ke me \. (23.58) 
T Jo wo -o 
1 [oe) / d / 
£(w) = 2c cos y(w) exp Pf ee = } (23.59) 
T Jo. wo -—o@ 
and hence 
1 © v(a')da’ 
ss 2 2 - 
Ig@)| = V (s?) + s?@)) 2eexp | =P i. re 
so that 
1 [o) / / 
tog | = P| Reser (23.61) 
2c I Jio wo -o 


Take the Hilbert transform of both sides of the preceding result, assuming both 
integrals converge. Recall that if g ¢ L?(R) for 1 < p < oo, then Hg € L?(R), and 
from Eq. (23.61) this is not expected to be the case for functions likely to arise in prac- 
tical applications. However, functions still exist where taking the Hilbert transform 
leads to convergent results. So if the integrals exist, it follows that 


1 4 2 ee 1, [* g@')do! 
tp [ og|g(@)/2cldo _ P| dw Pf whose (23.62) 
HT Joo wo" —@ T Jo OW —oT Jo wo —o 
and hence 
1 oO Jo \ day’ 
Ss =P | log te) [oe (23.63) 
IT —oo O—-W 


Recalling the iteration property for the Hilbert transform, the simplification of the 
right-hand side of Eq. (23.62) is straightforward for functions g € L?(R) for 1 < 
Pp < &, but can also be carried out for particular choices of other functions. From 
Eqs. (23.33) and (23.34) it follows that 


fri(@) + C, = |g(@)| cos g(a) (23.64) 
and 
fi) + Ci = |g(@)| sin g(@), (23.65) 


so that 


fi — lg(@)|sing(@) — CG 
= ‘ 23.66 
re tt — |g(@)| cos g(@) — C, ( ) 
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The preceding result can be simplified by noting that a zero of | f(w-)| must have 
both the real and imaginary components equal to zero, so that it is sufficient to add 
a real constant C to f and let C; = 0 in Eq. (23.66). The computational approach to 
be employed is as follows. Fix the constant C, for example taking C > max | f| , and 
evaluate g(w) from Eq. (23.63). It is assumed that | f'| is available over a sufficiently 
wide spectral range for this to be done accurately. Then determine @ from Eq. (23.66). 
In situations where the Hilbert transform of Eq. (23.61) cannot be taken, an alternative 
avenue is to employ a subtraction for the function f, based at some selected frequency. 
Results in this direction were indicated in Section 20.2. 

Let f(@) = |f(@)| e!?() and consider the case where | Ff (O)| is non-zero. A modi- 
fied approach can be employed to obtain dispersion relations connecting | f (w)| with 
(qm). Consider the integral 


§ log f (@z)daz 
Cc 


;(@; — @) : 


where the contour C is taken to be the familiar semicircular contour in the upper half 
of the complex angular frequency plane with suitable indentations of the contour into 
the upper half plane at the angular frequencies w, = 0 and w, = w. The extra factor of 
w; | improves the convergence. The resulting dispersion relations are readily found 
to be as follows: 


pore “pf log |f(o!)|do + (0) (23.67) 
HZ Jo W(w-a’) 
and 
o, [~ ¢(o')do’ 
log | f(@)| = =p | ———_ + log | f(0)|. (23.68) 
HT Jo wo! (w — wv’) 


The derivation explicitly requires the absence of zeros for the function f(@w_) in the 
upper half of the complex angular frequency plane. 

Suppose the function f(w,) has N zeros, located at the positions j,k =1...,N, 
in the upper half of the complex angular frequency plane, and their locations are 
known to be at the positions a;,k = 1,...,N. To keep the discussion simple, it is 
assumed that all the zeros are of order one. The function f(w-,) can be modified by 
introducing the new function g(w-) defined in the following way: 


N sk 
g(wz) =f(:) | | as a ; (23.69) 
k=1 


Mz — 


where the second function is a Blaschke factor. On the real frequency axis it follows 
that 


Igo)? = fo)’. (23.70) 
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Hoenders (1975) considered the class of functions which are band-limited to the 
finite interval [a, b], with the Fourier transform of f given by 


b 
F(a) = i fe dé (23.71) 


In the preceding formula let w be the complex variable w,. A function F (w,) defined by 
Eq. (23.71) is an entire function of exponential type. By taking advantage of this char- 
acterization, a product-type expansion for the entire function can be written (see Levin 
(1964), chap. 1). Under relatively mild assumptions, Hoenders (1975) derived disper- 
sion relations starting with a contour integral of the function (w, — w)~ lo, el: 2Z(@z), 
where g(w-), defined in Eq. (23.69), is assumed to satisfy a condition of the form 
given in Eq. (23.71). The choice of contour is a semicircle, with a suitable semicircu- 
lar indentation at w, = w and at any zeros that may happen to be located on the real 
frequency axis. The reader is left to explore the outcome. The major issue to resolve 
is the actual location of the zeros. The end-notes provide some sources for further 
reading. 


23.4 X-ray crystallography 


The scattering of a wave by a point-sized scattering center, located at a point P with 
position vector r relative to the origin, is given by a scattering factor Fy, which can 
be expressed as follows: 


et doa (23.72) 


where f is the amplitude factor of the scattered wave and h is a wave vector represent- 
ing the difference between the wave vectors for the scattered and incident radiation. 
The preceding result can be generalized to include N scattering centers, so that 


N 
Peay fe (23.73) 
k=1 


The notation F',4; in place of Fy, is common. The indices A, k, and /, called the Miller 
indices, are used to characterize the various lattice planes or faces in a crystal. They 
are usually written in the form (A4/), and to indicate lattice points the notation AA/ is 
used. A transition from the set of discrete scattering centers to the continuous situation 
can be made by replacing the sum in Eq. (23.73) by an integral. Let o(r) denote the 
electron density function at the point r, then the structure factor Fp is given by the 
Fourier transform of o(r) as follows: 


oo ‘ 
Fr = / p(rjee™* ay, (23.74) 
lee) 
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where the integral is over a volume in real space and h denotes a coordinate in the 
reciprocal space (also called the Fourier space by some authors). The inverse Fourier 
transform of Eq. (23.74) leads to the following expression for the electronic density: 


oo “ 
p(r) = i Fue 77" dVq, (23.75) 
lo) 


and the integration is over a the volume in reciprocal space. In X-ray crystallography 
the principal item of interest is the location of the scattering centers, that is, the 
positions of the nuclei in the structure under investigation. The electron density is 
also a key item, and this can be extracted from an X-ray scattering experiment. 
Knowledge of the electronic density distribution provides access to information on 
chemical bonding within the crystal structure. The discrete analog of Eq. (23.75) is 
given by 


1 ‘ 
pir) =>, Se (23.76) 
hook 1 


where V is the volume of the unit cell of the crystal. 
The quantity that is experimentally accessible is the intensity /;4;, which satisfies 


Tata & \Feal? - (23.77) 
The structure factor can be written in the form 
Frit = \Fnia\ &?™, (23.78) 


where @j,4; is the phase. In order to carry out the Fourier synthesis of the electronic 
density using Eq. (23.76), it is necessary to determine the phase factors dj4;, keeping 
in mind that the intensity measurement only furnishes the modulus of the structure 
factor. This is called the phase problem in crystallography. 

There is a long history of work devoted to the resolution of the phase problem in 
crystallography, and some clever schemes have been developed that are successful to 
varying degrees. A couple of approaches related to the Hilbert transform, which for 
the most part have been a more recent advance, are considered in this section. 

Ramachandran (1969) developed an approach based on the discrete Hilbert trans- 
form. To simplify, a one-dimensional version of the theory is considered. The structure 
factor is written in the following form: 


Fy, = |Fn| el? = A(x) + iBQ). (23.79) 


Assume for the one-dimensional case that o(x) is periodic and 


lee) 
p(x) = > Pye, (23.80) 


h=—oo 
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with 
1 « 
Fy, = ii p(x)er7™ dx. (23.81) 
0 


Treating the structure factor as a function of the continuous variable h, and differ- 
entiating Eq. (23.81) with respect to this variable, leads to a pair of formulas that 
are related to discrete Hilbert transforms. One result, expressing A in terms of B and 
its derivative, and the other giving B in terms of A and its derivative. There are two 
difficulties. The first is that the derivatives of the structure factors are not readily 
accessible. The second issue concerns the fact that the structure factor F, is not a con- 
tinuous function; it vanishes everywhere except at the lattice points. For this reason 
the standard form of the Hilbert transform relations connecting the real and imaginary 
parts of F;, do not apply. Also, this raises issues associated with taking the derivatives 
of the structure factors. This approach has not found any practical application. 

A second scheme is now considered. Suppose the structure factor, considered as a 
function of the continuous variable s in reciprocal space, is analytic in the upper half 
of the complex s plane. Further assume that F(s) = O(s~*) with A > 1, as. s > oo. 
In this case it follows that 


1 i F(s')ds (23.82) 


F(s) =—-—P 
1 


ae 
o ss 


The structure factor may be written, for the one-dimensional case, in the following 
form: 


F(s/a) = i : p(xye2™*/4 dy, (23.83) 
0 


where the electronic density is assumed to satisfy 
p(x) =0, x<0,x>a. (23.84) 


Since F'(s/a) has an inverse Fourier transform with compact support in the interval 
[0, a], the Whittaker-Shannon—Kotel’nikov sampling theorem (recall Section 7.4) can 
be applied to write 


F(s/a)= 5 F(k/2a)sinc(2s—k), fors ER, (23.85) 
k=—0o 


and recall that the sinc function is defined by 


sin Xx 


sinc x = (23.86) 


TUX 
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Inserting Eq. (23.85) into Eq. (23.82) and recalling that the Hilbert transform of the 
sinc function is H[sinc x] = (1 — cos zx)/(sx), leads to the following: 


[o,@) 
1- 2s—k 
F(s/a)=i Y> F(k/2a) ross 2) (23.87) 
m(2s — k) 
k=—0O 
Combining this result with Eq. (23.85) yields 
[o,@) 
1— 2s —k 
Y_ F(k/2a) } sinc{(2s — k)} — i costs) _ 9 (93.88) 
(2s — k) 
k=—0O 
Writing the structure factor in terms of its real and imaginary parts as 
F(s) = A(s) + iB(s), (23.89) 


and setting s = h/2 allows expressions for A and B to be obtained from Eq. (23.87) 


as follows: 
AVN 1 A (k\ = Cb*] 
4(z,)=-z 2 8(z5) > (23.90) 
and 
AV ot Se (k\)u-Cor" 
a(r)-z 2 4(s) pa (23.91) 


where the prime on the summation is used to signify the omission of the term in the sum 
with k = h. Equations (23.90) and (23.91) represent the discrete Hilbert transforms for 
the real and imaginary components of the structure factor. The preceding development 
is due to Mishnev (1993), who also considered the extension to the three-dimensional 
case, which follows in a rather straightforward manner. The three-dimensional analog 
of Eq. (23.82) can be written as follows: 


OF ds’, ds’, ds’ 
Fosi.sasa) =P aie ae Wis S085) Osi lias dy (23.92) 


(s1 — s4)(s2 — 55)(s3 — 8) 


The three-dimensional analog of the Whittaker-Shannon—Kotel’nikov sampling 
theorem is given by 


S1 $2 83 l 
r(2. an 2). ps 5 ye (+= 2a’ =) 


—0o k=—00 =—00 


x sinc{(2s; — h)} sinc{(2s2 — k)} sine{(2s3 — J}. (23.93) 
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To simplify the formulas, the restriction aj = az = a3 = | is applied. Substituting 
this result into Eq. (23.92) yields 


ee hk 1\ (1 —cos[x(2s; —A)] 
F(s1, 82,53) = —1 a > F355) (2s; —h) 
h=—o k=—c 1=—00 
| 1 — cos[z (252 — k)] | 1 — cos[z(2s3 — /)] 
- 7 (287 — B) (ss 1) 


(23.94) 


Introducing the change of variables s; = h'/2,s2 = k’/2, and s3 = I'/2 yields 
nk t ere ee ned 

F = Pe eee 

(5-35) 13 Ds De De (3-5-5) 


h=—oo k=—o0o l=—00 


we sD cies flees Goad Dig men Co 


23.95 
(W’ — hy(ki-k)— Dd Ce) 
Writing F = A + 1B leads to the following expressions for A and B: 
Weed. Ds een eM sf oe 
A(-~,—=,~-)=— Bi -,-=,= 
(p53)-= DY’ h2(553) 
h=—0o k=—00 l=—00 
Way — 1) —k  ¢l'- 
a (ae ey = ee ot (23.96) 
(W’ — hy(k’-—k) — D 
and 
hk’ I a (hkl 
B(5.5-5) =z m3 : me 4 5-5-5) 
h=—00 k=—00l=—00 
1—(-1 h'-h 1—-(-1 k'-k 1—(-1 I'-1 
eet (=DF ohh eee ht ED bo (23.97) 


(’ — hk’ -khy-D 


Zanotti et al. (1996) discuss one implementation procedure, and their approach 
is as follows. Suppose that the reflections are divided into two groups: those with 
known phases, call this set ',, and those with unknown phases, denote this set by Ty. 
The first of these two groups might be determined by direct methods, which involve 
various probabilistic procedures, inequality techniques for the structure factors, and 
others (see Stout and Jensen (1989), chap. 11). The computational steps employed 
to implement the approach are as follows. (i) Using Eqs. (23.96) and (23.97) and 
the data from I',, evaluate the A and B terms for the set I, to some level of accu- 
racy. A key ingredient of this calculation is knowledge of F'(0, 0, 0). (ii) From all the 
available A and B terms, recalculate the A and B terms to an improved accuracy. (iii) 
Renormalize the determined A and B values using the known values of the structure 
factors |F|* , noting that |F|? = A? + B?. A recycling procedure through steps (ii) and 
(iii) can be employed. Once the 4 and B values have been determined, the phases can 
be determined. Some examples of the approach can be found in Zanotti et al. (1996). 
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An alternative strategy that takes advantage of the discrete Hilbert transform rela- 
tions can be applied when the phases for all the reflections are known, but with varying 
degrees of uncertainty. Let m denote a figure of merit for a reflection, and let this 
quantity be assigned in the following manner. For a reflection with a known phase 
that is expected to be correct, assign for that reflection m = 1, and for a reflection 
for which the phase is expected to be totally incorrect, use m = 0. Now modify the 
right-hand side of Eqs. (23.96) and (23.97) by making the following replacements: 


Akl hkl hkl hkl 
Bi -,-, > mB -, -, and A { -, ~, >mA\-,-,-), 
22° 2 222 2°2°2 22" 2 
respectively. This amounts to weighting more heavily the more accurately determined 
A and B terms. A cycling procedure can be carried out, where only the phases with 
low m values are modified. In each step of the cycling, modifications of the assigned 


figures of merit can be made. The calculation is terminated when some preset level 
of convergence has been achieved. 


23.5 Electron—atom scattering 


Dispersion relations are concisely discussed in this section for two types of scattering 
processes: potential scattering and electron—hydrogen atom scattering. Both problems 
have been of interest for a considerable period of time. The chapter end-notes provide 
some references to the historical development of the subject, as well as the more 
recent progress. The focus of this section is electron—hydrogen atom scattering, and 
in particular, the analytic structure of the scattering amplitude in the complex energy 
plane. Some introductory background from potential scattering is reviewed first. 


23.5.1 Potential scattering 


Scattering experiments have a very long history in the physical sciences. Scattering a 
particle off a target provides an opportunity to investigate the forces in play between 
the target and scattering particle, the internal structure of the target, information 
on decay times and hence stability, and other factors. The common variables that 
are measured are energy, momentum transfer, various angular distributions and the 
associated intensities, together with different polarization factors in a number of 
experiments. 

Consider the collision of two spinless particles of masses m, and m2, with the 
reduced mass for the system given by m = mim 2/(m, +mz2). If the interaction poten- 
tial V depends on the difference in coordinates of the two particles, the Schrédinger 
equation for the system is separable into two parts in the center-of-mass coordinate 
system: one of the resulting equations describes the translation of the system; the 
other describes the internal dynamics of the system. It is the latter dynamics that is of 
interest. It is assumed that the interaction potential has an asymptotic fall-off at large 
distances that is much faster than r~!, where r is the distance between the center of 
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mass of the particle system and the origin of the potential. The Schrédinger equation 
in the center-of-mass coordinate system takes the following form: 


2 
LE yy +V(r)Wv = EV, (23.98) 
2m 


where V is the del operator and £ is the energy. At very large separation distances, 
where the potential can be approximately neglected, the energy is given by 


By ae (23.99) 
2m 2m” , 
where the momentum p = /ik. In a system of units where fi is set to the value unity 
(that is, atomic units, a.u.), k denotes the momentum vector of the particle. In the 
SI unit system, multiply k by / to get the momentum. Loosely speaking, k is often 
referred to as the momentum, even when atomic units are not in use. In the asymptotic 

region the solution of the Schrédinger equation behaves as follows: 


: ikr 
wta,k) > e# + £(,6)—, asr— oo. (23.100) 
r 


The interpretation is that, at large distances from the scattering center, the first part 
of the solution is a plane wave; more generally, it comprises a superposition of 
plane waves traveling in the z-direction with momentum fk. The second part of the 
solution is an outgoing wave with the angular amplitude f (6, ¢), which corresponds 
to the scattered beam. The quantity f is referred to as the scattering amplitude. A 
key quantity of interest in any scattering experiment is the differential cross-section, 
which is given by 

o(0,¢) =|f,0)|". (23.101) 


It is conventional to simplify the notation by employing 
2m 
U(r) = V(r), (23.102) 
h 
so that Eq. (23.98) can be written as follows: 
(V2 +k)v = U(r), (23.103) 


and the factor U(r) can be regarded as an inhomogeneity term. The corresponding 
homogeneous problem is 


(V7 + k?)g(r) = 0, (23.104) 
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and if the direction of the outgoing particle is fixed as the z-direction, then the solution 
of Eq. (23.104) can be written as follows: 


g(r) = kr = el, (23.105) 


The solution of Eq. (23.103) is given by 
vr) = g(r) — / Gr —r)U@)Wor)dr’, (23.106) 


where the integration is over three-dimensional space and the Green function G 
satisfies 


(V* +k7)G(r) = —d(r). (23.107) 


For a free particle a standard calculation (see, for example, Schiff (1955), 
pp. 163-164) leads to the result that 


1. 
G(r) = rere (23.108) 
Tr 


Insertion of Eq. (23.108) into Eq. (23.106) and examination of the asymptotic region 
r — oo, leads to the result given in Eq. (23.100), with 


F(O,0) = -~ | U(r eet yt (rk) dr’, (23.109) 


where kg is a vector whose direction indicates the trajectory towards the detector. 
The integral in Eq. (23.109) can be simplified by developing wt (r’, k) ina series 
expansion. As a zeroth approximation, let w* (r’,k) be represented by just the first 
term, Eq. (23.106), so that 
vo Ok) = 9) = ee (23.110) 


Inserting this result in to Eq. (23.109) yields the following approximation for the 
scattering amplitude: 


1 P / 4 / 
f(O,9) = ae [vere tik’ dr’. (23.111) 
IU 


This is referred to as the first Born approximation for the scattering amplitude. The 
momentum transfer vector K is introduced by the definition 


K = ko — kg, (23.112) 
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where kg is the momentum vector of the incident particle. Then Eq. (23.111) can be 
written as follows: 


1 aoe 
f(0,6) = ae / Ur'jelK™ dr’, (23.113) 
It 
which can be simplified, when U is a radial function, to yield 
1 [o,@) 
f@,¢) = -= | rsin KrU(r)dr. (23.114) 
0 


In this case, the scattering amplitude is observed to be independent of @. It is common 
to write the scattering amplitude as a function of the magnitude of the momentum 
k = |kg| and of the momentum transfer vector K = |K| . In the literature the symbol 
A is often used in place of K, which can cause some confusion since V? is often 
written using this symbol, and the opposite sign convention is also employed for the 
definition of K. 


23.5.2 Dispersion relations for potential scattering 


The focus of attention in this subsection is elastic scattering in the forward direction. 
The scattering amplitude can be written as 


SK, 0) = ee / U(r)dr — Es / i UMG(r,r U(r)" dr dr’, 
4n 4a 


(23.115) 
where the Green function G(r, r’, k) is given by (Roman, 1965, p. 211) 
N ¥y pl 
g(r) g; (r) Ve ver’) 
(E)= u / k— dk’. 23.116 
G(r,r’,E) Xu E-E +] E-F (23.116) 


In Eq. (23.116), g(r) designates an eigenfunction for a bound state of the system, 
and the corresponding energy is denoted by £;. The integral term corresponds to 
the continuum contribution, and it is useful to keep in mind the connection between 
k and E given in Eq. (23.99). The first term on the right-hand side of Eq. (23.115) 
corresponds to the first Born approximation to the scattering amplitude in the forward 
direction. Itis implicitly assumed that potentials are restricted to the class for which the 
integral { U(r)dr does not diverge. The scattering amplitude in the forward direction 
can be written as a function of energy in the following form: 


f(E,0) = fa(E, 0) — x i / Un)G(r,r, Ur)’ dr dr’, (23.117) 


where the first Born approximation to the scattering amplitude, fp (£, 0), is identified 
with —(1/47) f U(r)dr. 
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In the complex E-plane, the elastic scattering amplitude in the forward direction 
has a sequence of first-order poles on the negative real energy axis at the locations 
£;, and it is assumed there are N such poles. These correspond to the bound states 
of the system. There is a branch cut in the complex plane, which is taken along the 
positive real energy axis. This corresponds to the positive energy continuum states. 
It is assumed that the scattering amplitude has the following asymptotic behavior in 
the complex energy plane: 


f(E,0) — fg(E,0) = O(E'), for E> ow, (23.118) 


where 6 > 0. Consider the integral 


§ {f (E',0) — fp(£", 0)}dE’ 
Cc E’-E : 


where C denotes the contour shown in Figure 23.2; then it follows that 
E',0) — fp(2’, 0)}dk" 
§ {f(E', 0) — faE’,9)} =) de" fae" 
C Tp r 


E'-E 
+f ae’+ [ (VdE’ 
l'cp Tpa 


= 2ri{ f (E, 0) — fg (E, 0)} 


N / Ul 
+2ni Res VEO : 
a E'=E; 


j=! 
(23.119) 


Employing the asymptotic condition given in Eq. (23.118), and writing E’ = Re'®, 
leads to 


| {f(E',0) —fp(E’,0)}dE’ ic {f (Rel, 0) — fg(Re'’, 0) }iRe!’ do 
lim = lim - 
Roo Jp E’-E R>00 Je Re? — E 


=0, (23.120) 


with ¢ > 0. For the integral around the origin, it follows, on using the substitution 
E’ = pe’, that 


i i {f(E",0) —fa(E',0)}dE’ _. 
im = lim 
Tpa 


[ (f (pe! 0) — fa (pel, 0)}ipe’® do 
E’ -E p—0 2 


IE pel —E£E 
= 0. (23.121) 


23.5 Electron—atom scattering 427 


E: 


1 


complex 
E-plane 


Figure 23.2. Contour for the evaluation of dispersion relations for the forward elastic 
scattering amplitude. 


The remaining two integrals lead to 


R * = ry 
/ ar’+ [ oe’ = f {f (Ex + ie, 0) —fa(Ex + ie, 0)}dEy 
Tap ep p 


Ey, +ie-—E 


R i 
/ f(Ex — ie, 0) — fax — ie OME: (5 19 
p 


Ey, —ie—E 


where E’ = E, + ie has been used above the cut and E’ = EF, — ie has been used 
below the cut. Taking the limit R > oo and letting p — 0 leads to 


lim |/ dE’ +f ode’ 
ane Tap lcp 


= lim Ee — E) "(f+ ie, 0) — fa (Ex + ie, 0)} 
Ea 0 


(f (Ey — ie, 0) — fg(By — ie, 0)}]dEy. (23.123) 


The preceding integral can be simplified by using 


lim {f (Ex + ie, 0) — fa(Ex + ie, 0)} — {f(Ex — ie, 0) — fa (Ex — ie, 0)} 


= 2ilm{f (Ex, 0) — fay, 0)} 
= 2ilm f(E,,0). (23.124) 
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This last line is obtained using the fact that the potential is taken to be real. From 
Eq. (23.119) it follows that 


N 


~ Im f (E’, 0)dE" 3 Res ECO —fa', “| 
E'=E; 


1 
SE, 0) = fa(E, 0) + =| eae BE 


j=l 
(23.125) 


If the real part of each of the residues is denoted by R(£;), and the point £ is moved 
onto the real axis, so that Im EF = 0, then the real part of the preceding result can be 
written as follows: 


N 


7 1% Imf(E’, 0)dE" . 
Re f (E,0) = fa(E, 0) + -P f at te): (23.126) 


which represents the dispersion relation for the elastic forward scattering amplitude. 

The generalization to the case of non-forward scattering for fixed 0 can be accom- 
plished in a straightforward manner. A much more difficult problem is the derivation 
of the two-dimensional dispersion relations in both the variables k and A. The refer- 
ences cited in the end-notes direct the reader to the appropriate sources for both of 
these problems. 


23.5.3 Dispersion relations for electron—hydrogen atom scattering 


The dispersion relation for electron scattering from a hydrogen atom in the ground 
state is examined in this subsection. Attention is focused on elastic scattering in the 
forward direction. The discussion of the preceding subsection can be carried over to 
the present problem with some key changes. The most important modification takes 
into account that the system has two electrons, which requires the proper symmetry 
properties of the wave function to be employed. If all the spin-dependent terms in the 
Hamiltonian are ignored, then the total wave function can be expressed as a product 
of a spatial-dependent wave function and a spin-dependent wave function. The latter 
does not appear explicitly in the calculations, although it is implicitly assumed that it 
is antisymmetric under interchange of the two electron spins. The spatial part of the 
wave function is symmetric with respect to interchange of the spatial coordinates of 
the two electrons. This situation applies for singlet states. 

The atomic two-electron Hamiltonian is non-separable, and consequently no exact 
solutions are known for this problem, although highly accurate numerical calculations 
are available for many properties of these atomic species. The simplest approach is 
to describe the system with one electron occupying the ground state of the hydro- 
gen atom, for which an exact solution of the Schrédinger equation is available, 
and represent the other electron by an appropriate plane wave eigenfunction. Anti- 
symmetrization of the product of these two eigenfunctions leads to the so-called 
exchange term, where the spatial coordinates r; and rz are interchanged. Gerjuoy 


23.5 Electron—atom scattering 429 


and Krall (1960) gave the dispersion relation for the forward elastic scattering ampli- 
tude for electron—hydrogen atom scattering by analogy with the result for potential 
scattering, as follows: 


Re{f(E, 0) + g(E,0)}= fa(E, 0) + gp(E, 0) 
Ns 


a of Im(f (£0) + g(Z',0)}dB" > RG) RE, 
0 


cA E’-E 
j=l j=l 


(23.127) 


where f (E, 0) denotes the direct contribution to the scattering amplitude and g(£, 0) 
is the exchange contribution. The sums are taken over the bound state singlets and 
bound state triplets, respectively, of the H~ ion. The + combination of amplitudes 
corresponds to the singlet situation and the — combination denotes the triplet state. 
The residues are determined from the simple poles occurring at the bound states. The 
connection with experimental results can be made by use of the following result: 


k 
Im{f(E, 0) + g(E,0)} = ag te): (23.128) 


where o+ (£) denotes the total cross-section, integrated over all angles, for scattering 
ina singlet combination with an electron in the ground state of the hydrogen atom, and 
o—(E) is the corresponding cross-section for scattering an electron forming a triplet 
combination. Most negative atomic ions have a small number of bound states. The 

~ ion has one bound state of '§ symmetry with an energy of —0.5277510165... 
a.u. and a bound state of 3P symmetry with an energy of —0.125350... a.u. The 
dispersion relation given in Eq. (23.127) has also been applied to deal with target 
atoms having more than one electron. 

Tests of Eq. (23.127) revealed inconsistencies with available experimental data. 
Interestingly, this dispersion relation gave fairly satisfactory results for positron— 
atom scattering. In positron—atom scattering there is no exchange term. This pointed 
the way to resolving the possible problems with the Gerjuoy—Krall formulation of 
the dispersion relation. The analytic structure assumed by Gerjuoy and Krall for the 
exchange term was over-simplified. To give some idea of what is involved, a part of 
the exchange term is examined in detail to see what type of singularities might arise. 

The first Born term that contributes to the exchange amplitude and depends on the 
electron—electron potential, is given by 


gt(k,k’) = — / / x(k’, pte) tk r)g(r2) dr; dry, (23.129) 


2 me 


where r12 is the separation distance between the incoming electron and the electron of 
the hydrogen atom, me is the mass of the electron, fis Planck’s constant divided by 27, 


x(k,r) =e", (23.130) 


430 Some further applications of Hilbert transforms 


and g(r) is the ground-state eigenfunction of the hydrogen atom, given by 


g(r) = ee, (23.131) 


1 
v (x49) 
where ag is the Bohr radius. The case of forward elastic scattering is now considered, 
and hence k’= k. The exchange term gon (k, k) has first-, second-, and third-order 
pole terms. To see this, Eq. (23.129) is evaluated in the following manner, taking 
advantage of Fourier transforms. The integral can be calculated in other ways. Let 


fmse™, (23.132) 
eik-ri2 
A(ri2) = eae (23.133) 


and denote the Fourier transforms of f(r) and A(r12) by F'(k,) and H(k3), respec- 
tively. The Fourier transform F'(k1) is worked out in spherical polar coordinates 
using the change of variables r = ags and Kk, = agk, and to simplify the calculation 
the polar axis has been placed along the vector ki, so that 


F(k,) = i frye Kt dr 


oo T : 20 
= / re 1/4 ar | sin Ae M1" 089 ag do 
0 0 0 


oo 1 : 
= 2zraj | ses ds | e@ MIS! dy 
0 =i 


4rar f% . 7 
a =e f ssin(k,s)e * ds 
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KI 
3 
87 ay 


oe ey 23.134 
(l+«7) 


The Fourier transform of (rj) does not exist in the conventional sense. This issue 
can be dealt with by modifying Eq. (23.133) using the replacement ik - rjz2 > 
—a |rj2| + ik- rj2, for @ > O, and taking the limit a — 0+ after evaluating 
the Fourier transform, but before performing the final integration. Spherical polar 
coordinates are employed with the polar axis placed along the vector k — k3, and the 
substitutions r = r}2 and «3 = |k — k3| are used, so that 


H(k3) = [romeo dr} 


| elk-riz — ik3-rj2 — ar}2 dr} 
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An alternative approach to evaluate H(k3) which avoids the insertion of the con- 
vergence factor, is to take note of the distributional nature of the integral involved, 


so that 
00 1 oO | Co 
/ sinxkr dr = — tf eX’ ar— f e Kr ar| 
0 21 (Jo 0 
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where the Heisenberg delta functions given in Eqs. (10.9) and (10.10) have been 
employed. From Eq. (23.129) it follows, on inserting the Fourier transforms and using 
the substitutions k3 = xk and A. = aok, that 
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Making use of ay = h?/(mee”), where e is the absolute value of the electronic charge, 
it follows that 


2ag(15 + 10A2 + 3A4) 


Born 
k,k) = 
gin" (k, k) 3(1 +4233 
ao 6 8 16 
= ; 23.138 
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which is the desired result. The Born approximation to the exchange contribution 
arising from the electron—electron potential is found to have first-, second-, and third- 


order poles at k? = —ay 2 In atomic units, which are popular in atomic physics, 
h = 1, me = 1, and e = 1. Consequently, ag = 1, and hence the poles occur at 
k* = —1, or at an energy of E = —0.5 a.u. 


The pole structure of gy; Born (, k) is not cancelled by higher-order contributions in 
the Born expansion, nor is it cancelled by considering the other term in the potential. 
For these reasons the original derivation of the dispersion relation by Gerjuoy and 
krall is known to be incorrect. Gerjuoy and Krall assumed a particular form for the 
singular behavior of the term g(k, k) —g®°™ (k, k) which does not match what has just 
been derived for 955 Born (k, k). Determination of the singular structure of the exchange 
term has proved to be a rather intricate problem, and the last word has not been said 
on this topic. The references in the end-notes will give the reader a glimpse of the 
evolution of the efforts on this important problem. 
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23.6 Magnetic resonance applications 


In classical nuclear magnetic resonance spectroscopy (NMR), a radiofrequency 
source is used to induce a nuclear spin moment reorientation for certain nuclei in 
the presence of a magnetic field. The traditional practice was to plot the resulting 
absorption versus frequency. Since nuclei with non-zero nuclear spin are sensitive to 
the local magnetic environment, NMR has become the most important instrumental 
technique in chemistry. A limitation of the classical experiment was the problem of 
saturation. To observe weak peaks it is desirable to work with higher incident powers; 
however, this can readily lead to saturation, where the populations of molecules hav- 
ing the lower- and higher-energy nuclear spin moment orientations are equal. When 
this condition arises, the absorption signal is lost. In some situations, the dispersion 
mode saturates less quickly in comparison to the absorption. In such cases, the dis- 
persion mode can be utilized; taking the Hilbert transform produces the traditional 
absorption mode format. 

The magnetic susceptibility x,, appropriate to a discussion of NMR, when condi- 
tions are far from saturation, is given by x,, = Xm +ix,,, where the real component 
Xm and the imaginary part x," take the following forms: 


1 (@ — wo) TS 
d = 23.139 
Xm) = 5@0Xmg Ty Gao? ( ) 
and 
1 T) 
"(w) = -@ F 23.140 
Xml) = 50 0Xmg 7 +@- oF ( ) 


where po is the resonant angular frequency, Xm, is the static magnetic susceptibility, 
and T is the spin-spin (also termed the transverse) relaxation time. The magnetic 
susceptibility components satisfy the following dispersion relations: 


Al [o,@) " / / 
Xm(®) — Xm(Co) = Py Ase (23.141) 
a Jo O-@ 
and 
0° ha on / 
xK(@) = Pf en Tae (23.142) 
Fae o-w@ 


In the presence of saturation, the susceptibility components take the following forms 
(Carrington and McLachlan, 1967, p. 181): 
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Xm(@) = 5 (23.144) 


where H is the applied alternating magnetic field, 7) is the spin-lattice (also termed 
the longitudinal) relaxation time, and y is the nuclear gyromagnetic ratio. Modified 
Hilbert transform relations can be derived connecting the components x/, and x/" in 
the presence of saturation. 

A second application of the Hilbert transform in NMR arises in making phase 
corrections. This is done by constructing a suitable combination of the original signal 
with the Hilbert transform of the signal. The discrete Hilbert transform is required 
since the experimental data set is discrete. Different methods exist to fix the phase 
angle 6. One approach involves calculating the phase via 


I 
6 = tan! (*). (23.145) 
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where Jo is the integrated intensity of the original data and /y is the integrated intensity 
determined from the Hilbert-transformed signal. The interested reader can pursue the 
details in Ernst (1969). 

In the modern approach to NMR spectrometry, a relatively intense radiofrequency 
pulse is employed to populate the excited energy levels. The free induction decay 
(FID) observed as the excited energy levels depopulate is Fourier-transformed to pro- 
duce the standard NMR absorption profile. Techniques where the Fourier transform 
is employed to convert from the time domain to the frequency domain are collec- 
tively referred to as Fourier spectroscopy, or Fourier transform spectroscopy. The 
distinguishing feature for the different techniques is the spectral range that is cov- 
ered. In the standard Fourier transform NMR (FTNMR) technique, a periodic short 
duration pulse is applied with a time delay between each pulse. In general, the Fourier 
transform approach does not yield dispersive and absorptive components equal to the 
low-power spectra obtained via the classical continuous wave approach, although in 
practice it is convenient to interpret the absorptive mode from the FT technique as 
the normal absorption spectrum. 

Two issues that arise in the FTNMR technique are as follows. The first is whether 
the nuclear spin system can be approximated as a linear system in the presence of 
a strong periodic radiofrequency pulse sequence. If the magnetization of the system 
is examined after a single pulse has been applied, and there is no radiofrequency 
field, the equations of motion can be treated as arising from a linear system. The 
initial state of the spin system is not linear during the application of the pulse. 
The pulse affects the initial state of the prepared system. For multi-pulse experiments, 
nonlinear effects must be taken into consideration. 

The second issue concerns causality. Since the applied pulse is periodic, the stan- 
dard application of the causality statement that the impulse response vanishes for 
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negative times needs to be modified. The real and imaginary components of the 
Fourier transform of the free induction decay curve are independent. Bartholdi and 
Ernst (1973) proposed a procedure to force the Fourier transform to have its real and 
imaginary components connected by a discrete Hilbert transform, and to ensure a 
causality condition. This is achieved by modifying the FID curve from each pulse 
by adding at the end of the decay, and just prior to the initiation of the next pulse, 
an equal time segment of data having zero amplitude. In effect, the system is forced 
into a true equilibrium state; that is, the decay of the system from the first pulse is 
complete before the second pulse strikes the system. These authors provide a discrete 
Hilbert transform analysis of the response in this experiment. The interested reader 
can pursue the details in the work of Bartholdi and Ernst. 

This section is concluded with a very brief reference to two-dimensional NMR. 
Several approaches are available to obtain two-dimensional NMR; a detailed discus- 
sion can be found in Ernst, Bodenhausen, and Wokaun (1987). In the time domain 
the signal depends on two time variables. After a two-dimensional Fourier trans- 
form, the resulting signal S(@,, 2) depends on two frequency variables. A standard 
Hilbert transform connection can be established between the real and imaginary 
components of S(@1,@ 2) in the separate variables w, and w2. In general, it may not 
be possible to resolve S(@1,@2) into pure dispersive and absorptive mode spectra. 
A number of approaches have been suggested for extracting pure two-dimensional 
absorption peaks. For further reading on this topic, see Ernst et al. (1987). 


23.7 DISPA analysis 


A technique that has been employed for the analysis of spectral information is consi- 
dered in this section. The acronym of the section heading stands for a plot of dispersion 
versus absorption for any of a number of different spectroscopic methods. The idea 
was initially developed by Cole and Cole (1941, 1942). These authors considered 
plots where the dispersive and absorptive components of the dielectric constant were 
plotted versus each other. 

Let A(w) and D(w) denote the absorption and dispersion curves, respectively. If 
the absorption profile is a Lorentzian curve, recall Eq. (14.107), then 


Alto) = (23.146) 


1+ x 
with 


Xo = , (23.147) 


where the angular frequency wo is the center of the Lorentzian and 2a is the width of 
the curve at half height of the curve. The absorption curve has been normalized to give 
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Figure 23.3. DISPA plot of dispersion versus absorption for a Lorentzian profile. 


unit height at the peak maximum. The corresponding dispersion curve is given by 


Xow 


Dw) = A[AGw)] = ae (23.148) 
A simple observation is that 
Fen ee * 4 DY —— (23.149) 
Xo) — 2 Xow) = 32” : 


and so a plot of D(x.) versus A(xq) gives a circle centered at (1/2, 0) with a radius of 
1/2. Since the plot is symmetric about the x,)-axis, it is sufficient to plot the positive 
semicircular section. The situation is illustrated in Figure 23.3, which is called a 
DISPA plot by some authors; other authors refer to it as a Cole—Cole plot. 

The DISPA plot presentation of data has several uses. The simplest and most 
obvious application is to use the DISPA plot to detect departures from a Lorentzian 
profile. For example, if the time-domain data from an NMR experiment lead to a single 
absorption line, but the DISPA plot shows distortion from the expected semicircular 
behavior, then it can be concluded that the line profile is not a simple Lorentzian, 
provided certain other factors can also be excluded. 

Complications in line-shape analysis can arise in several ways. The simplest two 
situations that can occur are the following. Two lines with different line widths for- 
tuitously coincide, with the outcome that the resulting profile corresponds to an 
inhomogeneously broadened Lorentzian profile. A second possibility is that two 
Lorentzian absorption curves that have slightly offset maxima overlap, to produce a 
profile that corresponds to an inhomogeneously broadened Lorentzian line shape. A 
DISPA presentation of the spectral data for each of these cases offers the possibility 
to detect departures from what would be expected from a single Lorentzian profile. 

Another application of the DISPA plot technique arises in NMR. A chemical sys- 
tem undergoing a rearrangement to a modified species affects the line shape of the 
absorption profile. The DISPA approach can discern departures from pure Lorentzian 
behavior, and can therefore help detect chemical exchange processes. 


23.8 Electrical circuit analysis 437 
A similar type of DISPA analysis can be carried out when the absorption profiles 
are expected to be Gaussian in nature. A Gaussian profile takes the following form: 


A(w) = e7 a0)" /(20*) (23.150) 


1 
/ (21) 0 
where the angular frequency wo corresponds to the center of the absorption line 
and the width at half height is directly proportional to the parameter o. This form is 
normalized to unit area when integrated over the interval (—0o, 00). See the Exercises 
at the end of this chapter for some problems investigating the DISPA outcome when 
the profile is a Gaussian. 


23.8 Electrical circuit analysis 


Consider the simple circuit composed of a resistance R, a capacitor C, and an inductor 
L, connected in series to a voltage source &(t), which has the Fourier transform 
representation given by 


[o,@) 
E(t) = / E(a)e de. (23.151) 
—cC 
Employing the opposite sign choice in the exponent of the Fourier transform, that is 
using e! in place of ei’ leads to some sign switches in the following formulas, 
and these alternative expressions are often seen in the literature. The circuit is shown 
in Figure 23.4. 

The current in the circuit is denoted by 7(t), and this has a Fourier transform 
representation given by 


Wt) = 7 * Taye da. (23.152) 


Standard circuit analysis leads to 


da) 4 
E(t) = RA(t) + L—— + =, 23.153 
(t) (1) tC ( ) 
where gq is the charge on the capacitor, and the current is given by dg/dt. Taking the 
derivative of the preceding result leads to 
dE(t)  d?at) dat) 1 
=L +R + —4(¢). 23.154 
dt di? dt C w ( ) 
Inserting Eqs. (23.151) and (23.152) into Eq. (23.154), and taking the inverse Fourier 
transform, leads to 


E(o) = {R = iol + I(w). (23.155) 


i 
aC 
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Figure 23.4. Circuit composed of a resistor, inductor, and capacitor in series with a voltage source. 


The impedance is introduced by the following equation: 
Z(w) =R+iX(a), (23.156) 


where X (w) is the reactance, which, for the circuit under consideration, is given by 


1 
X(@) = —o@l + —. (23.157) 
aC 


A more general expression for Z(w) is given later (see Eq. (23.174)). Equation 
(23.155) becomes 


E(@) = Z(w)I(o), (23.158) 
which can be rewritten as 
I(w) = Y(o)E(o), (23.159) 


where the admittance function Y(w) is given by 


1 
—iol +i/woC 


Y(@) = (23.160) 
R 

Sometimes the term immittance is used to describe collectively either the impedance 

or the admittance when discussing relations that are satisfied by both functions. For 

4L/C > R?, the admittance function has singularities in the lower half of the complex 

angular frequency plane, located at 


1 AL R 
=+ Re SiS 23.161 
o av ( ) a (23.161) 


for 4L/C < R? the poles of Y(q) are located in the lower half of the complex plane at 


She 1+ 1 aes 23.162 
e=-ig[!*v(1~ ae) nee 
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The admittance function is analytic in the upper half of the complex angular frequency 
plane. Ifthe opposite sign convention had been employed in Eq. (23.151), the poles are 
located in the upper half of the complex angular frequency plane, and the admittance 
function is analytic in the lower half of the complex angular frequency plane. Consider 


the integral 
§ Y(@,)da, 
C O- , 


where C denotes the contour shown in Figure 19.2, then 


AOE Pf Te ie (23.163) 
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which can be rewritten in terms of the real and imaginary parts of the admittance, 
Y,(@) and Y;(@) respectively, as follows: 


Lios af EG se (23.164) 
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and 
Yi(w) = “P ie . ede (23.165) 
From Eq. (23.160) it follows that 
Y(—@) = Y(o)*; (23.166) 
therefore 
Y,(—w) = Y,(@) (23.167) 
and 
Y;(—) = —Yi(@). (23.168) 
Using these results, Eqs. (23.164) and (23.165) can be written as follows: 
Y,(o) = =p [ i on wee ! (23.169) 


and 


2a © ¥.(a')da’ 
¥i(w) = “p / (23.170) 
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Figure 23.5. Replacement of the components L, C, and R by an impedance Z. 


These are the standard dispersion relations for the admittance of the circuit under 
consideration. The circuit admittance is sometimes expressed as follows: 


Y(m) = G(@) + iB(o), (23.171) 


where G(q@) is the circuit conductance and B(q) is the circuit susceptance. The 
dispersion relations for the circuit in question can be therefore written as follows: 


2 © w'B(w')da’ 
GOV sap i — (23.172) 
ue ) oO —W 
and 
2, © G(a’)da’ 
B(w) = “p | ed (23.173) 
4 0 oO — WwW 


When the circuit conductance does not vanish as w — oo, the preceding dispersion 
relations are modified by replacing G(w) by G(w) — G(oo). 

The circuit indicated in Figure 23.4 can be replaced by the setup shown in 
Figure 23.5. Consider a generalization of the first circuit, for which the impedance 
of the circuit is given by 


Z(w) = R() + 1X(), (23.174) 


where R(w) and X (w) are used to denote, respectively, the resistance and reactance 
of the circuit. Note that, in general, the resistance of a circuit involves components 
other than resistor elements. The reader needs to be alert to the notation distinguishing 
the resistance of the circuit and a resistor resistance. Two conditions are imposed: 
(1) the zeros of Z(w) for the circuit lie in the lower half of the complex angular 
frequency plane, and (2) the asymptotic behavior of Y(w) as |w|— oo is of the form 
Y(w) = O(w~!~*) for 5 > 0. With these conditions in place, Eqs. (23.169) and 
(23.170) can be derived in the manner previously outlined. Not all circuits lead to 
an admittance function that satisfies the dispersion relations given in Eqs. (23.164) 
and (23.165). If the circuit impedance has a zero on the real frequency axis, then 
the standard dispersion relations for the admittance do not apply, but in this case it 
is possible to construct modified dispersion relations by the subtraction of a suitable 
non-zero contribution to the admittance, evaluated at the angular frequency for which 
the zero occurs. In the event that the circuit admittance does not belong to L7(R) 
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Figure 23.6. A sample RC circuit for which dispersion relations can be derived for the impedance. 


because of an unsuitable asymptotic behavior as |w| — ov, it is usually possible to 
replace the standard dispersion relations by subtracted dispersion relations. That is, 
suppose the asymptotic behavior of the impedance as |w|— o0 is given by Y(w) = 
Yoo + O(w~'~°*), where Yo, is a constant, equal to the value Y(oo). In this case, 
dispersion relations can be derived by considering the function Y(w) — Yoo, in much 
the same way as the dielectric constant and refractive index were treated in Chapter 19. 

In a number of situations it is possible to determine dispersion relations directly 
for the circuit impedance. Consider, for example, the circuit indicated in Figure 23.6. 
The circuit impedance satisfies 


1 41 
Eee eer a 23.175 
Fi ( ) 
so that 
Foye (23.176) 
oO) = ——-. ‘ 
1+ ioRC 


The impedance for this circuit is not an analytic function in the upper half of the 
complex angular frequency plane: there is a simple pole at w = i(RC)~!. Employing 
the definition of Eq. (23.174), dispersion relations for the resistance and reactance of 
the circuit can be written as follows: 
1 °° X (a’)da’ 
Ro) = =P eee (23.177) 
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and 


Xio= =P / gees (23.178) 


> ea 
From Eq. (23.176) it follows that 

Z(—o) = Z(o)", (23.179) 
so that 


R(—) = R(@) (23.180) 
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and 
X(—a@) = —X(o). (23.181) 


Using these results, Eqs. (23.177) and (23.178) can be written as follows: 


Rioy= : P i eGo (23.182) 
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and 


lee) / / 
20 / Bigde (23.183) 
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X(w) = -—P FT: 
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Consider a general circuit with an impedance having no singularities in the lower 
half of the complex angular frequency plane and satisfying the crossing symmetry 
relation of Eq. (23.179). If the impedance has a suitable behavior as |w| — 00, 
allowing for the possibility that the resistance of the circuit behaves at large angu- 
lar frequencies like a constant, R(oo), which may be non-zero, the corresponding 
dispersion relations take the following form: 


2 © wX (w')da! 
R(@) — R(@) = =p | ——— (23.184) 
1 0 wo — @” 
and 
2 © {R(@’) —R do’ 
Xu) =-p | { we a) Be. (23.185) 
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The following sum rule is obtained from the latter result: 
ae 1 
/ {R(@) — R(co)}dw = —— lim wX (a). (23.186) 
0 2 wo 
Equation (23.184) yields the following sum rule: 
°X(w)doa 7 
= —{R(c) — R(0)}. (23.187) 
0 (2) 2 


Equation (23.186) is referred to as the resistance integral theorem, and Eq. (23.185) 
is the reactance integral theorem. 

In practical applications, the connection between the magnitude and phase of the 
admittance function is of interest. In this case the admittance is written in the following 
form: 


Y(w) = My (a), (23.188) 


The problem of determining the phase in terms of the modulus My (@) corresponds to 
the subject treated in Section 23.3 (see also Section 20.2). If the dispersion relations 
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for the admittance, Eqs. (23.164) and (23.165), are satisfied for a linear passive device, 
then it follows automatically that the circuit impedance has no zeros in the upper half 
of the complex angular frequency plane. If the impedance had zeros in this region of 
the complex angular frequency plane, the admittance would have poles in the upper 
half plane. Hence, the dispersion relations would not be obtained in the standard form 
presented. For example, for the series LCR circuit considered previously, the system 
impedance can be expressed as follows: 


Z(w) = ce eer (23.189) 


1@ 


where @, and w2 denote the two roots given in Eq. (23.161), and they correspond to 
the zeros of the impedance. They are both located in the lower half of the complex 
angular frequency plane. 

Relying on the previous developments (recall Section 20.2), the phase and modulus 
of an electric circuit satisfy the following dispersion relations: 


(23.190) 
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and 
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(23.191) 
In a similar fashion to Eq. (23.188), the impedance can be expressed as follows: 
Z(w) = Mz(a)e, (23.192) 


The resulting dispersion relations are given by 
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and 
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which apply for circuits where the impedance has no zeros in the upper half of the 
complex angular frequency plane. 
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23.9 Applications in acoustics 


In analogy with the propagation of electromagnetic waves in a medium, there is a 
related development for the derivation of dispersion relations of the Kramers—Kronig 
type for the transmission of sound waves. The applications and general progress on 
this topic have been relatively limited in comparison with the growth of developments 
in the electromagnetic situation. 

The derivation of the dispersion relations for the acoustic case is now examined. The 
medium is assumed to be linear and the causality principle satisfied. The key variable 
that is of interest is the complex wave number, K (w), which takes the following form: 


Ki = Saas. (23.195) 
c@) 

In Eq. (23.195) c(@) is the phase velocity in the medium and a(w), which is the 
conventional symbol employed in the literature, is the attenuation coefficient. The 
reader should not get this latter notation confused with the polarizability, which shares 
the same symbol. In order to discuss acoustic waves, some definitions are needed. 
Attention is focused on the propagation of acoustic waves in a fluid. The condensation 
s is defined by 


eee (23.196) 


where p is the instantaneous density and og is the equilibrium density of the fluid. The 
condensation is a measure of the density change relative to the equilibrium density as 
an acoustic wave propagates in a medium. The time development of the condensation 
can be related to the pressure p via 


s(t) = / * Ks(t— ft )p(t')dr’, (23.197) 


where x,(t) is the adiabatic compressibility. With the imposition of causality, s(t) 
depends only on the past history, and not on the future, so that 


x(t—t)=0, ift—¢ <0. (23.198) 


If the Fourier transforms of s(t), xs(¢), and p(t) exist and are denoted by S(w), 
K,(@), and P(w), respectively, then it follows that 


S(@) = Ks(@)P(@). (23.199) 
From the relationship 
oo . 
K;(@) = iy k;(t)e' dt, (23.200) 
—0o 
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and the fact that the adiabatic compressibility is a real quantity, leads to 
Ks(—@) = Ks()*, (23.201) 


which represents the crossing symmetry relation for the frequency-domain compress- 
ibility. The quantity K;(@) can be analytically continued into the upper half of the 
complex angular frequency plane. By considering the integral 


{Ks(@z) — Ks (00) }da, 


¢ W — Wz 


where C represents the contour shown in Figure 19.2 and K,(co) denotes the 
compressibility at infinite frequency, it follows that 


“Pf {Ks (@r) — Ks (00) }da, 
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= K,(w) — Ks(00). (23.202) 


Writing K,(w) in terms of its real and imaginary parts as 
Ks(@) = Ki(@) + iKi(@), (23.203) 


and employing Eq. (23.201), yields 


Qn {Ki (wz) — K! 
K" (w) — K"(¢0) = —P / iS) : slots (23.204) 
a 0 Or — Wr 
and 
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The link between the attenuation coefficient and phase velocity can be made via 
the dispersion formula for acoustic propagation: 


K*(@) = w poKs(o), (23.206) 


where K(w) is the acoustic wave number, and the reader is reminded that the term 
dispersion relation is used to denote an integral connection between the real and 
imaginary parts of a particular property, and that a dispersion formula is used to give 
the frequency behavior of a quantity. From Eq. (23.206) it follows that 


K(@) = w,/(p0Ks(@)), (23.207) 


and, using an argument closely related to that presented in Section 19.6 
(Eqs. (19.104)-(19.106)) for the refractive index, it follows that K is an analytic 
function in the upper half of the complex angular frequency plane. Recall from 
Section 19.6 that the refractive index function N(w) — | is not the Fourier trans- 
form of a time-dependent system response function that is physically realizable. In a 
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similar manner, the function K (@) is not the Fourier transform of a physically realiz- 
able time-dependent system response function. Let f = w~'!K(w), where f denotes 
the reciprocal of the complex velocity of sound and satisfies a crossing symmetry 
relationship of the form f(—w) = f(w)*. Consider the integral 


f {f (az) —f (00) }da- 


Wz 


with Figure 19.2 defining the contour C; then 


0° =1 -1 
ek oe) Jeep / or er 3.208) 
(69) wo O=Cw u 0 wo 7 O 
and 
l 1 = =P [ {a(@r) — OHO) /@) y= coder (23.209) 
c() c(0o) 1 0 w2 _ we 


These results represent the dispersion relations connecting the phase velocity and the 
attenuation coefficient for an acoustic wave. 

An alternative approach to these dispersion relations (Angel and Achenbach, 1991) 
starts with the following set of assumptions: @(q) and its first derivative are assumed 
to vanish at w = 0, and c(q@) is non-zero at the same point. Both a(w) and c(@) are 
bounded as w — oo, with c(co) being non-zero. The function w!K(q) satisfies 
w !K(w) = O(w—!) as w—> ov, and this function is differentiable at w=0. The dis- 
persion relations for w(@) and c(w) can be obtained from these statements. Different 
dispersion relations can be obtained by modifying some of these assumptions. For 
example, the attenuation of acoustic waves propagating in a number of materials are 
modeled with an empirical frequency power law of the following form (Szabo, 1994; 
He, 1998; Waters et al., 2000a): 


a(@) = alo!’ , (23.210) 


where a and y are non-negative constants, and the spectral interval is assumed to 
have some finite bandwidth. Typically, the exponent satisfies 0 < y < 2, but for many 
materials 1 < y < 2. For the situations where Eq. (23.210) applies, then wo !K(o) = 
O(w?—'), In the case y < 1, Eqs. (23.208) and (23.209) apply, but for larger values of 
y it is necessary to insert some convergence factor into the choice of function before 
performing the contour integration, thereby leading to modified dispersion relations 
involving subtractions. The number of subtractions to be employed can be connected 
back to the value of y (see the discussion in Waters et al. (2000b)). 

The results stated in Eqs. (23.208) and (23.209) were first given by Ginzberg (1955), 
who noted that the upper limit of the integration is actually an approximation. An 
underlying assumption of the derivation is that sound is propagating in a continuous 
medium. In the case of gases, this requires that the wavelength A of the sound wave 
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has to exceed the mean free path of the molecules. For liquids and solids the mean 
free path is replaced by the interatomic spacing. Clearly, letting w — oo leads to a 
fundamental conceptual problem. Ginzberg deals with this issue by supposing the 
upper limit of infinity is replaced by some large but finite angular frequency. He 
suggests upper bounds for the angular frequency of the order of 10!3 — 10!4 Hz. 

A different approach can be taken by writing 

H(@) = lM = sm) ei2d/“@), (23.211) 

where d denotes a propagation distance and A(w) = e~*)4. By considering the 
function log{H(w)/d}, with d appropriately scaled to bring it into dimensionless 
form by dividing by the units of distance, and assuming the absence of zeros of H(w) 
in the upper half of the complex angular frequency plane, then dispersion relations 
can be constructed connecting the real and imaginary parts of log{H(w)/d}, using the 
approaches discussed in Sections 20.2 and 23.3. The real and imaginary parts of this 
functions are directly related to ~a(w) and c(w), respectively. 

The surface acoustic impedance Z;(q@) is defined by 


P(o) 


Z,(@) = TR) 


(23.212) 
where P(w) is the pressure at the surface and Vy (q@) is the normal velocity component 


into the surface. The velocity can be written in terms of the surface admittance function 
Y;(@) via 


Vu(@) = ¥s(@)P(@). (23.213) 


Depending on the asymptotic behavior of the surface admittance function or surface 
acoustic impedance, dispersion relations can be obtained in much the same manner 
as was done in Section 23.8. This is left as an exercise for the reader to consider. 


23.10 Viscoelastic behavior 


The general connection between the dynamic stress oj; and the strain ¢,; components 
of the stress and strain tensors are given by 


t 
oj (t) = / cya (t — T)eg(t) drt, (23.214) 


where cj; are elements of the stiffness tensor. The function cjx;(¢) is also referred to 
as a memory function. In the following development, the tensor indices are dropped 
to simplify the notation. The Fourier transforms of o(f), c(t), and e(t) are denoted 
by o(@),M (a), and &(w), respectively, and, assuming that these quantities exist, 
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it follows that 
o(w@) = M(@)é(), (23.215) 
where M (a) is a modulus of elasticity. The quantity /(q@) can be written as follows: 
M(o) = Ma(@) + iM (a), (23.216) 
where Mg(qw) denotes the dynamic modulus of elasticity and M(@) designates the 


loss modulus. The modulus at zero frequency is denoted by Mo, and this is a real 
quantity. By considering the integral 


f w;!{M (wz) ~ Mo}de 
C > 


WO-— Oz 


where C represents the contour shown in Figure 19.2, the following dispersion 
relations are obtained: 


207 [(° Mi(w')do’ 
Ma(o) = Mo - ——P i Se ee (23.217) 
1 0 wo! (w? —, w’) 
and 
p. © {Ma(w!) — Mo}da! 
M(w) = pf a stl (23.218) 
IT o~ —W 


The derivation of these results has made use of the crossing symmetry condition: 
M(-o) = M(o)*, (23.219) 


which follows directly from the Fourier transform connection between M (w) and c(t), 
and on noting that c(f) is a real quantity. It has also been assumed that w> '{M(a-) — 
Mo} vanishes at least like O(wy ') as w, — oo in the upper half of the complex 
angular frequency plane. This assumption is actually problematic for the following 
reason. At very high frequencies there is an issue similar to the one indicated in the 
preceding section, namely the difficulty associated with attaching a meaning to the 
strain in this spectral region. The way to deal with this matter is to assume some upper 
cutoff point for integrals over frequency. 


23.11 Epilog 


Other applications beyond those covered in this chapter and elsewhere in the book 
can be found in the literature. Primary examples include problems dealing with more 
advanced scattering situations, particularly those involving analytic function theory 
of more than one variable. 
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Sufficient theoretical developments involving the Hilbert transform have been 
covered in the early chapters for the reader to attack many problems likely to arise in 
practical settings. Good luck! 


Notes 


§23.2.1 Hilbert transform spectroscopy based on the Josephson junction is discussed 
in a number of papers by Divin and coworkers; see Divin et al. (1980, 1983, 1993, 
1995, 1996, 1997a, 1997b, 1999, 2001) and Volkov et al. (1999). For further reading, 
see Larkin, Anischenko, and Khabayer (1994), Tarasov et al. (1995), Larkin et al. 
(1997), Ludwig et al. (2001), and Shul’man et al. (2003). Discussion of the Josephson 
effect can be found in a number of sources; see, for example, Barone and Paterno 
(1982) and Likharev (1986). 

§23.2.2 For some related reading, see Verdun, Giancaspro, and Marshall (1988) 
and Liang and Marshall (1990). Some useful background can be found in Bartholdi 
and Ernst (1973). 

§23.3 The literature on the phase retrieval problem is extensive. Some selective 
further reading can be found in Walther (1962), Roman and Marathay (1963), Saxton 
(1974), Burge et al. (1974, 1976), Misell and Greenaway (1974a, 1974b), Misell, 
Burge, and Greenaway (1974), Hoenders (1975), De Heer et al. (1976), Tip (1977), 
Ross et al. (1978), Ross, Fiddy, and Moezzi (1980), Nieto-Vesperinas (1980), Ander- 
sson, Johansson, and Eklund (1981), Taylor (1981), Perina (1985), and Nakajima 
(1988). For suitable sources for further exploration on the issue of the location of 
zeros, see the work by Ross et al. (1980), and for some mathematical background 
consult Levin (1964). The problem of phase determination in Raman spectroscopy 
has been an active research area; see, for example, Cable and Albrecht (1986), Joo and 
Albrecht (1993), Lee (1995), and Lee, Feng, and Yeo (1997). For applications of the 
Hilbert transform to the study of phase synchronization, see Rosenblum, Pikovsky, 
and Kurths (1996), and in neuroscience see Le Van Quyen et al. (2001). 

§23.4 Further reading on applications in crystallography can be found in Ramachan- 
dran (1969), Kaufmann (1985), Tang and Chang (1990), Mishnev (1993, 1996), 
Nikulin, Zaumseil, and Petrashen (1996), Nikulin (1997), and Giacovazzo, Siliqi, 
and Fernandez—Castano (1999). Mishnev’s (1993) work examined in this section is 
related to an investigation of Kramer (1973). Some additional comments on the sam- 
pling theorem can be found in Kohlenberg (1953). For discussion on the importance 
of the electronic density, its connection with chemical bonding, and its determination 
from X-ray diffraction studies, see Coppens (1997). 

§23.5.1 For further reading on potential scattering, see Schiff (1955), Goldberger 
and Watson (1964), Landau and Lifshitz (1965), and Roman (1965). 

§23.5.2 For additional reading on dispersion relations for potential scattering, see 
Khuri (1957), Klein and Zemach (1959), Goldberger (1960), Landau and Lifshitz 
(1965), and Roman (1965). For more advanced discussions on dispersion rela- 
tions, see Goldberger and Watson (1964), Barton (1965), Nussenzveig (1972), and 
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Nishijima (1974). An alternative approach that has been developed involves examin- 
ing derivative analyticity relations. Some references to work on the differential form 
of the dispersion relations are Bronzan, Kane, and Sukhatme (1974), Sukhatme et al. 
(1975), Kolar and Fischer (1984), Fischer and Kolar (1987), Martini et al. (1999), 
and Menon, Motter, and Pimentel (1999). 

§23.5.3 Reflecting the importance of the topic of this subsection, there has been 
considerable work published on dispersion relations for electron—atom scattering, and 
in particular for the specific case of electron—hydrogen atom scattering. A selection 
of papers for further reading is: Gerjuoy and Krall (1960, 1962), Krall and Gerjuoy 
(1960), Byron, De Heer, and Joachain (1975), Hutt et al. (1976), Blum and Burke 
(1977), Byron and Joachain (1977, 1978), McDowell and Farmer (1977), Gerjuoy and 
Lee (1978), Kuchiev and Amusia (1978), Dumbrajs and Martinis (1981), Amusia and 
Kuchiev (1982), Kuchiev (1985), Temkin, Bhatia, and Kim (1986), Bessis, Haffad, 
and Msezane (1994), Bessis and Temkin (2000), Temkin and Drachman (2000), 
Vrinceanu et al. (2001), and Sucher (2002). 

§23.6 A good source for a classical discussion of NMR is Abragam (1961), and 
FTNMR is described in many books; see, for example, Drago (1992) and, for a more 
mathematical account, Ernst ef al. (1987). An early application of the Kramers— 
Kronig relations in magnetic resonance is given in Pake and Purcell (1948). Further 
discussion of applications in magnetic resonance can be found in the works by Bolton, 
Troup, and Wilson (1964), Bolton (1969a, 1969b), Ernst (1969), and Bartholdi and 
Ernst (1973). The latter paper in particular amplifies on the discussion of this section. 
§23.7 The idea for the topic of this section can be found in Cole and Cole (1941, 
1942). Some additional discussion can be found in Fang (1961, 1965) and Bolton 
(1969b). Marshall and coworkers have discussed the DISPA approach in several 
papers; see Marshall and Roe (1978), Roe, Marshall, and Smallcombe (1978), Her- 
ring et al. (1980), Marshall (1982), and Wang and Marshall (1983). The first of 
the aforementioned Marshall papers gives a summary of the impact of various line 
broadening mechanisms and the resulting appearance of the DISPA curve. 

§23.8 For further reading, see Carson (1926), Lee (1932), Gross (1943), Bode 
(1945), Murakami and Corrington (1948), Guillemin (1949), Brachman (1955), Page 
(1955), Tuttle (1958), and Hamilton (1960). For a discussion of polarization resis- 
tance, see Mansfeld and Kendig (1999). The singular structure of various circuits is 
considered in Gross and Braga (1961). In a number of sources the analytic structure of 
the impedance and admittance is discussed in the complex angular p-plane, which is 
connected to the complex angular frequency plane by the change of variable p = iw. 
For an application of the multiply subtractive form of the Kramers—Kronig relations 
for the impedance function of concrete, see Peiponen (2005). 

§23.9 For further reading on a number of the topics in this section, see Mangulis 
(1964), Horton (1974), O’Donnell, Jaynes, and Miller (1978, 1981), Weaver and 
Pao (1981), Brauner and Beltzer (1985), Weaver (1986), Lee, Lahham, and Martin 
(1990), Angel and Achenbach (1991), Szabo (1994, 1995), Audoin and Roux (1996), 
He (1998), Waters et al. (2000a, 2000b, 2003), Mobley, Waters, and Miller (2005), 
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and Waters, Mobley, and Miller (2005). Berthelot (2001) can be consulted for the case 
of the surface acoustic impedance function. Waters et al. (2003) discuss an approach 
based on differential forms of the Kramers—Kronig relations. 

§23.10 Additional discussion can be found in Gross (1948, 1968), Schwarz] and 
Struik (1967-1968), Ferry (1970), Booij and Thoone (1982), Tschoegl (1989), and 
Pritz (1999). 
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Exercises 


Evaluate the exchange contribution 


=r i / x(k', 12)" 9(r1)* Vi (ri) x(k, r1)p(r2)dr1 dz 


gp (k, k’) = — 
2 
for k = k’, where the one-electron potential is V; (r}) = —e*/r;. Determine 
the pole structure that arises, and indicate if there is any cancellation with the 
pole structure of gB0™(k, k). 

Can a logarithmic Hilbert transform approach (in the absence of zeros in 
the appropriate regions of the complex angular frequency planes) lead to the 
determination of the phase for the general two-dimensional phase retrieval 
problem? State any assumptions that are necessary to arrive at your result. 
Suppose Exercise 23.2 is reconsidered, but the assumption is made that 
the two-dimensional function F'(x;,x2) of interest has the form F'(x1,x2) = 
F\ (x1) F2(x2). What, ifany, simplification arises? Can the phase be determined 
from knowledge of |F) (x1)| and |F2(x2)|? 

Consider the two functions 


Ai@® = sinc(t + 1) + sinc t + sinc(t — 1) 
and 
fa = —isinc(t + 1) + sinct + isine(¢ — 1). 


How are the functions related? How do the moduli of the functions compare 
at the points ¢ = —1, 0, and 1? How do the moduli of the functions compare 
for general ¢? What is the support of the Fourier transform of each function? 
What is the relationship between the zeros of f| (¢) and the zeros of fo (t)? 
Construct a DISPA plot for a single absorption peak assuming a Gaussian line 
profile. 

Construct the DISPA plot obtained using a Gaussian absorption profile with 
the line width factor o = 1. Compare this with an experimental absorption 
curve which is obtained from two Gaussians centered at the same angular 
frequency, but having line width factors of 1.050 and 1.lo. 
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Repeat Exercise 23.6 with the experimental curve replaced by a sum of two 
Gaussian functions with the same line width factor o, but centered at angular 
frequencies 0.95a and 1.059. 

Consider a circuit consisting of a resistor R in parallel with a capacitor C, 
which is then linked in series with an inductor Z and a voltage source &(t). 
Discuss the analytic behavior as a function of complex frequencies of the 
impedance and admittance functions for the circuit. 

If the circuit of Figure 23.5 is modified so that a capacitor with capacitance C 
is placed in parallel with the impedance (call it Zp), do the dispersion relations 
for the admittance given in Eqs. (23.169) and (23.170) hold? 

If the capacitor of the previous question is replaced by an inductor of induc- 
tance L, do the dispersion relations Eqs. (23.169) and (23.170) hold? If not, 
can they be altered in any suitable manner to give a pair of modified dispersion 
relations for the admittance? 

If the circuit of Figure 23.5 is modified by adding a series combination of a 
capacitor and an inductor in parallel with the impedance Zp, what dispersion 
relations (if any) can be obtained for the admittance function? 


Appendix 1 


Tables of selected Hilbert transforms 


The tables are laid out in the following order. 


(1) General properties. 
(2) Powers and algebraic functions. 
(3) Exponential functions. 
(4) Hyperbolic functions. 
(5) Trigonometric functions. 
(6) Logarithmic functions. 
(7) Inverse trigonometric and hyperbolic functions. 
(8) Special functions: 
(A) Legendre polynomials; 
(B) Hermite polynomials; 
(C) Laguerre polynomials; 
(D) Bessel functions of the first kind of integer order; 
(E) Bessel functions of the first kind of fractional order; 
(F) Bessel functions of the second kind of fractional order; 
(G) product of Bessel functions of the first kind of fractional order; 
(H) modified Bessel functions of the first kind; 
(I) modified Bessel functions of the second kind; 
(J) spherical Bessel functions of the first kind; 
(K) spherical Bessel functions of the second kind; 
(L) cosine integral function; 
(M) sine integral function; 
(N) Struve functions; 
(O) Anger functions; 
(P) miscellaneous special functions. 


(9) Pulse and wave forms. 
(10) Distributions. 
(11) Multiple Hilbert transforms. 
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(12) Finite Hilbert transforms: 
(A) the interval [—1, 1]; 
(B) the interval [0, 1]; 
(C) the interval [a, 5]. 

(13) Miscellaneous cases: 


(A) the cosine form; 

(B) the one-sided Hilbert transform; 
(C) the cotangent form; 

(D) the Hilbert transforms H, and H,. 


To find an entry quickly, search under the part of the functional form mentioned 
furthest down the above list. For example, to find (Hf) (x) with f(x) = sin ax J, (ax), 
search under “Special functions”, and not under “Trigonometric functions”. A number 
of special cases of more general formulas have been included to make the table quick 
and easy to employ. All the entries have been checked numerically to verify their 
accuracy. When a generic function f is employed to indicate a particular property, it 
is assumed the appropriate Hilbert transform exists, that is f € L?(a, b) for p > 1, (or 
for some properties p > 1), where (a, b) denotes the range of the Hilbert transform 
or one of its variants. Other sources giving tables of Hilbert transforms are Erdélyi 
et al. (1954, Vol. I, p. 239), MacDonald and Brachman (1956), Alavi-Sereshki 
and Prabhakar (1972), Hahn (p. 397; 1996a, 1996b), and Poularikas (1999). The 
opposite sign convention to that employed in the present table is used in Erdeélyi et al. 
(1954). Individual Hilbert transforms can be found scattered across different sections 
of Bierens de Haan (1867) and Gradshteyn and Ryzhik (1965). 


Special symbols 


The following special functions and symbols are employed in the tables. 


Pochhammer symbol: (a), = a(a+ 1)(a+2)---(a+k—-—1) =T(at+h)/TOM; 
beta function (Euler’s integral of the first kind): B(a, b) = / agme e ae dt, 
Rea > 0,Reb > 0; : 
Fresnel cosine integral: C(z) = i ° cos (x? /2)de; 
Hartley cas function: cas x = ne + cos x; 
cosine integral: Ci(x) = y+tog+ [ a : dy = [ cosy dy =—ci(x); 
x 


. ae : © cosye Pf’ d 
cosine—exponential integral: cie(a, 8) = / a a>0, B>0; 
a 
: ee : © cosyeF’d 
cosine—exponential integral: Cie(a, B) = | ae eee a>0, B>0; 
—a y 
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sin nx 


CO x 
Clausen function: Clo(x) = > 5? Clo(x) = -| log{2 sin(t/2)}dt; 
n 0 


n= 
Gegenbauer polynomial (ultraspherical polynomial): 


[n/2] m n—2m 
Ba sfere 4 (-1)"T( +n — m) (2x) . 
Cn) = Fay dX nia OM de te Rae 


ultraspherical function of the second kind: DY (x), see Eq. (11.299); 
00 eV dy 
, n=0,1,2,..., for Rez > 0; 


exponential integral: E,,(z) = / 
1 


1 as 
Weber function: E,(z) = — / sin(vé — zsin @)dé; 
T JO 


re Ores ay 

exponential integral: Ei(x) = —P , forx > 0; 
fe 
error function: erf(z) = —— | e~* ds; 
Jn Jo 

; 22 (ar)gz* 

Kummer’s confluent hypergeometric function: 1 F(a; 8;z) = >> : 
kao (B)kk! 


lee) b k 
Gauss’ hypergeometric function: 2F'\(a,b;c;z) = >> De O)iz” 
kao ()k! 
0, x <0 
1, x>0; 
[n/2] (~])™(2x)"-2m 
Hermite polynomial: H,(x) = n! >* ey 
mao (n—2m)!m! 


2(z/2)” nye 
Vor) Pw + 1/2) Jo 


Heaviside distribution: H(x) = 


Struve function: H,(z) = sin(z sin @) sin?” 6 d6; 


(—1)™(z/2)°™ ; 
Pon + 3/2) (m+ v + 3/2)’ 


Hy @)= @/2)"" >) 
m=0 


‘ : = ia 
modified Bessel function of the first kind: J,(z) = (z/2)” )> —————__ ; 
mao mC (v +m-+ 1) 


leo) — 1)" 2 2m 
Bessel function of the first kind: J,(z) = (z/2)” }° (ee 
mao mE (wv +m-+ 1) 


: : ‘ 1d)\" (si 
spherical Bessel function of the first kind: j,(~) = (—x)” (- =) (=). 
neZ; 


1 us 
Anger function: J,,(z) = — / cos(v8 — z sin @)dé; 
T JO 
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modified Bessel function of the second kind (Basset’s function), also called the 
modified Bessel function of the third kind: 


n—1 
1 ~, ])” 1)! 2 2m 
Kn(x) = —(-1)" log/2)In@) + 52/2)" > a = ver 


m=0 


(=z)" S (hn t+ m+ 1) + v(m Ft I}@/2)?"_ 
+ : 
2h ae m!(n + m)! 


Laguerre polynomial: L,(x) = 3 (—1)” (” ) ae 
m=0 —m/) m! 
2(z/2)” 
V(r) Pv + 1/2) 


modified Struve function: L,(z) = 
Rev > —1/2; 
Co 
polylogarithm function: Li,(z) = >> k-"2*  |z| <1, 
k=1 


Tig 
Lint) = [ cd ee 
0 


Z 


fo? sinh(z cos) sin?” 6 dé, 


co ok Zz] ea 
dilogarithm function: Lig (z) = » ee Iz| < 1, Lig(z) = -| DEUS 2) dz; 
0 


Z 


n 


1/2 = 
Legendre polynomial: P,(x) = ee (—1)” f¢ ie a n—2m, 


: anvm/2 a" Pv) 
associated Legendre function of the first kind: P?"(x) = (—1)”(1—x ymn/ : 
m 


n 
Jacobi polynomial: P(x) = 2-" > ( a 7 Gs * *) (1D) "(a + 1)"; 


. _ m=0 m n— 
Legendre function of the second kind: 


On(x) = Ps (x) log (= Bs *) y- eee, 
j=l 


associated Legendre function of the second kind: 
Px) = (Dd — x* "7d", (x) /dx”); 


Jacobi function of the second kind: 


1 _ pe B p(@,B) 
Oo) (x) _ so 12 (x + vf (—a°0 4+ "Ph Os. 


x—-t 


Fresnel sine integral: S(z) = le sin (xc ? /2)dt (other conventions are also com- 
monly employed in the literature for the Fresnel integrals); 
1, forx >0 
signum function (“sign” function): sgnx = 0, forx=0 
—1, forx <0; 
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Bey Aas : . 7 sinh t dt 
hyperbolic sine integral function: Shi(z) = / ; : 
0 

sine integral: si(x) = peed y. 

eee ; sin és TU 

sine integral: Si(x) = i Leis CF + six); 

0 
© gj a a | 
sine—exponential integral: sie(a, 8) = i pe ce B > 0; 
a y 

: : ; sin 1x 

sinc function: sinc x = ———; 
TUX 


n Ss (—1)"(n—m—1)1(2x)"-7" 
20 (n — 2m)!m! , 
; ; [n/2] (=15" (n = m)\(2x)"—2™ 
Chebyshev polynomial of the second kind: U,(x) = )° : 

=O (n — 2m)!m! 
Bessel function of the second kind (Neumann’s function): 


Chebyshev polynomial of the first kind: 7, (x)= 


5) 


en) ss ase I" + 2m)Jn+2m@) 


¥,(x)= —n!(z/2)-" yO (n+ m)m 


! 
— m)m! m=0 


+ eigen, — vn + IWn(z) 


(the symbol N,,(x) is also employed in place of Y,,(x)); 


: ; : 1d\" 

spherical Bessel function of the second kind: y,(x) = x”(—1)"*! ( ) (=) : 
x dx x 

neZ, 


Greek symbols 
Catalan’s constant: 6(2) = x Pa = 0.915 965 5941772190151...; 
: 2» Get iP . ee 
Euler’s constant: y + 0.577 215 664 901 532 8606... 
gamma function: F(z) = ds. t-'e'dt, for Rez > 0; 
incomplete gamma function: (a,x) = i ie t2-le-t dt; 
Dirac delta “function”: 5(x); 


Lerch function: ®(z,s,v) = y (n+v)-*z", v4#0,-1,-2,...5 


; ; Me ) 
d function: = : +1)= 1,-2,..55 
igamma function: y(z) Tr) vet] ap» aaae a 
n n+l ] 
polygamma function: y (z) = Z +e = : a 
Miscellaneous 


m 
Summation convention: }° a; = 0, form <n; 
= 
floor symbol: |x], greatest integer less than or equal to x. 
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Table 1.1. General properties 


Number Function H Nae 
FQ) © f(s)ds 
g(x) = 
oo XS 
(1.1) f@) g(x) = (Af)(x) 
(1.2) g(x) Sf (x) = —(Ag)(x) 
(1.3) Aix) +2) AC fix) + f2@)} = (AA) + (Af2) (x) 
(1.4) (AP)(x) {H (AP) = (Hf )@) = —f 0) 
; as (-1)D F(x), for n odd 
(1.5) (H"f)(x), integrn>O0 (A"'f)@) = (—1)"2g(x), fo oy Mean 
(1.6) fata) g(x +a) 
(1.7) flax), a>0 g(ax) 
(1.8) f(-ax), a>0 —g(—ax) 
(1.9) f(ax+b), beER sgn ag(ax + b) 
(1.10) f(ax7'), a>0 2(0) — g(ax~!) 
G11) f(a/(x+b)), a>0 g(0) — g(a/(x + 5)) 
b 
(1.12) p(at se), b>0 (a) -g (a+) 
C13) fit be): g(ax — bx!) 
a>0,b>0 
1 (oe) 
(14) xf) wea —— f senar 
Ss reé 
(15) @& +a) w+age)-— | soar 
(1.16) — x?f (x) soa) = - ss (t+ x)f (t)dt 
(1.17) x"f (x), integer n > 0 A{x"f(x)} =x "= > [3 pa —ke(t)dt 
(1.18) £@) xf) € LL) g(x) — g(0) 
7 1 
(1.19) fe), xf (x) € LL (R) g(x) — ~ 2(0) a SF (t)}(0) 
(1.20) f A ol g(x) 
(1.21) d"f(x) d”g(x) 
dx” A as d 
(1.22) (f(x) even function X~ . 
a 05 —S8S 
(1.23) f(x) odd function 2p wh Fae 
ue ) —s 
(1.24) fF) *hQ@) g(x) * h(n) 
(1.25) AQ) * f(x) h(x) * g(x) 


* denotes convolution. 


6SP 


Table 1.2. Powers and algebraic functions 


1 oe d 
Number f/f (x) —P i HOES 
HT Jo XS 
(2.1) a (a constant) 0 
(2.2) (x+a)~', Ima>0 -i(x+a)7! 
(2.3) (x+a)~', Ima <0 i(x+a)7! 
(2.4) a(x*+a*)"!, Rea>0 x(x* + a7)7! 
(2.5) x(x? +a*)"!, Rea>0 —a(x? +a’)! 
> | (cx — ba*) 
(2.6) (bx + ~ +a ) 5 Rea > 0 AGE) 
x+a 
2. —.—,,, b>0 ——_.—~ 
Gy) (x + a)? + b? - (x + a)? + b? 
2.8) ae ade ee, ae 
@ (x + a)? + b?’ (x + a)? + b2 
0, x<0 
1 Tae a 
(2.9) | : _, ond ago Oe |x| + 2./(3) rx(x + 1} 
xwr+il 
0, x <0 1 ; 
(2.10) — , x> 0 eRe |x| + 2./(3) wx = 1)} 
xwr+l 
0, x <0 1 
- {9x ] —2/(3 1 
(2.11) 2 eedy ond ax! x“ log |x| — 2,/(3) wa + 1} 
xe+1 5 6 
1 x(x“ + a*) 
2.12 0 —_—_— 
Gy) (x* + a4) yaad (x4 + at)a3./2 


09P 


Table 1.2. (Cont.) 


1 lee) 
Number f/f (x) —P i 7 (oss 
UT JioxX-s 
1 x(x? + 3a’) 
Gr) (x2 + a2)?’ Ged 2a3 (x2 + a?) 
1 x(x? + a* + b* +.ab) 
2.14 0,b > 0 
gi) Same oo ab(a + De + a) (x2 + BY) 
(2.15 a 0 waa 
15) (2 4 a)?” ee 2a(x? + a)? 
x x? — ab 
2.16 0,5 >0 
Ci) Bre A * (a+ BG? + a2)? +B) 
(2.17) ai > 0 aia 
a a oy Sa Sy ET 
Ot + a4)’ (x4 + at)a/2 
x2 x(x? — a”) 
2.18 ce 0 Baa 
( ) (x4 + a4)’ av (x4 + at)a/2 
x2 x(x? — a’) 
a4 aoe 0 See 
ee) (x2 + a2)?’ oi 2a(x2 + a)? 
(2.20) = 0,5 >0 ECE aD) 
; a> > 
(x? + a?) (x? + B?)” (a+ b)(x* + a?)(x? + b?) 
x a(x? + a’) 
2.21 0 aE es 
MeN. « TeieagigssO VQ +a 
x3 a(3x* + a’) 
(2.22) apr 770 “Fea ae 
3 ers) 2 25999 
(2.23) a a>0,b>0 pial ine a et 


(x2 + a2) (x2 + b?)’ (a + b) (x? + a?) (x? + Bb?) 


19p 


lee) 
Number  /[(x) =P | ess 
4 -~o0o X-S 
ax? + bx? +ex+d 
(2.24) c= [ot + 1)./2)-'f3(b + d) —x*(a-— 0) —x(b-—d) —a—c} 
ax? + bx? +ex+d 
(2.25) a7 [201 +.x2)27]-! 3 (b + d) +x? (c — 3a) + xd — b) —a—c} 
x(1 — x?) ax? 
2.26 0 
Geo) e+ (@—Det+l ~~ t+ (@—Dxe 41 
x(2x* + a*x? + 2a*) 
397 ——— 0 
G2) (x® + a®) vo 3a>(x® + a®) 
1 x(3x4 + 10a2x? + 15a‘) 
2.28 es 0 
( ) (x? + a2)3 oe 8a> (x2 + a2)3 
1 
(2.29) Gaara Ey 77% b>0 [2a3b(a* + B*) (x4 + a4)? +d?) {a? 2a® + (2) a°b? + /(2) b*)x 
+ b./(2) (a4 + b*)x3 + (2a> — /(2) a2b + 4/(2) b*) x7} 
(230) x J2x767 +1) —- O44 1) 
; (x4 + 1)Q2 +1)’ 2x2 + NOt + 1) 
(2.31) [Pr ba )G+ BG? 407)“ | [abc(a + b)(b + c)(c + a(x? +.a7) (x? + B?) (x? +c?) 7 x(a + b+ ©)x* 
a>0, b>0, c>0 +(784+b6404@b+ac+batb’ce+catc2b+abe)x* + a>b* 
+074 b+ e+ a+ 3b? + he + bac + Gab +2(a2b?c 
+a2c*b + b*c*a)] 
x x4 + 2a2x? — 2a4 
2.32 nee 0 —— 
2) G4 as)? > 303 (x + a) 
x x4 + 6a2x? — 3a* 
2.33 ——— 0 es 
Ce) (x? + a)3’ Ge 8a3 (x2 + a*)3 


cov 


Table 1.2. (Cont.) 


1 ee d 
Number  /[(x) =e i fisds 
66 = S 
x2 x(x* + 2a*x? — 2a*) 
2.34 = 0 
oo) G+ aby? > 303 (x + a) 
2 4 2,2 2,4 
(2.35) ; x Ss Ye 0 x(x" + 6a°x 3a") 
(x? + a*)3 8a3 (x2 + a2)3 
a(3x* — a’) (x3 — 3a?x) 
2.36 — ~~, R 0 ——_— 
(2.36) Waa a (Eee 
x8 2x* — 2a*x? — at 
2.37 —— 0 — 
oe) (x6 + a)’ a 3a(x® + a®) 
(2.38) x3 0 3x* — 6a2x? — at 
, = > ———_—_ 
(x? + a?)3’ - 8a(x2 + a?)3 
(2.39) x 0 3(08* 20 a") 
. ———, a> 
(x6 + a) 3a(x® + a®) 
4 3 4 6 2,2 ~4 
(2.40) a. BSH ie See) 
(x2 + a?)3 8a(x2 + a2)3 
5 9) 4 22 2 4 
(2.41) —_, a>0 COM Meet 2A) 
(x® + a®) 3(x® + a®) 
5 15 4 10 22 3 4 
(2.42) eee a sae 
(x* + a“) 8(x- + a“) 
(2.43) (1+ x°)—!{ax> + bx4 [311 +. x°)]“!{(2b + d + 2f)x? + 2c — 2a 4+ e)x4 + (2d — 264 f)x3 
ter +dx*+ex+f} +(2e — a— 2c)x* + (2f — b — 2d)x — 2a — c — 2e} 
(2.44) [C1 +x*)~3]{ax° + bx4 [8(1 +.x7)]-3{Gb + d+ 3f)x° — (15a — 3c — e)x* — (6b — 6d — 10f)x? 


toe +a? +ext+f} 


—(10a + 6c — 6e)x* — (b+ 3d — 15f)x — Ba+c+3e)} 


COV 


Number f(x) af f(s)ds 
ue 6g ES 
(2.45) [CL +x4)(1 +.x7)]7! {ax? + bxt [20 +x4)(1 +x?) {+ (/@) — Dd +f)x? + (c 
—(1+ J/(2))a 
toe +a? +ext+f} + (/(2) — Next + /(2)(d +f — b)x? + ./(2)(e — a — €)x? 
+ ((l—.f/@))b-d + (1+./2)f)x — a— (/(2) — Ie - e} 
1 _ 2 4 6 
2.46 ae 0 x(2 +./2)./[12 — /2] o£ x 
( ) x8 + a8 os 4a(x8 + a8) SS”) a = at 7 =| 
047 x a(2 + ./2)./[2 — /2] a 4 x6 
ny) ee sc 4(x8 + a’) 145 +V@-v(5+%)| 
x ax(2 + ./2),/[2 — ./2] 2 4 x6 
(2.48) aye > 0 168 + a) | 1+54+(V@-1 (5+ =) 
3 3 co 2 4 6 
(2.49) a 0 a(2 + /2),/[2 — /2] eo x 
os +a = 4624 a8) 1— /(2) eee (/(2) — NS 
(2.50) a Rea>0 — Gt = 6atx? + a") 
ie 4 (a2 + x2)4 
x a@x(2 + ./2)./[2 — ./2] 2 x4 6 
Goi ope 408 + a) {! VQ) = nt a + (/ (2) — 05 | 
5 5 a 2 4 6 
(2.52) APE GENO @ (2+ /2)/12 — y2] Ey, Sey 
. Ae ee 4 4(x8 + a®) ae a ae Pe) ao 
(2.53) a(a* — ue x* + 5x ) Rego (x? — 10a2x3 + 5a‘x) 
(a2 +. x?)5 (a2 + x2)5 
1 2 sinh! (x/a) 
2.54 ee eure Se 
ee J? + a*)’ ets 7 /(x? + a?) 
(2.55) l 2 sgnx = (V (xl /a)) log (Vixl/Ly (ll + a) + “a 


Musa 


V (el — a) v (\xl +a) 


IU 


v9V 


Table 1.2. (Cont.) 


1 Ce 
Number  /[f(x) —P / Jiyes 
UT Jo XxX-s 
2xP 1/2 
(2.56) Ce OO en oF (v + 1/2, 1;3/2; -x?/a) 
v |x| J (a7!) x — /|x| 
2:37 : 0 
Cel Saag o (+x) 
(2.58) J/(la—x|) —./(b-x|), a>0, b>0 —J/(b-x)+J/(a-x), -o<x<a 
J(b—-x)—f/(x-a), a<x<b 
J(x— b)-—.f/(x-—a), b<x<0o 
(2.59) |Ix|4,-1 <Reu <0 — tan(ju7 /2) sgn x |x| 
(2.60) sen x|x|*, —1<Reyw <0 cot(j/2) |x|* 
(2.61) x! (interpreted in the distributional sense, —76(x) 
that is P(x~!) or p.v.Qx7!); a similar 
comment applies to the following four 
entries) 
(2.62) x? 15’ (x) 
6" (x) 
2.63 3 - 
(2.63) x 5 
6" 
(2.64) x4 = “ 
71 gn 
(2.65) x"! n=0,1,2,... fe. (n’ signifies the nth derivative) 


n! 
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Table 1.3. Exponential functions 


465 


1% f(s)d 
Number f(x) Pp / Eos 
wT Jo xX-Ss 
(3.1) ela —isgnae'™ 
iax . 
(3.2) z —m8(x) + 224 1 — eiary 
x x 
(3.3) etl gs 0 Sen fe@llE1 (a |xl) + 07 @'Ei(alx|)] 
1 
(3.4) senxe~“"l, a>0 cle“ Ei(a Ix]) — e@P1E) (alx|)] 
(3.5) eo g>0 ~ie~™ erf (i/(a) x) 


(3.6) f@=e™", 
n=1,2,..., and 
a>0 

(3.7) xe ag x 0 

(3.8) x2ntlerax? gs) 

(3.9) ear bx ag 5 0 
a 

(3.10) 3 5, a=0, b>0 

(3.11) cia! 


(3.12) ella—bx') 50, b> 0 


= 2v (2) xe Fu(L/25 - 


= 2,/(— pe 3/2; — 


2a 2n 


= ere = Mik (@)Enin— k- 1 (a, x), 
*b ((2k + 1)/2n) 


Myx (a) = qak+l)/2n 


Eng (a,x) =f Pk et ar 
0 
a} y2n—2k-1P (K+ 1/2) 


x2"G(a,x) 


1 
T/A K= 


where G(a, x) 


1 
x2"+1G(a, x) 


= Hle-®"] 


’ 


nage We Ie) 


T/A ~=0 


He” | 


where G(a,x) = 


— ieb/44g—4x" orf [i /(a) (x + b/2a)] 


(x2 + b?)~! [ret b-1 {1 — erf (bYa)} 
~ie~®” erf (ix /a)] 


isgn afei@ | — 1} 


—jei(ax—bx7!) 


’ 
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Table 1.4. Hyperbolic functions 


In the following order: coth, csch, (coth, csch), sech, tanh, (sech, tanh) 


Number 


f(x) 


(4.1) 3x73 +x7!—3x-? cothx 
(4.2) 3x~44x77—3x73 coth x 
(4.3) eschx — x7! 

xeschx — 1 
(4.4) ——— a 
(4.5) 6x~3—x—!—6x~? eschx 
(4.6) 6x—4—x-?— 6x3 eschx 
(4.7) x7! coth x — esch? x 
(4.8) x? — eschx cothx 


apf Oe 

a Joo XS 
6 & 1 
pay k(a7k? + x?) 


i fn(i8) v6) 


> pay 3 (nk? + x?) 


= —ifesch x + x~"} 
+n7! {v( 
a 
2x 2 (21* 
IT k=1 k(a2k2 + x2) 


1 ix iw 1 
= =|¥($) v(=+5) es 


— wi{x~! + eschx}] 
12 (a1 
mM jay k(e7k? + x?) 


_ 6 r ix Js 1 F, ix 
~ grx2 In 2. Qn 
+log4+ mifx7! + esc 

12x 2 (-1)* 

mf A (7k? + x?) 
_ G6log4 9¢(3) 6 1 ix 
x3 mx Meer 6 = =) 
-¥(= =) 4 ifs | + eschs]} 


2x 0 x*4397k2 
1 pay k(a7k? + x7)? 


© ED 
Amx » 1 oe 5252 
= =e + esch x coth x} 


“ae 0 Ge) 9G + ae) 
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Table 1.4. (Cont.) 


Number f(x) 


(4.9) esch x{1 — x coth x} 


(4.10) x! eschx{1 — x cothx} 


(4.11) x! cothx + esch? x 
—2x esch? x coth x 


(4.12) x? cothx + x7! esch? x 
—2 esch’ x cothx 


(4.13) x3 cothx + x7? esch? x 
—2x7! esch? x coth x 


(4.14) esch x{x + x* cothx 
—x3 — 2x3 esch? x} 


(4.15) eschx{1 +x cothx 
—x? — 2x? esch? x} 


(4.16) — cschx{x~! + cothx 
—x — 2x csch? x} 


(4.17) eschx{x~? + x7! cothx 
—1—2csch? x} 


(4.18) esch x{x~3 + x7? cothx 
—x—! — 2x7! esch? x} 


(4.19). 2x! 4 an 
—9x~? coth x 
—3x—! esch? x 


(4.20) - 2-24 120* 
—9x—3 coth x 
—3x~? esch? x 


(4.21) 9 2x73 + 12x79 
—9x—*4 coth x 
—3x—3 esch? x 


af Sf (s)ds 
ue 166) aS. 

co (—1)K k(x? — 92k?) 
ae ae (1 2k2 + x2)2 


2x 8 (—1)¥ (x? + 307k?) 
mw fa, k(a?k? + x7)? 


2x 2 x44 607k? x? — 304k4 
Tp k (2k? + x2)3 


2 © x44 62 kex? — 3 4k4 


T fe4 k(7k? + x?)3 
2x > 3x4 + 102072 k2x? + 150 4k4 
mo K3(702k2 + x2)3 


lee) 
2nx > (—1)*k(a2k? +.x7)-3 
k= 


xGxt = 692K = 
mk) 
lee) 
mw >> (-1)*k@?h? + x*)3 
k=1 
x (3x4 — 697k?x? — w4k4) 
2x 2 (—1)* (x4 + 607k? x? — 304k) 
mw fa4 K(k? + x?)3 
s (=1) (x4 + 602k? x? — 3004k4) 
eA k (2k? + x2)3 
2x lee) 
ee X ¢ —1)*k-3 (972k? dyeir 


ee 441007? x?+ 154k) 
6 © 3x24 22k 
™ poy k(a7k* +x?) 


6x & x? — 07k? 
13 ram k3 (2k + x2)? 


x? — nk? 


ke (12k + x2)2 


> 
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Table 1.4. (Cont.) 


1 et d 
Number f(x) —P | S(s)ds 
IU A us 
(4.22) Ix-4 + 12576 6x 2 3m7k? +x? 
—9x—> cothx wf (07k? + x7)? 
—3x~4 esch? x 
(4.23) py tse! 6 & (-1)* (17k? + 3x?) 
| —9x~? esch.x mw pay (Pk? + x?) 


—3x7! eschx cothx 
6x © (—1)" x? — 27k?) 
Wp OG ee) 


(4.24) 12x74 — x72 
—9x—3 eschx 
—3x~? esch x cothx 
k(,2 242 
(4.25) 12x-5 — x73 6. Beira) 
| —9x~4 esch x > fay 3 (72k? + x7)? 
—3x—3 esch x cothx 


6x 2 (-1)' Bn7k? +x?) 


4.26 12x76 — x~4 
mete ~ 94-5 eschx Tg. RAGE) 
—3x~4 esch x coth x 
(4.27) h g s EF 
. sech x ye See 
i Lie 1 ix 
a tanh 
“lu(; =) v(4+55)| anh x 
~ 2k +1 
4.28 h? 32 
(4.28) sech* x 1X 2 TSE ee 
1 — sechx 00 (—1)F 
4.29 ees 
i x n>) (2k + 1)?7? + 4x? 
_1 . Ds ix 7; 1 ix 
ae: 4 2x 4 2n 
+x7! tanh x 
Ce ee oc 2x 5 Kt 
2 m? (=o (2k + 1)°[(2k + 1)?2? + 4x7] 


= = {> sech s+ (4 ae =) 


Table 1.4. (Cont.) 
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ae d 
Number (x) Pp / MO 
cr =o. eS 
tanh x 16x & 1 
(4.31) 5 5 
x mT K (2k + I{(Qk + 1)22? + 4x7} 
2 1 ix 
=—jyt+log4+y{(-+— 
UX 2° oe 
- eT nick 
D 
x — tanhx 16 & 1 
4.32 — a 
ee?) x2 7 » (2k + 1){(2k + 1)2x2 + 4x2} 
2 1 ix 
=——z yy +log4+ 4] -+ — 
UX 2 7 
- = tanh] 
2 
x — tanhx 64x & 1 
(4.33) — 
x3 mw? prop (2k + 1)3{(2k + 1)22r2 + 4x7} 
co (—1)* (4x2 — (2k + 1)227) 
4.34 hx tanh 8 
(4.34) x sech x tanh x HD (OEE Dent = age 
00 (—1)*{(2k + 1)?m? — 4x7} 
4.35 hx tanh 8 
ee Soren 2 (Gk + tent + ee 
(4.36) sech x tanh x 32x © (—1)*{3(2k + 1)2? + 4x7} 
: x m? pp (2k + 1)? {(2k + 1)22? + 4x2}? 
lox & 3(2k + 1)?0? + 4x? 
4.37 —l tanh h? 
ay | ae x i) Qk + IOk + lex? + 427 
(4.38) tanh x — x sech? x l6x & Ag? — (Qh Vn 
, x MT jog (2k + 1){(2k + 1)22? + 4x2}? 
(4.39) tanh x — x sech? x 16 & Ae = Ok Vea 
g x2 m fag (2k + 1){(2k + 1)? + 4x2}2 
(4.40) tanh x — x sech* x 64x 2 3(2k + 1)22? + 4x? 


x3 


m> frp (2k + 1)3{(2k + 1)2x? + 4x2}? 
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Table 1.4. (Cont.) 


Number f(x) “Pp / OS 


9 X—S 


(4.41) x73 {tanh x — x sech? x ay. >- [2k + 1){22(2k + 1)74+-4x7})-3 
+ 2x? sech? x tanh x} me Kp 
x {48x4 + 4027 (2k + 1)2x? 
+ 1524(2k + 1)4} 


oo (—1)*{12x? + 2?(2k + 1)7} 


(4.42) 2x—!(1 — sech x) 8) 
— sech x tanh x feo. {(2k + 1)?2? + 4x2}? 
32x 
(4.43) 2x~7(1 — sech x) =e 3 (2k + I{Qk + 1)2x? 
—x7! sech x tanh x k=0 
+ 4x*}]-2(-1)" (4x? 22 (2k+1)?} 
32 x 
(4.44) 2x-3(1 — sech x) = [Qk + {2k + 12x? 
— x7? sech x tanh x IT” 4=0 
+ 4x7}]-2(—1)"{4x? — 2? (2k +1)? 
128x & 
(4.45) 2x~4(1 — sech x) FS [2k + 1)2((2k + 12x? 
— x73 sech x tanh x m4 =p 
+ 4x2}]-2 (-—1)* {4x2 +392 (2k+1)?} 
(4.46) 2x7! — 3x7? tanhx 16 SS 12x? + Qk + 1)? 
: 4x7! sech? x t fy Ok + DICK + In? +4272 
(4.47) 2x~* — 3x73 tanh x 64x = 4x” — 0? (2k + 1)° 
+x? sech? x m3 {=p (2k + 1)3{(2k + 1)22? + 4x2}? 
(4.48) 2x73 — 3x4 tanhx ofS 4x? — 072k +1) 
+ x73 sech? x m3 <p (2k + 1)3{(2k + 1)2x? + 4x2)? 
aS 


(4.49) 2x4 — 3x75 tanh x 


» (2k + 1)~>{(2k + 1)?x? 
+x74 sech? x 


eee 2(Ax? + 372(2k + 1)7} 


ILp 


Table 1.5. Trigonometric functions 


1 7 d 
Number f(x) os / Eos 
aT Jo xX-S 
(5.1) sin ax —sgnacos ax 
(5.2) COS ax sgnasinax = sinla|x 
(5.3) cas ax sgn a (sin ax — cosax) = ,/(2) sgnasin(ax — 1/4) 
(5.4) sin(ax + b) —sgnacos(ax + b) 
(5.5) cos(ax + 5) sgn a sin(ax + b) 
1 
(5.6) cos ax cos bx 5 (santa + b) sin[(a + b)x] + sgn(a — b) sin[(a — b)x}} 
sinaxcosbx, a>b>0 
sgn a sin 2ax 
Shp ee b 
cosaxsinbx, b>a>0 
1 
(5.7) sin ax sin bx 5 sen(a — b) sin[(a — b)x] — sgn(a + b) sin[(a + b)x]} 


—cosaxsinbx, a>b>0 


sgn a sin 2ax 
= 5 , a=b 
—sinaxcoshbx, b>a>0 


CLV 


Table 1.5. (Cont.) 


1 oe d. 
Number f(x) a / F(ods 
Te Jogo BSS 
1 
(5.8) sin ax cos bx —5 {sen (a — b) cos[(a — b)x] + sgn(a + 5) cos[(a + b)x]} 
—cosaxcosbx, a>b>0 
sgn a cos 2ax 
=» a=b 
sin ax sin bx, b>a>0 
1 
(5.9) cos(ax + c) cos(bx + d) 7 santa + b) sin[(a + b)x +c +d] + sgn(a— b) sin[(a — b)x + c — d]} 
1 
(5.10) sin(ax + c) sin(bx + d) 7 sen(a — b)sin[(a — b)x +c — d] — sgn(a+ b) sin[(a + b)x + c+ d]} 
1 
(5.11) sin(ax + c) cos(bx + d) —5 {sen(a + 8) cos[(a + b)x +c+d]+ sgn(a— b) cos[(a — b)x + c — d]} 
2 1 . 
(5.12) sin* ax 5 sgn a sin 2ax 
2 l : 
(5.13) cOs* ax 5 sgn a sin 2ax 


(5.14) sin ax ae 


[cos 3ax — 3 cos ax] 


(5.15) cos? ax 


Sy : [sin 3ax + 3 sin ax] 


eLy 


Number f(x) 


apf f (s)ds 


KH Jio X—-S 


(5.16) 


(5.17) 


(5.18) 


(5.19) 


(5.20) 


(5.21) 


(5.22) 


(5.23) 


(5.24) 


(5.25) 


(5.26) 


ds Os ate ee 
sin?”"t! ax, n=0,1,2,... 
sin?” ax cosax, n= 0,1,2,... 


"axcosbx, n=0,1,2,... 


ax cosax, n=1,2,... 


= = [sin 4ax — 4 sin 2ax] 


a ss [sin 4ax + 4 sin 2ax] 


sgna 

Bary [cos 5ax — 5 cos 3ax + 10cos ax] 

sgna 
16 


sgna 


[sin Sax + 5 sin 3ax + 10 sin ax] 


[sin 6ax — 6 sin 4ax + 15 sin 2ax] 


sgn 


32 ad [sin 6ax + 6 sin 4ax + 15 sin 2ax] 


n—1 
er (pr @) sin[2(n — k)ax] 


k=0 


n 
Sm D(H 1yteet @ - i) cos[(2n — 2k + lax] 
k=0 


sgna_ 4 (2n+1 . 
¥Qn +1) »! 1) G 7 yok 1) sin[(2k + 1)ax] 


n—1 


4-7 ) sgn bsin bx + 4-" S> (—1)"+* (77) tsen [b — 2(n — k)a] 


k= 
x sin[bx — 2(n — k)ax] + sant + 2(n — k)a] sin[bx + 2(n — k)ax]} 


sgna 2 2 
sty Y (-D*k e 2 ‘) cos(2kax) 
k=1 


vLV 


Table 1.5. (Cont.) 


] lee) 
Number f(x) —P i] Piss 
HT JioXxX-Ss 
1 7! = 
(627). sin" haveoshes WSO... sma Dy Cy ')tsentin 25% Has by 
k=0 
x cos[(2n—2k — 1)ax—bx]+sgn [(2n—2k—1)a+b] cos[(2n—2k—1)ax+bx]} 
n—-1| 
(5.28) cos” ax, n=1,2,... sat 3 iz) sin[2(n — ax] 
k=0 


n—1 = 
(5.29) cos2"—! ax, n=1,2,... oe é I 


) sin[(2n — 2k — 1)ax] 


32n—2 = k 
3 sgna i 2n+1 
5.30 ae , n=0,1,2,... —-—~ _ ¥° (2k+1 2k+1 
(5.30) cos~” ax sinax, n One De »¢ +1) G Z )) cos[(2k + 1)ax] 
1 n—1 
(5.31) cos?” ax sinbx, n=0,1,2,... a {(7") sgn bcos bx + )- {sgn[b — 2(n — k)a] cos[bx — 2(n — k)ax] 
k=0 


+ sgn[b + 2(n — k)a] cos[bx + 2(n — wasii(7?) 


n 
(5.32) cos2”—! ax sin ax, n=1,2,... ae » k (,.7" ,)oos(2kax) 
k=1 


SLY 


Number /(x) 


i ia f (s)ds 
IT 


co XS 


(5.33) 


(5.34) 


(5.35) 


(5.36) 


(5.37) 


(5.38) 
(5.39) 


(5.40) 


(5.41) 


2n—1 


cos ax sinbx, n= 1,2,... 


2. 


cos" ax sin 2nax, n= 1,2,... 


cos*”—! ax sin(2n — 1)ax, 


| eee 


2. 


cos” ax cos 2nax, n= 1,2,... 


2n—1 


cos ax x cos(2n — l)ax, 


n=1,2,... 


sin(a|x|) 
sgn x cos ax 


sgn x sin ax 


senxsin(a,/ |x|), a>0 


aad ee 
Ser > k {sgn[b + a — 2a(n — k)] cos[{b + a — 2a(n — k)}x] 
k=0 
+ sgn[b — a+ 2a(n — k)] cos[{b — a + 2a(n — k)}x]} 


a = e (7") cos 2nax + cos 4nax + s {cos 2kax + cos[(2n — k)2ax]} (7) 
k=1 


Se i {cost2n — 1)2ax + ‘> ie p _ |) feo 2kax + cos[(2n — 1 — k2axti} 
k= 


= a @ sin 2nax + sin 4nax + > {sin 2kax + sin[(2n — k)2ax]} @ ) 
k= 


sgn 


Fn seysin(n — 1)2ax + > es ') isin 2kax + sin [(2n — 1 — k2asti} 


7SER (A) sin(laxl Ci(|ax|) — cos(ax) Si(|ax|)} 


= {cos(an) Ci(|ax|) + sin(|ax|) Si(jax|)} 


SEO sin(la Ci(|ax|) — cos(ax) Si(|ax|)} 


— cos(ay/|x|) — ew4v'! 


OLY 


Table 1.5. (Cont.) 


1 of d. 
Number f(x) =P i MOS 
uw Jo XxX-S 
oe 
(5.42) sine.x ge Ten 
TUX 
(5.43) sin ax sinc bx, 0 < ba <a —cos ax since bx 
(5.44) cosax sinc bx, 0 < ba <a sin ax sinc bx 
: : 1 2 
(5.45) sin ax sinc bx =5 [sgn(a + 2b) + sgn(a — 2b)] cos ax sinc bx 
1 
—  [sgn(a+ 2b) — sgn(a — 2b)] sin ax cos bax 
2m bx 
1 
(5.46) cos ax sinc bx —— [sgen(zb + a){1 — cos[(wb + a)x]} 
2m bx 
+ sgn(b — a) {1 — cos[(rb — a)x]}] 
(5.47) sia S804 (1 — cosax) 
x x 
sin ax sin bx cos ax sin bx 
(5.48) ——., 0<b<a — 
Xx x 
cos ax sin bx sin ax sin bx 
(5.49) ——., 0<b<a — 
x x 
(5.50) sin? ax _ sgna sin 2ax 
x 2x 


LLY 


Number f(x) 


is f f(s)ds 


(5.51) 


(5.52) 


(5.53) 


(5.54) 


(5.55) 


(5.56) 


(5.57) 


(5.58) 


(5.59) 


(5.60) 


sin? ax 
x2 

sin ax sin? bx 

—— 0<2b<a 
x 

cos ax sin” bx 

7 0<2b<a 
x 

sin ax sin 7x 

ar u<a 

COS ax sin 7x 

= <a 

sin? ax 

x 

sin ax sin? bx 

———., 0< 2b<a 
x 

a) 
cos ax sin* bx 
—., 0<2b<a 


x 


sin ax sin bx sin cx 


x 


cos ax sin bx sin cx 


» 0<c<b,b4+c<a 


x 


, 0<c<b,b4+c<a 


uA oo XS 
sgn 
a (2ax — sin 2ax) 


cos ax sin? bx 
2 


x 


sin ax sin? bx 


x2 


COS ax sin 7x 
2 


1-x 


sin ax sin 7x 


1— x2 


sgna 


(cos 3ax — 3 cosax + 2) 


cos ax sin” bx 


x 
sin ax sin? bx 
x 


cos ax sin bx sin cx 


x 


sin ax sin bx sin cx 


x 


8LV 


Table 1.5. (Cont.) 


1 (oe) 
Number f(x) <P | f(o)ds 
mw Jo X—S 
3 
sin’ ax 
(5.61) 5 sen? (cos 3ax — 3. cos ax + 2) 
x 4x2 
3 
sin’ ax 
(5.62) ; PEP (cos 3ax — 3 cos ax +2 + 3a2x2) 
x 4x 
(5.63) ee oe ee soe: 
xX xX 
. 3 . . 3 
b 
(5.64) COS ax = a ee ee sin ax = bx 
xX x 
4 
sin 
(5.65) . = $5"? (sin 4ax — 4 sin 2ax) 
sin* ax sgna_., 
(5.66) 5 5 (sin 4ax — 4 sin 2ax + 4ax) 
x 8x 
4 
sin 
(5.67) — 56" 4 (sin 4ax — 4sin 2ax + 4ax) 
x 8x3 
- 4 
sin” ax 16 
(5.68) i nee sin 4ax — 4 sin 2ax + 4ax + —a>x3 
x 8x4 3 
+15 
sin? ax sgn 
(5.69) oe (6 — 10 cosax + 5.cos 3ax — cos Sax) 


x 16x 


6LV 


1 O° d. 
Number FQ) —P / F(o)ds 
Kn Jo X—S 
sin? ax sgna 
(5.70) (6 — 10cosax + 5 cos 3ax — cos 5ax) 
x2 16x2 
5 
sin 
(5.71) = =F (6 + 5a*x? — 10 cos ax + 5 cos 3ax — cos 5ax) 
x 
«5 
(5.72) ca at (6 + 5a2x? — 10 cosax + 5 cos 3ax — cos 5ax) 
x 
«5 
115 
(5.73) eas Bee | 64 Sate = oat 1 coda tes ood sae Gos sk 
x5 16x5 12 
“6 
(5.74) aah — 5804 (sin 6ax — 6 sin 4ax + 15 sin 2ax) 
x 32x 
6 
(5.75) baat = ET (ain Oat = Gsind4ae 15 sin dee = Mae) 
x 32x2 
sin? ax _ sgn 
(5.76) 7 (sin 6ax — 6sin 4ax + 15 sin 2ax — 12ax) 
x3 32x 3 
sin?” ax, sgna "! Ga TEN a 
(5.77) , integer n, p,2n > p> 1 Ah Isp EG oan (7) sin[2(n — k)ax] 
k=0 


[5] (~—ayk-n 2k-1 n— 
sgna (—4)*—" (ax) as L 
Spe ee ORD x v3 "o /) 


with [5] = p/2 for p even and (p — 1)/2 for p odd 


O8P 


Table 1.5. (Cont.) 


1 rag d. 
Number /(x) =P | FOS 
mw Jo X-S 
: 2n+1 —(—1)" n 
(65.78)  ™ integern,p,2n+1>p p21 CS SENS SS ajh (27) eos One Te 
4" xP k=0 k 
[| 
2 k+n 2k 
sgna (—1)"*"(ax)** 2 i + ') ae 
1)/ . 2n—2j3+1 
ee Py. le eas gs ee 
(5.79) suns ee ee ee sae 
Xx Xx 
(5.80) ak ue Ont he ee ey — 
Xx Xx 
sin a,/|x| senx : ; 

(5.81) ee {e~4V "| Bi(a/|x|) — etv "| Bi(—ay/|x1) 

J/\x| Ta/ |x| 

+ 2 sin(a,/|x|) Ci(a./|x|) — 2 cos(a,/|x|) Si(a/|x|)} 

sin ax . cos ax sin b,/(x? + c*) 
5.82 — ,—; sinb 2 2) 0<b 
oe J (x? + c?) Roper cece J (x? +c?) 

cosax, Hine iy sin ax sin b./(x? + c?) 
(5.83) V@ete) sin bJ(x +c ys 0<b<a Vee rs 2) 


I8p 


(oe) 
Number f(x) i i {ods 
mT Joo X—S 
(5.84) 1 \b| <1 bsgna sin ax 
1—bcosax’ (1 — bcosax),/(1 — b?) 
(5.85) (5 — 4cosx)7! eta 
3(5 — 4cosx) 
(5.86) (5 — 4cosx)~! sinx sie 
2(5 — 4cosx) 
(5.87) (5 —4cosx)~! cosx eee 
3(5 — 4cosx) 
(5.88) : a <1,b>0 eae 
1 — 2acos bx + a2’ : (1 — a2)(1 — 2acos bx + a?) 
sin bx a— cos bx 
5.89 2<] 
S82) 1—2acosbx +a2’” aneee 1 — 2acos bx + a? 
(5.90) sin bx Peete eee (a — 1) cos bx 
1 — 2acos 2bx + a?’ ‘ (a+ 1)(1 — 2acos 2hx + a?) 
si : . 
(5.91) sin bex 2: PbS OOSé 2a sin bex sin bx cos bex 
1 —2acosbx +a (1 —a?)(1 — 2acoshbx +a?) (1— a?) 
2 Le] 
aa tae) y: ak cos(c = k)bx 
om k=1 
(5.92) sin bx Per es een (1 + a)(1 — cos bx) 


x(1 — 2acos bx + a2)’ 


x(1 — a)(1 — 2acos 2bx 4+ a”) 


C8P 


Table 1.5. (Cont.) 


1 oe d 
Number f(x) =P | A (s)ds 
mT Jioo X—S 
sin bex 1 — cos bex 2a sin bex sin bx 2 
5.93 Pee Ie Die) 
Ce ee a ee ee eee Oe ee 
0O<c Le] 
xy a‘ {1 — cos(c — k)bx} 
k=1 
(5.94) ee a <1,b>0 Cae Jemire 
; 1 — 2acos bx + a2’ ; (1 — a?)(1 — 2acos bx + a?) 
(5.95) cos bx Pe nr (1 + a) sin bx 
, 1 — 2acos2bx + a2’ > (1 — a)(1 — 2acos 2bx + a?) 
1 — acos bx asin bx 
5.96 a7 21h 0 
O20) 1 — 2a cos 2bx + a? oot = 1 — 2acos 2bx + a? 
cos bcx 2a cos bex sin bx sin bex 2 
5.97 $e SPS 0; 0 
C2” Tooele de) a 
Le] 
<a a‘ sin(c — k)bx 
k=1 
sin bex sin bdx 2a sin bx sin bex sin bdx cos bex sin bdx 
5.98 2<1, b>0, c>d>0 
Cr)” “Teapeeieea (1 — @2)(1 — 2acos bx + a2) (1 —a2) 
1 Le-d] le+d | 


+——~} ) aksin(e—d—k)bx — Y ak sin(c +d —k)bx 
(l-a*)}) ¢ k=l 


| 


e8P 


Number f(x) 


apf f (s)ds 


(5.99) 


(5.100) 


(5.101) 


sin bex cos bdx 


1 — 2acos bx + a?’ 


b bd. 
cos bex cos bdx a<1,b>0,c>d>0 


1 — 2acos bx + a?’ 


sin(2abx) 
sin(bx) ” 


a<1,b>0,c>0,d>0 


tw Joo X-S 
2a sin bx sin bcx cos bdx cos bex cos bdx 
(1 — a2)(1 — 2acos bx + a?) (1 — a?) 
ee d= 6 
= a® cos(c + d — k)bx 
(l-—a*) | = 
Le-d| 
+ ¥ adcos(c—d—kbx}, forc>d 
k=1 


2a sin bx sin bex cos bdx sin bex sin bdx 


(1 — a*)(1 — 2acos bx + a”) (1 — a?) 


k=1 k=1 


etd] ld—c| 
ys > ak cosie+d—k)bx — Y ak cos(d —c—k)bx 


ford>c 
2a sin bx cos bex cos bdx sin bex cos bdx 
(1 — a*)(1 — 2acos bx + a) (1 — a?) 


1 le+d] 
+——— } )> a‘ sin(c +d —k)bx 
(1—a*) | =I 


Le-d] 
+> a‘ sin(c — d — k)bx 
k=1 
2 sin* (abx) 
sin(bx) ” 
n 
2 > sin(2kbx), 
k=1 


fora e Zt 


fora=n+1/2,neZt 


r 


v8P 


Table 1.5. (Cont.) 


1 ® f(s)d 
Number f(x) =p / Hoes 
mT Jog X—S 
Pa 2 & 
sin’ (nbx) sin(2nbx) 
5.102 Be) Bee went aoe 
O10?) teen ere 2 sin(bx) 
* 2 * 
sin* (nbx) 1 sin(2nbx) 
5.103 ME PSO Nea 2 
Pe) ania to ae oe 2x 7 ~ in (Bx) 
(5.104) eee _n8(x) + sgna—— 
x x 
= 
S108 sina api ha (—=*) 
xX Xx 
(5.106) sin eae ax sais ( 1- = *) 
Xx Xx 
(5.107) — 18'(x) — sgna (* — “ 
Xx x 
. 2 ] _ 
(5.108) sin ax ans! (x) - a sgna ie sena COS aX 
x3 Ix me 
(5.109) 2 * [a28(x) — 8"(x)] — sgna( >" 
x i x 
(5.110) ase as I se S50 * (ax sin ax + cosax — 1) 


x 


S8P 


Number f(x) 1p / noes 


KH Jo X-S 


ax cos ax — sin ax sgna : 
(5.111) ———— 5 (ax sin ax + cos ax — 1) 
x Xx 
(5.112) sce mee s (2ax sin ax + 2cos ax — 2 — a2x?) 
x x 
L_ : 
(5.113) seme See teint 
xX xX 
1— 
(5.114) —— os (ax — sinax) 
Xx x 
(5.115) sin ax(1 = cos ian eee cos ax(1 =e bx) 
xX Xx 
(5.116) cos ax(1 cl oged sin ax(1 . cos bx) 
x Xx 
_ 2 
(5.117) ae SE” ¢ (sin Zax — 4 sin ax) 
xX 
1 —cosax \* sgna_. ‘ 
(5.118) ————— wm) (sin 2ax — 4sin ax + 2ax) 
x x 
i 2 
(5.119) sca = (sin 2ax — 4 sin ax + 2ax) 
x x 
1- t 2 
(5.120) Cee (sin 2ax — 4sinax + 2ax + 50's) 
x X 


987 


Table 1.5. (Cont.) 


1. f OFS. 
Number f@) —P / Etses 
A 99 SS 
i= 3 
(5.121) esa: so Bee (iat OM ayee ISRiLas) 
Xx 
ie 3 
(5.122) chescosgy” agers (sin 3ax — 6 sin 2ax + 15 sinax — 6ax) 
x2 4x2 
(s 3 
(5.123) peas _ 58° (sin 3ax — 6 sin Zax + 15 sinax — 6ax) 
x 4x3 
(1—cosax)" , sgna "=! iced DULY os 
(5.124) a a integer n, p, 2n > p> 1 ra » (-1) k sin[(1 — k)ax] 
sgna [2] (-1)! "(ax n On 
~~ LED )@—p 
2n-lxp f= (2K 1)! j 
with [| = p/2 for p even and (p — 1)/2 for p odd 
2 
(5.125) sgn [sin ax],a > 0 = log |tan(ax/2)| 
(5.126) [cosax], a > 0 * jog |tan(S + 7)| 
: — an{ — = 
sgn [cos ax], a > = og 5) ri 
(5.127) sin(ax*), a> 0 —sgn x{S(./(2a/z) |x|)[cos ax” + sin ax*] + C(,/(2a/z) |x|) 


x [cos ax 


2 


— sin ax?]} 


L8v 


Number f@) af Ess 
TU Bet ES 
(5.128) cos(ax”), a> 0 sen x{S(./(2a/z) |x|)[sin ax* — cos ax*] + C(,/(2a/z) |x]) 
x [sin ax” + cos ax?]} 
(5.129) sin(ax—!) sgn alcos(ax—!) — 1] 
(5.130) cos(ax~!) —sgna sin(ax~!) 
‘ a a 
(5.131) sin (ax = ) es) —cos(a = ) 
a 4 a 
(5.132) cos (ax - ~) , a>O0 sin(ax - ) 
(5.133) sin(ax~7), a>0 sgn(x—!){S(./(2a/z) |x~!|)[cos ax~? + sin ax~7] 
+ C(/(2a/x) |x7!))[cos ax~? — sin ax~7]} 
(5.134) cos(ax~*), a>0 — sgn (x7!){SC/(2a/z) |x7!|)[sin ax? — cos ax~?] 
+ C(/(2a/x) |x7!|)[sin ax~? + cos ax~*}} 
= -1 
(5.135) es ee oe 
x +a—cot(x7!) alx + a —cot(x7!)] 
(5.136) cos(acotx), a>0 —sin(a cot x) 
oe i_o[. : b “4 : b 
(5.137) e * cosbx, a>0, b>0 —x=e ™ fe ert] Via (+ =) + ei orf | via (= - =) || 
2 2a 2a 


= etme erf Ke (> 7 «)]) 


887 


Table 1.5. (Cont.) 


1 % d. 
Number f@) <P | Os 
ma Jiox—-S 
b b 
(5.138) eo” sin bx, a>0,b>0 —le-a’ a erf [vio (= + i) 4+ eh ert] Via (= - ix) |} 
a 
7 ‘ : 
= a Rel eib® orf J (a) eis 
i b 

(5.139) cosaxel, a>0,b>0 eae: aa °) ef 4 sal a | 

1 a 

oF acai {cie( ais ar bial _ Cie( ale, °) oe 

1 

(5.140) sinax el a> 0, b>0 ed {sie(«x °) eh 4 so —ax, aye | 

sa a 

ape ene {cie( ais, ar piel Cie( ale °) mil 

a 

(5.141) el gin bx 5 [sgn(a — byel@~)* — sen(a + belt] 
(5.142) e! cos bx -5 [sgn(a + b)el@t)* + sen(a — byela—)*] 
(5.143) e708 x sin(a sin bx) sgn b[1 — e#°9s 6x cos(a sin bx)| 
(5.144) e708 x cos(a sin bx) sgn b e4°S > sin(a sin bx) 


687 


Co 
Number f(x) =P | f (s)ds 
wT Jig X-S 
(5.145) en ee asin bx), 00S X sin(cx + asin bx) 
mo —_— 
(5.146) Se a> 0,b>0 xe + b sin ax 
x- +b b(x2 + b) 
(5.147) ne a> 0,b>0 e~@ — cos.ax 
x* +b (x2 + b?) 
(5.148) pbcelons x sgnasinax — |ble—!@4l 
Hebe paras 
(5.149) aes a>0,b>0 x(e~@ — cos ax) 
x2 + b2 x2 + b2 
2 7 
(5.150) wee ee = a ONE loa eo [x(y — ab?) — Bb7] + b(wx? + Bx + y) sin ax 
x7 +b b(x? + b?) 
2 ; 7 
(5.151) cy sap aep Sas i= OBO eo (xB — ab? + y) — (ax? + Bx + y) cosax 
Dae , pe ebe 
sin ax —ab 
5.152 Bec ! e 
( ) 4p a>0,b>0 am | QF? cosa +x sina) — nar] 
COS ax —ab 
5.153 SS 1 : xe 
( ) x4 4 4b’ a>0,b>0 44 454 [sina 453 (0? 20 onab + 62 — 28 sn a} 


06r 


Table 1.5. (Cont.) 
1 ne d. 
Number fQ@) —P / Foe 
mT Jo X—-S 
(5.154) sinh x + sinx po 2x 8 (x* — 207k?) 
; x(cosh x — cosx) m pay k(4n4k4 + x4) 
(5.155) sinh x + sinx 5 2 © (x? — 207k?) 
x(cosh x — cos x) pay kA AKA + x4) 
(5.156) sinh x + sin x ae x © (Qn*k? +x?) 
x3 (cosh x — cos x) mw <= (4a tk4 + x4) 
(5.157) sinh x + sinx sinh 2x + sin 2x “4 ; > (—1)*+ kr??? + 2x?) 
: a 
coshx —cosx cosh 2x — cos 2x = (4k4 + 4x4) 
(5.158) sinh x + sin x 4x 2 (—1)' (2x? — 22k?) 
, x(cosh x — cos x) m fey. (re 4k4 + 4x4) 
sinh 2x + sin 2x > 
x(cosh 2x — cos 2x) 
(5.159) sinh x + sin x 4 2 (—1)* (2x? — 17k?) 


x2(cosh x — cos x) 
sinh 2x + sin 2x 


x2(cosh 2x — cos 2x) 


m pa, (a 4k4 + 4x4) 


l6v 


1 at d. 
Number f(x) Pp / Ids 
uw Jo X-S 
(5.160) sinh x + sinx Bx 2 (—1)* (2x2 + 17k?) 
; x3 (cosh x — cosx) m> pa, 3 (oe 4k4 + 4x4) 
sinh 2x + sin 2x J 
x 
x3 (cosh 2x — cos 2x) 
‘> ; 

(5.161) e” — cosx -st6 sin x 

cosha — cosx cosh a — cosx 
(5.162) sin x BES e “—cosx 

cosh a — cosx cosh a — cosx 
(5.163) cosh(a sin bx) sin(acos bx), b > 0 sinh(a sin bx) cos(a cos bx) 
(5.164) sinh(a sin bx) sin(acos bx), b > 0 cosh(a sin bx) cos(a cos bx) — 1 
(5.165) cosh(a sin bx) cos(acos bx), b > 0 —sinh(a sin bx) sin(a cos bx) 
(5.166) sinh(a sin bx) cos(acos bx), b > 0 —cosh(a sin bx) sin(a cos bx) 
(5.167) sin ax f(x), with F[f(x)] = 0, —cos ax f (x) 

for |x| > band0 <b<a 

(5.168) cos ax f (x), with F[f(x)] = 0, sin ax f (x) 


for |x|] > band0O <b<a 
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Table 1.6. Logarithmic functions 


Note that log stands for log, in this table 


1 me ds 
Number f(x) 1p [> f@ 
HT JoXxX-S 
bas 0, -w<x<a 
(6.1) log} ——_|, b>a 1, a<x<b 
ae 0, b<x<o 
-1 
TX, —-OO<x<-—a 
Ci ie Zags tee -s, ane et 
ax! b<x<@w 
Zane I, —b<x<-a 
(6.3) log |5—s5|+ O<a<6 -I, a<x<b 
x —b 0, Ix] <aorb < |x| 
(6.4) log(a? + b?x*), a>0, b>0 —2tan—!(bx/a) 
l 1 22 
(6.5) Mee), a>0 —2x—! tan! (ax) 
x 
2 e522 
(6.6) log (SS) , a>0,b>0 2cot7!(bx/a) 
xX 
(6.7) log(1 — a*x~*)? log |1 hee A |. 2n{ log [px - 1| 


a>0,b>0 


+2 log |1 + ax”! 


Lx2xeeed 


2m {log lara? = 1| 


+2log|1+ bx7!|}, x<b<a 
An log|l1tax—'|, a<x<b 
2 log ex), a<b<x 
x-a 
An log|1+ bx7!|, b<x<a 
b 
ioe | b<a<x 
x—b 
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Table 1.7. Inverse trigonometric and inverse hyperbolic functions 


l-a@ 


1 —2asinx + a2 


Number (x) |p / wes 
TU See, oth} 
(7.1) tan~! (x) log(1 + x?) 
: x 2x 
= x 
22: 
(7.3)  xcot-!(ax), a> 0 5 log (Sz) 
arx 
eye 
x a x a 
(7.5) sate eo v>0,a>0 — rola 
Xx a x a 
sinh7! (x/a) 4 
POP eae "7/2 +a) 
(7.7) tan! (—): a <1,b>0 —(1/2)log(1 +2acos bx + a*) 
1 + acos bx 
2 2: 
(78) oe (75) os (1/2) log (; + 2asinx +a ) 
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Table 1.8A. Special functions: Legendre polynomials 


1 id ds 
Number f(x) a / fo) 
90 X—S 
(8A.1) Po(cosx) 0 
(8A.2) P\(cosx) sinx 
ce 
(8A.3) P2(cosx) a sin 2x 
1. ‘ 
(8A.4) P3(cosx) 8 (3 sinx + 5 sin 3x) 
5 . F 
(8A.5) P4(cosx) 6A (4 sin 2x + 7 sin 4x) 
1 
(8A.6) Ps5(cos x) Tog °° sin x + 35 sin 3x + 63 sin 5x) 
21 : ; : 
(8A.7) P6(cosx) 5D (5 sin 2x + 6 sin 4x + 11 sin 6x) 
1 
(8A.8) P7(cos x) 1024 (175 sinx + 189 sin 3x + 231 sin 5x + 429 sin 7x) 
1 2/2 [n+2m\ (n—2m 
(8A.9) Py, (cosx) n=1 yy a re ne st sin2mx, forn even 
m=1 \2 2 
1 @-)/2 n+2m+1 n—2m—1 
eS 1 -—1 i 
Sie ee NOES Soo PSN og J OM aD 
2 2 
for n odd 
(8A.10)  Po(sinx) 0 
(8A.11) Py(sinx) —cosx 
. B, 
(8A.12) Po(sinx) — Z sin 2x 
. 1 
(8A.13)  P3(sinx) 8 (5 cos 3x — 3 cosx) 
: 5 : F 
(8A.14)  P4(sinx) 6A (7 sin 4x — 4 sin 2x) 
1 
(8A.15)  P5(sinx) ———(63cos 5x — 35 cos 3x + 30cosx) 


128 
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Table 1.8A. (Cont.) 


1 se ds 
Number f(x) —P / Lo) 
HT Jo xX-S 
1 
(8A.16) Pe (sinx) pices sin 6x — 126 sin 4x + 105 sin 2x) 
1 
(8A.17)  P7(sinx) 1024 (429 cos 7x — 231 cos 5x 
+189 cos 3x — 175 cos x) 
; 1 2 2n+2 2n—2 : 
(8A.18)  Pa,(sinx), ne Zt Fan LG 1)” () i 7") sin 2mx 


. 1 ib 2n+2m+2\ (2n—2m 
ae m+1 
(8A.19) = Pons (sinx), nEZ ainet XC 1) Gs ete sy | eee 


x cos[(2m + 1)x] 
1+x 


(8A.20) Po(x)T2(x), |x] 41 a7! log 


(8A.21) Py(x)Mo(x), |x] 41 a! («tog + 


(8A.22) Po(x)T1o(x), Ix] 41 a7! ([52- 12] log a 


5, 3 1 4 
(84.23)  P3(x)TIo(x), x] 41 7! (Ee "| log — sx +5) 
a5 154 3 1 
(8A.24)  P4(x)TIo(x), lal 41 7! in oy lige 
8 4 8 1-x 
35.5, 55 
4 is 
63. 35, 15 1 
(84.25) Ps(x)TIo(x), |x] #1 7! Pie ye oe 
8 4 8 l- x 
63, 49, 16 
4 2 
fo ae =) 
231, 3154, 105 5 
8A.26)  Pe(x)T hag? 6 % é 
( )  Po(x)T2(x), |x] Al 2 (| Tha je ae te 
l+x| 231. 19, 231 
x log x x x 
l—x| 8 4 40 


429 , 693 5,315 535], [bts 
xX 
iG 6 ee eee 


(8A.27)  P7(x)T2(x), |x| £1 aml 


1—x 
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Table 1.8A. (Cont.) 
1 oe ds 
Number f(x) _p / fo 
wT Jio X-S 


(8A.28) Pg(x)TI2(x), 
Ix] #1 

(84.29) Po (x)T12(x), 
Ix] #1 

(8A.30) Pio (x) 2%), 
Ix| #1 

(8A.31) Poj(x)T12 (x), 
Ix| #1 

(8A.32) P2j+1Q)T2@), 
Ix| #1 


4 6435 8 3003 6 3465 4 
a x Xe -b x 
128 32 64 


327” ' 128 i 
6435, 9867 s 4213, 15159 
xi + x x? + x 
64 64 64 2240 
-1 ([ 12155 9 6435 , , 9009 1155 
128 32 64 32 
315 Jog [te] _ 12155 9, 65065 
128” | °F 11 —x be oa 
11869 , 14179, 256 
x7 + x 
64 448 315 
-1 ([ 46189 19 109395 5 , 45045 
256 256 128 
15015 , 3465, 63 l+x 
x x log 
128 256 256 (2s 
46189 , 70499 , 157157 . 
x7 + x) x 
128 96 320 
26741 5 61567 
224 -8064> 
ree j 
— log = YS ajp x?* 
1-—x k=0 
ji 


2 J aj 
2k—-1 jm 
—--~ vix > ———___., 
WT R=l mak (2m — 2k + 1) 


Ag (27 + 2k Qj 
Akt (4 J 
peek) Gee 
1 l+x|] J 

lo b; 2k+1 
a4 bee Pa sa 


2S yk Dim 
T p=o m=k (2m — 2k +1)’ 


= ~(24+2k+2 2+1 
: 2j-1 kaj [| J 
eee ee ( jt G28) 
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Table 1.8B. Special functions: Hermite polynomials 


1 0 ds 
Number f(x) —P i Lo 
WU «0 X—-S 
(8B.1)  Ao(x)er” G(x) = —ie~™’ erf (ix) 
(8B.2) Hy(xje™ GG) =— 
Wis 
4 
(8B.3)  Ay(x)ew** (4x2 — 2)G(x) — Te 
IT 
Sole 
(8B.4) H3(x)e* (8x3 — 12x)G(x) + oe 
IT 
8(5x — 2x3 
(8B.5) Haye (6x4 — 48x2 + 12)G(x) + — 
16(4 — 9x? + 2x4 
(8B.6) Hs(x)e"™ (32x° — 160x? + 120x)G(x) a 7 roe 
IT 
(8B.7) Ho(x)e"™ (64x° — 480x* + 720x? — 120)G(x) 
(528x — 448x3 + 64x°) 
ft 
(8B.8) Hy(x)e™™ (128x7 — 1344x° + 3360x? — 1680x)G(x) 
i (768 — 2784x* + 1280x*+ — 128x°) 
ft 
(8B.9) Hg(x)e™ (256x8 — 3584x° + 13 440x4 — 13 440x? + 1680)G(x) 
i (8928x — 11 840x> + 3456x° — 256x7) 
Wes 
(8B.10) Ho (x)e"*” (512x? — 9216x’ + 48 384x° — 80 640x3 


+ 30 240x)G(x) — sel2 288 — 62 400x? 
+44 160x* — 8960x° + 512x8) 
(8B.11) — Ayo(x)e7*” (1024x!9 — 23 040x8 + 161 280x° — 403 200x* 
+ 302 400x? — 30 240)G(x) — se l8s 280x 
— 337 920x3 + 150 528x° — 22 528x’ + 1024x*) 


—x? i 2m j 2m—1 

(8B.12) Fj (x)e™ , Gx) SS ajmx°™ — SS bimx é 
: s =0 =1 

integer j > 0 Mm am(— itm (aj)! 

(2m)!(j — m)! ’ 
. J—™T(j-m—k+1/2 

dim = 4/1 (2;)! ys G m + / ) 
kao (—4)* kN(2j — 2k)! 


ain = 
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Table 1.8B. (Cont.) 


Number f(x) “P / = 


i, ( (47 +2)aimG 
(8B.13)  Aajyi@e", > {@ + 2)4jmCO) om-+1 ar, 
integerj>0O m=0 Qm+ I) 
; Jem TG-m—k+1/2) 
: = 22/+1 —l 2; 1)! 
a TOUT DL Car MGy— 2+ DE 
jm as in (8B.12) 


Table 1.8C. Special functions: Laguerre polynomials 


Number f@) apf Etsds 
ue 90 X¥—-S 
(8C.1) Lo(x)H(x)e™ E(x) = 1~!e*Ei(x) 
(8C.2) L\(x)H(@x)e™ (l—x)E(x) +27! 
(8C.3) L2(x)H(x)e™ (2 — 4x + x7) E(x) + w7!3 —x)]/2 
(8C.4) L3(x)H(x)e™ [(6— 18x+9x? —x3 E(x) +27! (11 —8x+27)]/6 
(8C.5) La(x)H(x)e™* [(24 — 96x + 72x? — 16x? + x*)E(x) 
+271(50 — 58x + 15x? — x3)]/24 
(8C.6) Ls(x)H(x)e™* [(120 — 600x + 600x? — 200x3 + 25x4 — x°)E(x) 
+71(274 — 444x + 177x? — 24x3 + x4)]/120 
(8C.7) L6o(x)H(x)e* [(720 — 4320x + 5400x* — 2400x? + 450x* 


— 36x° +x°) E(x) +a ~!(1764—3708x+201 6x? 
— 416x3 + 35x4 — x°)]/720 

(8C.8) L7(x)H(x)e™ [(5040 — 35 280x + 52 920x? — 29 400x3 
+ 7350x* — 882x° + 49x® — x7)E(x) 
+2—!(13 068 — 33 984x + 23 544x? — 6560x? 
+ 835x4 — 48x° + x°)]/5040 

(8C.9) Le(x)H(x)e™ [(40 320 — 322 560x + 564 480x? — 376 320x3 
+117 600x* — 18 816x° + 1568x° — 64x? 
+x8)E(x) + 1~!(109 584 — 341 136x 
+ 288 360x* — 101 560x? + 17 370x*4 — 1506x° 
+ 63x° — x7)]/40 320 
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Table 1.8C. (Cont.) 


1 £® f(s)ds 
Number f(x) Pp / £9) 
uw Jio X-S 
(8C.10) LoH@e* —- [362 880 — 3265 920x + 6 531 840x2 


—5080320x? +1905 120x4* — 381 024x°> 
+42 336x° — 2592x7 + 81x8 — x° E(x) 


+ 7!(1 026576 — 3 733 920x + 3 736 440x2 
—1595 040x? + 343 410x4 — 39 900x°> 
+2513x° — 80x’ + x*)]/362 880 


Table 1.8D. Special functions: Bessel functions of the first kind of integer order 


Number f(x) apf fds 


K Jo XS 


(8D.1) sin ax Jo[b/(x? + c*)], 0<b<a,c>0 —cos ax Jo[b/(x? +c?)] 
(8D.2) — cosax Jp[b./(x? +.c7)], O< b<a,c>0 sin ax J[bJ/ (x? +.c7)] 
(8D.3) sin ax Jo[b/(x? — c*)], O0< b<a,c>0 —cos ax Jo[b/(x* — c?)] 
(8D.4) cos ax Jo[b/(x* — c?)], 0< b<a,c>0° sin ax Jo[bJ(x? — c*)] 


(8D.5) cosax Jjax, a> 0 sin ax J\ (ax) 
(8D.6) sin ax J,ax,a > 0, n=0,1,2,... —cos ax J,ax 
(8D.7) sin ax J,bx,0 <b <a,n=0,1,2,... —cos ax J, bx 


(8D.8) cos ax J,bx,0 <b <a,n=0,1,2,... sin ax J, (bx) 
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Table 1.8E. Special functions: Bessel functions of the first kind of fractional order 


Number 


(8E.1) 


(8E.2) 


(8E.3) 


(8E.4) 


(8E.5) 


(8E.6) 


(8E.7) 


(8E.8) 


(8E.9) 


(8E.10) 


(8E.11) 


(8E.12) 


(8E.13) 


ff) 


Ix|” Jy(alx|), a > 0, 
—1/2 < Rev < 3/2 
sen x |x|" Jy(alx|), a > 0, 
—1/2 < Rev < 3/2 
Ix|~° Jy (a |x|), a > 0, 
ey < Rev 
sin 
Vix - 
ere oe 
co 
Tre 
N= 0,152.5 sie 
sin ax 
Vix 
n=0,1,2,... 
COs ax 
viel 
n=0,1,2,... 


sin ax 


——Jy(bx),0 <b <a, 


|x| 
Rev > —1/2 
COS ax 
|x| 
Rev > —1/2 
sin ax 
[x] 
Rev > —1/2 
COs ax 
|x|” 
Rev > —1/2 


sin ax 
|x|” 


= Je vox); 1 <a, 


atl Aero (ea) Pl <4, 


——Jons1/2(b|x|),0 < b <a, 


——Jon41/2(b|x|),0 < b <a, 


—— Jy (bx),0 < b < a, 


— Jy+1(bx),0 < b <a, 


—_ Jy4.1(bx),0 < b <a, 


—,,Jantv41(bx),0 < b <a, 


Rev > -1/2, n=0,1,2,... 


COS ax 


ix —Jantv+1(bx),0 < b < a, 


Rey > —-1/2, n=0,1,2,... 


ages 

wT Jig X-S 

sen x |x|” [sec(v7 )H_y(a|x|) 
— tan(v7 )Jy(a|x|)] 

Ix|” Yu (a |x|) 


sgn x |x|" Hy (a |x|) 


cos ax Jn41/2 (|x) 


viel 


sin ax Jn41/2(Ix1) 


viel 


cos ax Jon41/2(B|x|) 


vx 


sin ax Jon+1/2(6 |x1) 


viel 


__ GOS ax 


y Jv (bx) 


sin ax 
|x|” 


—,, Jv (bx) 


__ COS ax 
ix| —, vt (bx) 


sin ax 


ix —a 41 (6x) 


COS ax 


_ ee enter (bx) 


sin ax 
ix|? —-Jan+u+41 (bx) 


Tables of selected Hilbert transforms 501 


Table 1.8E. (Cont.) 


Number 


f(x) 


fis i‘ f(s)ds 


uw Jio XS 


(8E.14) 


(8E.15) 


(8E.16) 


(8E.17) 


(8E. 18) 


(8E.19) 


(8E.20) 


(8E.21) 


(8E.22) 


(8E.23) 


(8E.24) 


(8E.25) 


sin ax 


pPratatet1 Os l<a, 


Rev>-l, n=0,1,2,... 


COS ax 


Priatatet 1), l<a, 


Rev>-l, n=0,1,2,... 


sin ax cosx 


xe Jy(x), 2 <a, 
Rev > —1/2 
cos ax cosx 
xe Jy(x), 2 <a, 
Rev > —1/2 
sin ax sinx 
FC he 2< a, 
Rev > —1/2 
cos ax sinx 
ae 2» 2< a, 
Rev > —1/2 
sin ax sinx 
pe et), 2<a, 
Rev > —1/2 
cos ax sinx 
Ix]? Jy4i(X), 2 <a, 
Rev > —1/2 
sin ax cosx 
pe Pet), 2<a, 
Rev > —1/2 
cos ax cosx 
T= ge ee 2<a, 
Rev > —1/2 


|x|~” sin(ax)Jy(a|x|), a > 0, 
Rev > —1/2 

|x|~” cos(ax)Jy(a|x|), a > 0, 
Rev > —1/2 


COS ax 
=a perazntetl (x) 


sin ax 
Prizentet (x) 


COS ax COSX 


|x|” 


Jy (x) 
sin ax cosx 
|x|” 


Jy (x) 


cos ax sinx 
—— Iv (x) 


|x|” 


sinax sinx 
|x|? 


Jy (x) 


cos ax sinx 
——, — Jv 41) 


|x|” 


sinax sinx 
—a v1 &) 
|X| 
cos ax cosx 
>I 1) 
|x| 
sin ax cosx 
|x|? 


Jy41 (x) 


— |x|~° cos(ax)Jy(alx|) 


|x|~° sin(ax)Jy (alx]) 
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Table 1.8E. (Cont.) 
1 oe ds 
Number f(x) =P | fo) 
uw Jog X-S 
sin ax 2 2 cos ax 2 2 
(8E.26) Ga palo +c?)], Gig ep lbov +c’)] 
0<b<a,c>0, Rev>-—I1/2 
(8E.27) oS Iyolbf 2 +2)], se lb /02 +22) 


(x2 + ¢?)v/2 (x2 + ¢2)v/2 


0<b<a,c>0, Rev>-—1/2 


Table 1.8F. Special functions: Bessel functions of the second kind of fractional 


order 
1 2 ds 
Number ff) —Pf TO 
x JoXx—-s 
(8F.1) Ix|"Y,(a |x|), a > 0, —senx |x|" Jy(a |x|) 
—1/2 < Rev < 3/2 
(8F.2) Ix!” Yy(a |x|) cos bx, 0< b <a, —sgn x |x|” Yy(a |x|) cos bx 
—1/2 < Rev < 1/2 
(8F.3) Ix|” Yy(a |x|) sin bx, 0 < b <a, —sgnx |x|” Yy(a |x|) sin bx 


—1/2 < Rev < 1/2 
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Table 1.8G. Special functions: product of Bessel functions of the first kind of 
fractional order 


1 ds 
Number f(x) a / a 
A —-co X—S 

(8G.1) sin ax Jn+1/2(bx) 
x In41/2(ex), 
n=0,1,2,..., —cos ax Jn41/2(bx)In+1/2 (cx) 
b>0,c> 0, 
a>b+c 

(8G.2) cos ax Jn+1/2 (bx) 
x In+1/2(Cx), 
n=0,1,2,..., sin ax Jn41/2(bx)In41/2(Cx) 
b>0,c > 0, 
a>b+c 

(8G.3) sin ax Jy(x)J_y(x), a > 2 —cos ax J, (x)J_y (x) 

(8G.4) cos ax J, (x)J_y (x), a > 2 sin ax J, (x)J_y(x) 

(8G.5) sin ax Jute (b)Jy—x(b), — COS ax Jutx (b)Jy—x(b) 

Re(ut+v)>l,a>az 
(8G.6) cos ax Jy4x(b)Jy—x(b), sin ax Jy4x(b)Jy—x(b) 
Re(ut+v)>l,a>az 

(8G.7) J (x) sin ax {J_1/4(bx), —/() cos ax (J—1/4(bx) 
0<2b<a 

(86.8) V(x) cosax L1ja(bs)?, —/(@) sin ax (J-1ja(bx)? 
0<2b<a 

(8G.9) J/(x) sin ax {J1/4(bx)}?, —4/(x) cos ax {J1/4(bx)}?? 
0<2b<a 

(8.10) Y(x)cosax Via}, (x) sinax Vija(bx)? 
0<2b<a 

8G.11 i v— 

ae — ae aoe —4/ (x) cos ax Jy—1/4(bx) J-v—1/4 (bx) 
0<2b<a 

8G.12 v-1/4(b 

($612) Veepear es) Ye sinar Ayala) Jv-1pe0) 
0<2b<a 

8G.13 inax Jy41/4( 

se ee) ‘ —/(x) cos ax Jy41/4(bx) J—v41/4(bx) 
0<2b<a 


(8G.14) / (x) cos ax Jy41/4(bx) 


 Jy41ya(bn), / (x) sin ax Jy41/4(bx)J—y41/4(bx) 


0<2b<a 

(8G.15) sin ax Jy_(b)Jy4x(8), —cos ax Jy_x(b) Jp +x (b) 
uw<a, v>1/2 

(8G.16) cos ax Jy_x(b) Jy4(b), sin ax Jy_,(b) Jy4x(b) 


m<a, v>1/2 
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Table 1.8H. Special functions: modified Bessel functions of the first kind 


1 oe ds 
Number f(x) ep / fo) 
HT JioXxX-s 
(8H.1) e“lIg(ax), a> 0 2n~! sinh(ax)Ko(a |x|) 
(8H.2) sgn xe~@lJo(ax),a > 0 —2n7! cosh(ax)Ko(alx|) 
0, x<0 ee 
(8H.3) ae eee, “ee Ko(alx|) 
e“TIo(ax), x <0 1 
(8H.4) | 0, ee: PSO — oe Ko(alal) 
(8H.5) sin ax yx (b)Iy4.(b), 7 <a —cos ax Iy_x(b)Iy4x(b) 
(8H.6) cos ax [_y(b)ly4x(b), 7 <a sin ax [,_x(b)1)4x(b) 


Table 1.81. Special functions: modified Bessel functions of the second kind 


1 2 ds 
Number f(x) =P | Ads 
uw Joo xX-S 
(81.1) Ko(alx|), a> 0 5 (sen. Jo(ax) —bLo(ax)} 
mr sec(zv) 
(81.2) Ix|" Ky(a|x|), a > 0, =o Ix|" (1) (alx|) — L-v(alx|)} 
—1/2 <Rev <1/2 
(81.3) e“Ko(alx|), a> 0 —me“Ip(ax), —co <x <0, 
0,0 <x <co 
(81.4) e ™Ko(a|x|), 0,-co <x <0, 
a>0O we “Ig(ax), 0< x < co 
(81.5) sinh(ax)Ko(alx\), —Fe-4lJo(ax) 
(81.6) cosh(ax)Ko(alxl), * sgnx e~*"l Ig (ax) 
a>0O 2 
1 
(81.7) e— 4"! sinh(ax) = sinh? (ax){Ko(a|x|)}? — qo {Ip(ax)}? 


xIo(ax)Ko(a |x|), 
a>0O 
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Table 1.8J. Special functions: spherical Bessel functions of the first kind 


Number f(x) |p / ™ £G)ds 

mT Joo X—-S 
(81.1) jo) sees 
(81.2) FAC sin x 4: 1-— sas 

x xX 
. 1 3 1 3 3 sinx 
(81.3) jae) B+ at(5- 3) 001-5 
eid 

(8J.4) Tnt1 (x) Al jn i@)] = eas FAL — Aljn—-1(x)] 


1 [o,@) 
+f Lint (1) +jn—1 (Ode 
TTX Joo 


Table 1.8K. Special functions: spherical Bessel functions of the second kind 


Number fQ@) |p i f(sds 
a Joo X—-S 
(8K.1) yo(x) won 
x 
(8K.2) w1@) Qj -— = 
x Xx 


(8K.3) wo) m 5) +38") + OS™ 4 € gia 
2 x? xB 
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Table 1.8L. Special functions: cosine integral function 


CO 
Number f(x) |p / f(o)ds 
uw Jo X-S 
(8L.1) Ci(a|x|), a> 0 sgn x si(a|x|) 
(8L.2) Ci(a|x|) sin bx,a > 0 sgn x sin bx[Si(a|x|) — w/2], 
a>b>0 
sgn x sin bx[Si(b |x|) — 2/2] 
+ cos bx[Ci(b|x|) — Ci(a|x])], 
b>a 
sgn x sin bx[Si(|bx|) — 2/2] 
+ cos bx[Ci(a|x|) — Ci(|bx|)], 
b < Oand|b| > a, 
sgn x sin bx[Si(a|x|) — 2/2], 
b < Oand|b| <a 
(8L.3) Ci(a|x|) cos bx, a> 0 cos bx sgn x[Si(a|x|) — 2/2], 


a>b>0 

cos bx sgn x[Si(b |x|) — 2/2] 
+ sin bx[Ci(a|x]) — Ci(d |x|)], 
b>a 

cos bx sgn x[Si(|bx|) — 2/2] 
+ sin bx[Ci(|bx|) — Ci(a|x])], 
b < Oand|b| >a 

cos bx sgn x[Si(a|x|) — 2/2], 
b < Oand |b| <a 


Table 1.8M. Special functions: sine integral function 


] Co 
Number f(x) —P ik nine 
a JioXxX-Ss 
(8M.1) sgn x si(a|x|), a> 0 —Ci(alx|) 
(8M.2) Si(ax) sin bx —cos bx Si(ax), b>a>0 
—cos bx Si(bx) + sin bx[Ci(b |x|) 
—Ci(a|x|)], a>b>0 
(8M.3) Si(ax) cos bx sin bx Si(ax), b>a>0 
sin bx Si(bx) — cos bx[Ci(a|x|) 
—Ci(d|x|)], a>b>0 
(8M.4) sin a|x| si(a|x|), a> 0 — sin(ax)Ci(a|x|) 
(8M.5) sin(ax) Ci(a|x|) sin(a|x|)si(a|x|) + cos(ax)Ci(a|x]) 


— sgnxcos ax si(a|x|), a> 0 
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Table 1.8N. Special functions: Struve functions 
1 oS ds 
Number f(x) 1p ff 
uw Joo X-S 
(8N.1) Ho(ax), 0O<a —Jo (ax) 
(8N.2) eH, (bx), O<b<a, Rev>-—1/2 — AH, (bx) 
x 
(8N.3) OSH, (bx), O< b< a Rev >—1/2 SH x) 
Table 1.80. Special functions: Anger functions 
1 oe. d 
Number f(x) =p / LMS)as 
wT Jog XS 
(80.1) Jy(ax), O<a —E, (ax) 
(80.2) sin ax[J, (bx) — J_y(bx)], 0O< b<a —cos ax[J, (bx) — J_y(bx)] 
(80.3) cos ax[J, (bx) — J_y(bx)], O< b<a sin ax[J, (bx) — J_,(bx)] 
Table 1.8P. Special functions: miscellaneous special functions 
1 so ds 
Number f(x) —p i £9) 
wT Jio X—S 
a JG) T@)al?” 
8P.1 P 1/2, 1; 3/2; 
GED) te i(o+ pee ‘;) IF (v + 1/2)02 + a2)” 
v>0,a> 0, 
(8P.2) E, (ax), O<a Jy (ax) 
(8P.3) Lo(Giax), O<a —1Jo(ax) 
(8P.4) Lin(e”) —i Lip(e”) 
© cosnx Te x? 
8P.5 1 = 
(P5) Che) La shoo a 


0O<x <2 


80S 


Table 1.9. Pulse and wave forms 


Number 


(9.1) 


(9.2) 


(9.3) 


(9.4) 


(9.5) 


f(x) 


0,-co <x <a, 
la<x <b, 
0,b<x<o, 
rectangular pulse 
“boxcar pulse” 


Tq (x) 
unit rectangular step function 
Tloa(x — a) 
one-sided rectangular pulse 
0,-—co <x <0 
hx 
—,0<x<a 
a 
ha<x<b 
0,b<x< 
ramp(x) 


0,-co<x<a 


(x — a) 
“Gaur oe 
75 cast ear 

(c —b) 


0,c <x < co 
triangular pulse 


wT JioxX-s 


wef FOS 


— log 
1 
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Number 


f(x) 


1 
1 


© f(s)ds 


el 
-o X—-S 


(9.6) 


(9.7) 


(9.8) 


(9.9) 


(9.10) 


(9.11) 


1 — (|x| /a), |x| <a 
0, |x| >a 

a>0 

triangular pulse 


0, —co<x <0 


a 'b(a—x), 0<x<a 


0, a<x<c 


one-sided triangular pulse 


sgn x Taq(x) 


0, b<x<@ 
for0<a<b 
trapezoid pulse 


1 — (x/a)’, 
0, |x|>a 
parabolic pulse 


|x| <a 


cos?(1x/2a), |x| <a 
0, |x| >a 
a>0 


video pulse 


(a+x)(b—x) 


x 


Dn 
log = 


Z {= — [1 — (x/a)*] log 
he a 


1 


x+a 
og 


b 
1 
{ ° 


(a—x)(b+x) 


b-a 


x-a 
x+a 


a cos(x/a) 


20 


x-a 
sin(zx/a) 
20 


[si 


b2 — 


so {cil = e+ al] - ci] la — ai] 


a 
—(x + a) 
a 


|-s[Z0-0]} 


OIS 


Table 1.9. (Cont.) 


Co 
Number f@) Ay / Eds 
HW JioXxX-S 
1 a-x 
(9.12) 0, -coo<x<a — log , x#0,a 
x!) a<x<o de @ 
a>0 
(9.13) xl -oo <x <a ae pAUoe2, , x#0,a,b 
0, a<x<b Le b(x — a) 
Ce be BS 
a<0, b>0 
1 a-x 
(9.14) 0, -co<x<a <3 [be ots], x#0,a 
x 24a <x <0 ae 
a>0 
(9.15) 0,-co <x <0 (—x)" csc(um), —co<x <0 
x’, 0<x< oo x’ cot(um), O<x< oo 
—1<Rep <0 
(9.16) 0, -—oo<x<0 ee x #0,—b/a 
I/(ax +b), O<x<0 (ax + b) 
a>0,b>0 
(9.17) 0, —co<x <0 Et igg|  e x£0,—b/a 
L/(ax + by, 0<x<o max + b)? b mb(ax +b)’ 


a>0,b>0 


ITS 


1 of ds 
Number f(x) =P | f(s) 
a Jo6Xx-Ss 
(9.18) 0. ere eo {x + 2am! log (\x! /a)} 
1/0? +a’), 0<x<@ 2a(x* + a?) 
a>0 
(9.19) 0, -oo <x <0 {20H og (“! }) - al 
x/x?+a*, 0<x<0oo 
a>0 2(x? + a’) 
d d—b 
(9.20) 0, -coo<x <0 Os: 5 log eal 2 . 
(cx + d)/(ax +b), O<x<0co m(ax + b) b gtab(ax + b) 
a>0,b>0, x#0,—b/a 
(9.21) —0O0 <x <-—a x+/Q7-a*), -co<x<-a 
we a a Ry ee ea xX, -a<x<a 
0, a<x<ow x= S02 HP) PERS 0S 
(9.22) —00 <x <-—a x? +x./0? —a*)—a?/2, -co<x<-a 


ae —x*), -a<x<a 
0, a<x<@w 


x? —a@*/2, -a<x<a 
HE He); were 


(ats 


Table 1.9. (Cont.) 


1 Sd ds 
Number f(x) Sp, / ) 
UW Jo X-S 
= a x Bs 1 | ee _ _ 
(9.23) 0, -coo<x <0 tate a‘) yee (a/x)},-0O <x <a 
W 1 
) 2. 29: 
Ja sx), Uxx<a agin AG As eagle an a<x<a 
xz 2 Tv x 
a x 2 {1 | ee 
0, a<x<o + J (x* — a*) + —sin~'(a/x)},a <x < 00 
xz 2 2 2 
principal value of arcsin is taken (between —z/2 and 7/2) 
1 
(9.24) 0, cere SG aes oo<x<-a 
Je =x)’ —a<x<a a cana 
0, a<x< © Jee — a)’ ax<x<@w 
1 
(9.25) SG =a CO <x <-a 0,-0o <x < -—a 
0, -a<x<a SG ey" a<x<a 
Vee — a)’ ax<x<w O,a<x< oo 
(9.26) 0, —0oo<x<-a (5). co<x<-—a 


els 


1 mo ds 
Number fe) Lp f° foe 
mw Joo XS 
1 = 
(9.27) 0, -co<x <0 1j2'= ~v( “—*)) cos-!(—a/x), a <|x| <0 
a-x cr a+x 
(=). ee, a= ay aa (jg (Sw ae) Ix] <a 
0, a<x<o az‘ \at+x x ‘ : 
principal value of arccos is taken (between 0 and 7) 
(9.28) 0, -coo<x<a ese(u) {(a—x)M(b—x)# —1}, -oo<x<a 
(x — a) peek | esc(yum ){(x — a)#(b — x) cos(urt) — l}h,a<x<b 
(b—x)h’ ese(um) {(x —a)M(x—b)#—1}, b<x<@ 
0, b<x< ow 
—-1<Rep <1 
(9.29) 0, —oo<x<a ese(um)(x — b)~! |\(a—x)(b re ae ,-00<x<a 
(x — a)Ho! orb <x <0 
b=xe ’ a<x<b (x —a)#-!(b— x)“ cot(um), a<x<b 
0, b<x<@ 
0< Rep <1 
b— 
(b—a)'!*7#T (w+ I)oF1 (1 1l+py;2+2p; —*) 
(9.30 0, -w<x<a . 
@=a)"b=x", g2ax<d BENS GES 
ie: —00 <x <a, <x< 0 
1 oa (x — a)" (b — x)" cota 
(b aT (nF (1 2u;1 wi") 
—a 
4H ./ Tw + 1/2) , 
a<x<b 
(9.31) 0, -—oo<x<-a x-—a rv (|=). oo<x<-a 
a—x atx 
v( : —a<x<a X-a, -a<x<a 
a+x x—a 
0, a<x<o x-—a—x,/ 5 a<x<OO 


vis 
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Number f@) 1p / cones 
mw Joo X—S 
(9.32) 0, -o <x <a J(a—x) —Jf/(b— x), o<x<a 
J/(x- a), a<x<b —J/(b-x), a<x<b 
J(x-ay—f/(x-—b), b<x< co 0, b<x<oo 
(9.33) J(a—x)—/(b—x), -co<x<a 0,-cO <x <a 
—/(b—x), a<x<b —J/(x-a), a<x<b 
0, b<x<ow J(x — b)-—.f/(x-a), b<x<0o 
2tan—![./(jax + b| /b)] 
(9.34) 0, —oo —. Jae: BD , —00<x<-—hb/a 
ES? <x <0 1 /b — (ax + b) 
+b 
Pea ) Ce pa: bean | bla<x<0oo 
9.35 0 0 Seay) a 
(9.35) ; cue ae CO <x a 
Tie aay’ <x<a . 
ee Bo J (a? — x?) +a pote 
m/f(a2—x*) 
cos~!(—a/x) 


XK mw 
m / (x2 — a2)’ 


principal value of arccos is taken (between 0 and 7) 


STS 


Table 1.9. (Cont.) 


1 a ds 
Number fe) |p / is 
tw Joo X-S 
log sae ee 
a. 
(9.36) 0, -—oo<x<a nA sa! sal o<x<-a, a<x<o 
m/(x? — a’) 
5 A<X¥<@ = il ae 
J (? — a?) asa ae a<x<a 
a>0 m/(a2 — x*) 
principal value of arccos is taken (between 0 and 77) 
(9.37) le 1, be 
: » |x|<a —1,|x| <a 
J (a? — x?) [x| 
0, |x] >a =P aay |x| >a 
(9.38) 0,-co<x<a —m—le—"E\ (ab — bx), -—0oo <x <a 
et a<x<0o m—!e—*Bi(bx — ab), a<x < 00 
b>0 
(9.39) 0, —co<x<0 —m te “E)(—ax), -0oo<x <0 
e*, 0<x<©o@ m—!e-*Ei(ax), O0<x <0 
a>0 
(9.40) 0, -—co<x <0 —m~!{xe-“E}(—ax) +a~!}, -—00 <x <0 
xe“™, O0<x<c m!{xe-“Ei(ax) —a~!}, 0<x <0 
a>0 
1 
(9.41) 0, —coo<x <0 —{sin ax Ci(a |x|) — cos ax[Si(ax) + 2/2]} 
sinax, 0<x<«aM, a 
a>0 
1 
(9.42) 0,-co <x <0 _ {cos ax Ci(a |x|) + sin ax[m/2 + Si(ax)]} 


cosax, 0<x<o, 
a>0 


91S 


Table 1.9. (Cont.) 


Number 


(9.43) 


(9.44) 


(9.45) 


f(x) 


0, —coo<x <0 
sin(a,/x), O<x<©o 


sin x e~7*|H(x) 


cos mx eH (x) 


1 ma ds 
ts / f(s) 
mw Jo X-S 
—sgnae Vl, 99 <x <0 
—sgna cos(a,/x), 0<x < oo 
TX 
[cos 1x sie(—zx, 1) — sinmx Cie(zrx, 1)], x > 0 
TX 
[cos 1x sie(—zx, 1) — sinmx cie(—zx, 1)], x < 0 
TX 
= [sin zx sie(—zx, 1) + cos mx Cie(a x, 1)], x > 0 
e 7 


[sin zx sie(—zx, 1) + cos mx cie(—zx, 1)], x < 0 
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Table 1.10. Distributions 


Some cases for which the result for Hf includes a delta function can also be found in 
Tables 1.2 and 1.5. 


Number f@) apf Fis 
UT Jo XS 
(10.1) 5(x) ie 
UX 
1 
sgna 1 
(10.3) 5(ax + b) = Cray 
22 x 1 
(10.4) d(x* — a“), a#0 mae ae 
1 
(10.5) 5'(x) ee 
(10.6) SOS Ones a a 
0 x 


n’' signifies the nth derivative 


(10.7) p.v(1/x) —18(x) 
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Appendix 1 


Table 1.11. Multiple Hilbert transforms 


Notation: a - x = {a,x; + aox2 +--+ + GpXn}; 8 = {51,52,53,...,Sn}. 


Number / (x) 


1 go Z 
ag [sos I] 


Gas 
pay Hk — Sk) 


(11.1) 


(11.2) 


(11.3) 


(11.4) 


(11.5) 


sin(a - 


cos(a 


sin(a 


cos(a 


sin(a 


n 
x) (—1)"/* sin(a - x) I] sgna;,, forneven 
k=1 


n 
(-1)"*)/? cos(a- x) T] sgnag, for n odd 
k=1 


n 
-x) (ay cos(a - x) I] sgnaz, forneven 
k=1 


n 
(-1)"-)/ sin(a- x) T] sgnaz, for n odd 
k=1 


-x) sin(b- x) (1/2)(—1)"/*{cos{(a — b) - x} | | sgn(ax — be) 
k=1 
—cos{(a +b) - x} Il sen(az, + bx)}, forn even 
k=1 
(1/2)(—1)°-/?{sin{(a — b) - x} ll sgn(axz — bx) 
k=1 


—sin{(a+b)-x} [] sgn(az + b,)}, for n odd 
k=1 


-x) cos(b- x) (1/2)(—1)"/*{cos{(a — b) - x} Il sgn(ag — bx) 
k=1 
+cos{(a + b) - x} age sen(a, + bg)}, forn even 
C/I)" sin{ Ca —b)- x} T sgn(axz — bx) 
+ sin{(a+b)- x} T sen(az + a for n odd 


-x) cos(b + x) (1/2)(—1)"/*{sin{(a — b) - x} | | sgn(ay — bx) 
k=1 
+ sin{(a+ b) - x} Il sen(a, + by)}, forn even 
k=1 
(1/2)(—1)"*/? {(cos{(a — b) - x} ll sgn(axz — bx) 
k=1 


+cos{(a+b)-x} [] sgn(ag + 5;)}, for n odd 
k=1 
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Table 1.11. (Cont.) 
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1 Be z 1 
Number f(x) —Pp i f(s)ds | ] ———~ 
m" Joo pay Ak — Sk) 
(11.6) gee (-iy"e** | | sgn ag 
k=1 
1 1 
(11.7) O(X1,X2,..-5Xn) pt 
1 ue Xj{XQ°°°Xy 
(11.8) ae ‘ (—1)"8(x1,%2,---5Xn) 
oe 


Table 1.12A. Finite Hilbert transforms: the interval [—1, 1] 


1 ! ds 
Number  /(x) gs) = —P a l<x<1l 
4 1l+x 
(12A.1) c (constant) ci log i 
=X, 
1 2 
(124.2) x z loe| ut 
TU l-x cA 
[(m—-1)/2] p12; 
n 1 2 nA “J 
(12A.3) x", integer n > 0 i ir pet aa 
1- mS 2+1 
_ 1 (a+ 1d +) 
12A.4 I 1 l 
( ) (x +a) |a| > CD (A 
(12A.5) if) 0 
N = 
(124.6) x"// — x2), eS een shi 
integer n > 0 k=l - 
N= (n—2)/2,  neven, 
N =(n—1)/2, nodd 
(12A.7) : ad 
: (x2 + a*),./(1 — x2)’ a/(1 + a*) (x? + a?) 
a>0 
(12A.8) 7) x 
[M=D/21 vy tr; 
(12A.9) PIO Se): p abaens 0)» amee > Or Gsp 


integer n > 1 
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Table 1.12A. (Cont.) 


Appendix 1 


1 
Number f@) gx) = Pf coe. l<x<l 
IT -_1 x*—-S 
(12A.10) /(1—x*)log(i+x)  1—xlog2 — /(1 — x7) (2/2 — sin! x) 
log(1 — x) x — cos! x 
(12A.11) Ese) =) eros =) 
log(1 + x) cos! x 
Ween Va) 
x log(1 — x) x(a — cos! x) 
x log(1 + x) xcos! x 
x log(1 — x) x?( — cos! x) 
x? log(1 +x) x? cos! x 
(12A.17) f/(l—x*)log(l—x)  —1—xlog2+./(1 — x’) (a — cos™! x) 
(12A.18) /(—x?)log(it+x)  1—xlog2—/(1—x?)cos-!x 
1—x\* l1—x\% 
(12A.19) ( ) », O<lal<l — (=) cot am + cscam 
1+x 1+x 
rere vv(} 4) _ (n= 1)! 
l-x n!! 
integer n > 0 a [=2)/2] (2k — 1)! 
—(x + 1)x' [ » Wore ,n even 
oe [—D/21 (2k — 1)! 
—(x+ 1)x » eat n odd 
; (n— 1)!! aH 
(12A.21) x" /[(1 —x)/d + x)], oh + (x — 1)x 
integer n > 0 [29/2] (2k — 1) 
x yl+ » blk » neven 


[@—1)/2] 
re (2k — 1)! 
(x = 1)x | 1+ 2 / reyayieas oi odd 
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Table 1.12A. (Cont.) 


iT 1 
Number f(x) g(x) = al ae a | 
IT -_1 x—S 
q2a2) of a! cle aaa 
: —_——_—_——, ————- cota 
(1+x)4 (+x)4 
0<a<l 
1 a-1 1 a-1 
(12A.23) aca Oe oes 
(1 — x) (1 — x)¢ 
0<a<l 
(2004) ~- Ga)? 2eT@retl Fy(1 b 
: —xX Xx 5 
- 4 ml(atb+1) 7! ? a ’ 
Ce l—a; (l—x)/2) —(1—x)*(1 +x)? cot ax 
oe 2 Pi 2 
(2a2sy) Va=*) Ai eae 
(1 — ax) a(1 — ax) 
-l<a<0 
(12A.26) = Pa(t) On(x) 
(12A.27) 5 Pu(x)P(e)s where QO, (x)p(x) 
p 1s a polynomial 
of order < n 
(12A.28) F( —x2ym/2p™e) (1 — x*)"/70™(x) 
(124.29) (1—x%(1+x)? — cot as (1 — x)*(1 + x) PP?) (x) 
x P&P) (x), 2°+6T(a)P (n+ 1+ B) 
a>-Il,p>-l, mv(nt+a+6+1) 
a £0,1,2,... 2G + 1,-n =o Bla; (= x)/2) 
(12A.30) : z 3 "O,(x) 
B ‘ ran 
Jd — 2 +r) eo ied 
-l<r<l 
[(n—1)/2] 
1 1 Qn 
(2A 3) SRGinlOies. = loe( **)_ au Ayjx I), 
TU l- x cA : : 
j=0 
j —4)-"(n—v—1)! 
A We ee con a ee 
ono UI — 2v)1(27 + 1 — 2v) 
T, 
(12A.32) 0) 0 
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Table 1.12A. (Cont.) 
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1 
Number f(x) Pie ee a (ae CL eee 
IT -_1 x*-S 
T\ (x) 
(124.33) Ty <4 
Ty (x) 
(12.34) Ty —Un—-1(x) 
i eee 
41 (1/2) 
(12A.35)  Un(x), Z Un (x) le; Bs ‘) te Ge 
nee ee eae % > He eae 
; at (—4)-*(n— v)! 
wih ay = 2 ia ale T= 20) 
(124.36) (1 oe) Cre1G);, IQ) 
WH 12s ks 
1 
(12A.37) fn) 2n(x) = Le Infs)ds 
Tn (x) mz Jj x-s 
my ae) go(x) = 0; 21%) = 1; 
Hie 1 Oe 2n(X) = 2xgn—1(X) — Bn—-2(x),n = 2 
(12A.38)  sinax, a>0 a citacl 4+x)] — Cifa(l — x9)]} 
= —"{sila(l +x)] + Sila — x9} 
(12A.39) cosax, a>0 ne ita + x)] + Sifal — x} 
+ SO (Ciladl +2] = Cita = 9) 
(124.40) e® tT (all — x)) — Ex(a(1 +x) 
—2Shi(a(1—x))}, a>0, 
= {£1(—ad — x)) — Ei (—a(1 + x)) 
+ 2Shi(—a(1 4+ x))}, a<0 
(12A.41) xe® aa (al — x)) — E\(ad + x)) 
— 28hi(a(1 —x))} + —-(e-*-e), a > 0, 
art 
xe 
= {E\(—a( — x)) — E\(-a(1 + x)) 
+ 2Shi(—a(1+x))}+ (ee, a<0 
(12A:42).° “dea EMG). Sy Oe) 
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Table 1.12B. Finite Hilbert transforms: the interval [0, 1] 


1 
Number f@ ae f(s) ds, O<x<1 
4 0 x—-S 
| 
12B.1 ae 0 
( J (x(1 — x)) 
(12B.2) v( ee ) 4 
1l-x 
l-x 
(12B.3) v( ) 1 
x 
(12B.4) J/@(1 — x) x—1/2 
2 
(12B.5) een eee Spe 
a/(x(1 — x)) 
1 Daf Cx) 
(12B.6) Va—x) - [2+ va — x) log =) 
1 1+ 
(12B.7) Vx *| veo loe( = “) = | 
JV(1 +x) (/d +x) -—D¢/d +x) 4+./2)| 26/2) — 2D 
eB) Vv0+%) x "\7a4+n4+D0/0+0 — Jd 7 
= JC = x’) (Jd+x)+/U—x))d-J/d—3x7))| x 1 
ore ee) x S\(7at+a)-/d—-md+/a—-2)|2t 
ieee: 1 fbx (/d+x+/d—-d—-/d—x))| 1 
ete MA) ov (i72) ee (J+ —-Jd—-d+Ja—x)| 2 
Lox Lt, foloaree Cs Cia) se Che ha Cy)! 
are (=) + V(7=*) te (Jd+x—/d—-md+J/i—x)| "2 
n—-1 
xn ai Qka ity! 
(12B.12) Ted ay neN x z (2k)! 


k=1 
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Table 1.12C. Finite Hilbert transforms: the interval a, b] 
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Number f(x) 


1 
V1 — x) — a)] 
xX 


VIG — ee —a)] 


xX 
V(b = x)@ — a)]) 


(12C.4) JY[(b—x)(x —a)] 
1 
xV/[(b — x) — a)’ 


O0<a 


wc Vie=ve=a) 


0O<a 
(R67) =" @=a)", 
0< Rep <1 


(12C.1) 


(1262) 


(12C.3) 


(12C.5) 


(12C.8) (b-—x) "(x — a)’, 
[Re p| < 1 


(120.9) sinex, c>0 


(12C.10) coscx, c>0 


b 
asp fo) ds, a<x<b 
uw Jqg X- 
0 
—l 

b+a 
ree 

2 
bt+a 
x 
2 
1 
x./(ab) 
| _ v(ab) 
x 


(b—x)-#(x — a)*! cot(r) 


(x 


—a) ' 
CSC(7 [L) {costo boxe _ 


sin cx 


ea le — a)] — Cile(b — x)}} 


COS CX 


~ iSile@ — a)] + Silat — x)}} 


sin cx 


1s 
COS CX 
+ 


IU 


{Si[e(x — a)] + Sile(b — x)]} 


{Ci[e(x — a)] — Ci[e(b — x)]} 


Table 1.13A. Miscellaneous cases: the cosine form 


Number f(x) 


n [ fay 


cos x — cosy 


(13A.1) — c (constant) 


(13A.2) x 


(13A.3) — cosnx, integer n > 0 


icscx 


Acscx 3 sin(2k + 1)x 
IT 


2 
4 (2k + 1) 


fe" &(e~7*, 2, 1/2) 


20 


— el b(e?",2, 1/2)} 
sin nx 


sin x 
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Table 1.13A. (Cont.) 


Number f(x) lp / * fey 
0 


W cosx — cosy 
21 t (x /2 
(134.4) — sinx ea 
W 
(13A.5) sin x sin nx, integer n > 1 cos nx 
(13A.6) cot x sin nx, integer n > 0 csc” x{cos nx cos x — cos(x/2) 
+ (—1)" sin?(x/2)} 
(13A.7) cos x cos nx, integer n > | cos nx — cscx sin(n + 1)x 
2 
(13A.8) sin x cosx 7 (008 logieot(x/2)] — |} 
(134.9) — sin?(x/2) 1/2 
(134.10)  cos?(x/2) =1/2 
sinnx , 2 2 
(13A.11) , Integer n > 0 csc“ x{cos nx — cos“ (x/2) 
x 
—(—1)" sin? (x/2)} 
1- 1-— 2 
(13A.12) sin} (——“) x| sin (5) cos OO) 
2 2 2 cos!+4(x/2) 
x sec" (=), a<l 
2 
1- in[(1 — 2 
(13A.13) cos EK cos!*(=) : aa ae) u 
2 2 cos?(x/2) sin(x/2) 
a<l 
1 
(13A.14) — cos(ax/2) sec*(x/2), 5 csc(x/2) sin(ax/2)(sec(x/2))!*4 
a<l 
(13A.15) log|cosx — cosa| (7 —a)escx, O0<a<x<a7 


—xescex, O<x<a<a7 


Table 1.13B. Miscellaneous cases: the one-sided Hilbert transform 


>0 


Number f(x) tp | oe 


xz Jo x—s’ 


log(x/a) 

u(x +a) 

{x + 2an—! log(x/a)} 
2a(x? + a?) 


(13B.1) («+a)!, a>0 


(13B.2) @’+a*)!, a>0 
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Table 1.13B. (Cont.) 
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Number / (x) 


deg, © f (s)ds 
zr JO 


x>0 


) 
xXx—S 


(13B.3) 
(13B.4) 


(13B.5) 
(13B.6) 


(13B.7) 


(13B.8) 


(13B.9) 
(13B.10) 
(13B.11) 


(13B.12) 


(13B.13) 


(13B.14) 


(13B.15) 


(13B.16) 


(13B.17) 


(13B.18) 
(13B.19) 


x07 +a*)“1, a>0 

cx +d 

(ax + b)?’ 
1 

J (ax +b)’ . 

x*¥, -1 < Rey <0 


a>0, b>0 


> 0, 


xl 


x+a’ 
—-1<Rey<l,a>0 


xe 1a@tal*, a>0, 
0 < Reb < Rec 


x logx, -—1 < Rew <0 


log x 
xta’ 
log(x/a) 
(x + a)/x’ 


sin ax 


a>0 


a>0O 


COS ax 


x"e™, integer 


n>0, a>0O 


gw gs 0 


xe 0<b<1, 0<a 


0O<a 


sin(a,/x), 


e “Ip(ax), O<a 


(2x7! log(x/a) — a} 
2(x? + a?) 
(cx + d) log(ax/b) ad — be 
(ax + b)? stab(ax + b) 
2 log{/(ax)/(/(b) + /(ax + b))} 
w/(ax + b) 
x" cot( 1) 


{x" cot(m jw) — a“ esc(x )} 


+a 

pes i 

Gia (c ,b) 

xoF,(2—c, 1;2—c+); ud ) 
x+a 


— xl + a)!“ cot[(c — b) 1] 
x{cot(a 1) logx — 2 esc? (st u)} 


{log? x — log” a — 17} 
2m (x + a) 
4 


. (x + a)./x 
sgna 


{sin|a| x Ci({a] x) 
— cos ax[Si(|a| x) + /2]} 
a! cos ax Ci(|a| x) 
+ (22)7![m + 2Si(|a| x)] sgna sin ax 


me Ei(ax) 


il eee se (el BL 
— ye Ei(ax) dX ane | 
a" {e~4V*Ei(a/x) — eV E\ (a,/x)} 


—<— fin + oP — bP (b, —ax)} 
TX 
—cos(a./x) 


—m~ le Ko (ax) 
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Table 1.13C. Miscellaneous cases: the cotangent form 


Number f(x) g(x) = Pf f(s) cot(*5*)as 
2m Jin 2 
(13C.1) c (constant) 0 
] 1s 
(13C.2) — g(x) —f (x) + = / f (0)d0 
(13C.3)  f(x+a) g(x +a) 
(13C.4) x —2 log{2 cos(x/2)} 
4 & sin(Qn + 1)x 
(13C.5) |x| . 2 Gickip 
S. (—1)" sin nx 
(13C.6) x? ps oe ee 
= 2i{Liz(—e~*) — Lip(—e)} 
= (—1)” cos nx 
(13C.7) x(a” — x) 12 > ——— 
= 6Li3(—e“*) + 6Li3(—e") 
(13C.8) sin nx, integer n > | —cos mx 


2sinam Cy (—1)"ncos nx 
(13C.9) sin ax,a & integer Sy 
mua 


ae ee 
n=1 
for |a| < 1, 
sin are oy 
= a {®(—e*, 1, 1 —a) 


+ @(-e7*, 1,1 +a) 
+e p(—e*, 1, 1 -—a) 
+e*p(-e”, 1, 14+a)} 


‘ 4 & sin 2nx 
(13C.10) |sin x| -— 


2 ‘ . 
= ——sinx {tanh7!(e”) + tanh7! (e~*)} 
uA 


(13C.11) x sinx —2 sin x log{2 cos(x/2)} 
(13C.12) sin? nx, integern >0  —(1/2) sin 2nx 
(13C.13) cos nx, integer n > 0 sin nx 


(13C.14) cos ax,a # integer 


. [o@) . 
2a sin ar 3 (—1)” sin nx 
Ze 2 2 


n~ —a 


n=1 
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Table 1.13C. (Cont.) 


Number f(x) 


1 ug x-—Ss 
g(x) = Pf fo cot(*5*)as 


(13C.15) cos” nx, integer n > 0 
(13C.16) = xcosx 

(13C.17) el, neZ 
(13C.18) 

(13C.19) sinh ax 

(13C.20) cosh ax 

(13C.21) sin 2nx cot x, 


integer n > 0 


(13C.22) sin 2nx csc x, 


integer n > 0 


(13C.23) sin? nx csc x, 
integer n > 0 


(13C.24) sin 2nx esc? x 

—2ncos(2n — 1)x 

csc x, 

integer n > 0 
(13C.25) sin(n + 1)x sin nx csc x, 

integer n > 0 
(13C.26) cos(n+ 1)x sin nx csc x, 

integer n > 0 
(13C.27) cos” x cos(n + 1)x, 

integer n > 0 
(13C.28) cos” x sin(n + 1)x, 

integer n > 0 
(13C.29) cos” x cos nx, 

integer n > 0 
(13C.30) cos” x sin nx, 

integer n > 0 
(13C.31) sin” x sin nx, 


integer n > 0 


(1/2) sin 2nx 
1 — 2cosx log{2 cos(x/2)} 


—isgnne”™ 


2 sinh a s (—1)"{asin nx + ncos nx} 


ue n= +a? 
n=1 


2 sinh ax y (—1)*k cos kx 


k2 2 
IU pat +a 


2a sinh az 3 (— 1* sin kx 


T k2 + a2 
k=1 = 


(1 — cos 2nx) cot x 
2 sin? nx csc x 
—(1/2) sin 2nx ese x 


(1 —cos 2nx) esc* x —2n sin(2n— 1)x csc x 


—cos(n + 1)x sin nx csc x 
sin(n + 1)x sin nx csc x 
cos” x sin(n + 1)x 

—cos” x cos(n + 1)x 

cos” x sin nx 
2~" — cos” x cos nx 


n odd 


2-"(—1)"/? — sin” x cos nx,n even 


—sin” x cos nx, 
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Table 1.13C. (Cont.) 


Number f(x) 


1 * x—Ss 
g(x) = Pf fo cot(*S*)a 


(13C.32) _ sin” x cos nx, 
integer n > 0 


(13C.33) cot(“>*), xzéa 


(13.34)  e*°°S* cos(a sin x) 


(13C.35) e%°°S* sin(a sin x) 
(13C.36) sinh(acos x) sin(a sin x) 
(13C.37) cosh(acos x) cos(a sin x) 
(13C.38)  sinh(acosx) cos(a sin x) 
(13C.39) cosh(acos x) sin(a sin x) 


(13C.40) (5—4cosx)! 
(13C.41) (5 —4cosx)7! sinx 


(13C.42) (5— Acosx)7! cos x 


(13C.43) iam Ir} <1 

‘ ———______—_—_—_ se 
1—2rcosx +72’ yi 

(13C.44) — lala 


1 — 2acosx + a2’ 
(1 — a’) sinx 

(1 — 2acosx + a’)?’ 
lal|<1, x nz, 


(13C.45) 


for integer n 


acosx —1 


(13C.46) [dances lal >1 
1 —acosx 
(13C.47) Crea lal <1 
COS xX 
(ee) 1 — 2acos 2x + a2’ a a 
(13C.49) sain lal <1 


(1 — 2acosx + a?)3’ 


| sin” x sin nx, 


2-"(-1) FD /? + sin” x sin nx, n odd 


1 
e7 S* sin(a sin x) 
1 — e?S* cos(a sin x) 


1 — cosh(a cos x) cos(a sin x) 
sinh(a cos x) sin(a sin x) 
cosh(a cos x) sin(a sin x) 
—sinh(a cos x) cos(a sin x) 


4sinx 
3(5 — 4cos x) 
1 —2cosx 
2(5 — 4cosx) 
5 sinx 
3(5 — 4cosx) 
2r sinx 


1 — 2rcosx + r2 

a — COSx 
1 — 2acosx + a? 
2a — (1+ a”) cosx 
(1 — 2acosx 4+ a’) 


asinx 
1 — 2acosx + a? 
asinx 
1 — 2acosx + a? 
(1 — a”)“!(1 + a”) sinx 
1 — 2acos 2x + a? 


1 lee) 
_—_. ) kak cos kx 
yee 
2a(1 — a“) a 


Mk a) +e aa} 
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Table 1.13C. (Cont.) 
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Number f (x) 


1 sd x-S 
g(x) = Pf fo cot(*5*)as 


sin x 
(1 — 2acosx + a?)3’ 


(13C.50) lal >1 


sin{{(2n + 1)x]/2} 
sin(x/2) > 

integer n > 0 

sin{(n + 1)x/2}]? 
sin(x/2) 


ath | 
integer n > 0 


(13C.51) 


(13C.52) | 


(13C.53) log{1 — 2acosx +.a’}, lal <1 


(13C.54) log{l — 2acosx+a7}, |a| >1 


r la| < 1 


eee 


1 — 2acosx + a? 
la| < 1,x 4 nz, for integer n 


1+2asinx + a2 


13C.55) | —— 
( ) | eee 


(13C.56) log | 


(13C.57) log |tan(x/2)| 
(13C.58) log{2 cos(x/2)} 


(13C.59) log |sin(x/2)|, x40 


(1 + a?){(1 +a)? cosx — 2a} 
2(1 — a*)3(1 — 2acosx + a’)? 
{(1 +. a)* cosx + 2a(cos” x — 2)} 

2(1 — a2)(1 — 2acosx 4+ a*)3 


1 [o,e) 
-k 
Fag ays du ka * cos kx 
k=1 


x{k(a2 — 1) 4+1+a7} 
(1 +.a7){(1 + a)* cos x — 2a} 


2(a2 — 1)3(1 — 2acosx + a)? 
{(1 + a)* cosx + 2a(cos” x — 2)} 
2(a2 — 1)(1 — 2acosx 4+ a?)3 


n+ 1)x]/2 
cot(x/2) ae } 


= sinnx + (1 — cosnx) cot(x/2) 


sin{(n + 1)x} 
2(n + 1) sin? (x/2) 


asinx 
1 — acosx 


Fea 
[a 
| 


cot(x/2) 


—2tan7! 


—2 tan 


-1 


2 
ee | 


prercl 2a sinx 
an 
1-—a 


as 
——sgn 
ica 
x/2 


1 
ha — msgnx) 
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Table 1.13C. (Cont.) 


Number f(x) 


1 % x-—s 
g(x) = Pf fo cot (SH) 


(13C.60) ie log |2 cos(t/2)|dt 
(13C.61) — sgn(sin x) 

(13C.62) sgn(cosx) 

(13C.63) sgnx, x40 
(13C.64) x(a — xsgnx) 


ae 
(13C.65) tan] a |: lal <1, 


1-—a? 


x & nz, for integer n 


(13C.66) 


_,| 2acosx 
tan , lal <1 
1-@ 


(13C.67) tan] | 

1 — acosx 
lal<1, x nz, 
for integer n 


(13C.68) tan~!(cschacosx), 0<a 


x*/4—n7/12 

2 

— log |tan (x/2)| 

4 

2 

— log |tan (x/2 + 1/4)| 


2 
— log |tan(x/2)| 
uA 


8 CY cos(2n — 1)x 
oe, (2n — 1)3 


) 3 a”"—! cos(2n — 1)x 
= (2n — 1) 


= — tanh! (ae) — tanh! (ae~**) 


S. (-1)"a2"—! sin(Qn — 1)x 
: d (2n — 1) 
= i{tan—!(ae~) — tan—!(ae"”)} 


1 
5 log{l — 2acosx + a’} 


Fl 3 e 42k—1(_ 1) k+1 gin(2k — 1)x 
(ae 


k=1 
= i{tan—!(e~9-*) — tan“! (e-4+*)} 
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Table 1.13D. Miscellaneous cases: the Hilbert transforms H. and Ho 


Additional entries for H, and Hy can be worked out directly from the other sections 


of this table by noting the even or odd character of the integrand. 


2 Cc 
Number f(x) ca ae SLI 
xr Jo X*-S 
(13D.1) f(x), f even x Hf (x) 
(13D.2) xf(x), f odd (Hf) (x) 
(13D.3) c (constant), x40 0 
1 1 
13D.4 >—, 0 ——— 
( ) 4+ a ae a(x? + a?) 
x 2 log(|x|/a) 
13D.5 >— 0 ———_ 
( ) x2 + a?’ ae (x2 + a’) 
2 
(13D.6) sinax, a>0O — {sin ax Ci(a|x|) — cos ax Si(ax)} 
TTX 
(13D.7) x sin ax —sgna cos ax 
& 
(13D.8) x7! sin ax ai sgna(1 — cos ax) 
2 b 
(13D.9) sin(ax-+b), a>0 ©08? tsin ax Ci(alxl) 
: sin b sin ax 
— cos ax Si(ax)} + ————— 
13D.10 COs ax x7! senasinax 
( ) g 
2 
(13D.11) xcosax, a>0O ; (cos ax Ci(a|x|) + sin ax Si(ax)} 
bsi 
Capi) “ceteeth: ao. “ee 
x 
2sinb 
a {sin ax Ci(a|x|) 
— cos ax Si(ax)} 
(13D.13) . . sd (r\x|)~ fe“?! E, (alx|) 
+e lEi(alx|)} 
. ee 
(13D.14) se, a 5 0 me ey 
x 
21 cos ax Si(ax) 
TTX 
(13D.15) ee", a> 0 Hix le" erf (i (a) x) 


= 2/(=)e“* Fi (1/2; 3/2; ax?) 
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Atlas of Hilbert transform pairs 


1 2 1 
1 f=M@) Hf = —log|=— 
U 2x — 1 
2 
15 5 03 TS 
~j 
29 
1 x 
2 f=M@-—1/2) Hf = — log | 
cA x—-1 
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4 f=Ne@-1)-Ne@+) Hf = — log 


4x? — 1 
4x? —9 


] 1 
5 f = 5 {1 + sen(cosx)} Hf = — tog ftan {2x + 1)} | 
2 
BEERS 05.15. 2.5 
-l 
=) 
1 ; 1 UX 
6 f =={1+sgn(sinzx)} Hf = — log tan {=|| 
2 U 4 
2 
ee Ire — 
5-205 05. 15 25 
-l 
—2 
2 A 
7 f =sgn(cos 1x) Hf = 7 108 tan {5 @x+ p}| 
2 


536 Appendix 2 
2 

8 f =sgn(sin zx) Hf = — log lan {=}| 
1 


2.5 (15 ic is os ey 75 oars 5 
re ee |e see 
5 
9 f =sinax Hf = —cosmx 
2 2 


11 f =cosxx Af = sinax 
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| 
12 f =cos* x Af = 5 sin 27x 
2 2 
1 
2.5 —-1.5 0.5 1.5 2.5 —2 -l —0 0 1 2.5 
—| ea] 
ay) —2 
13 f =cas ax Hf = /(Q)sin = (ax 25) 
2 


14 f =sinex Af = 


2nx — sin2 
15 f =sinc? x fe le 
20 2x2 


3 2 =-!l 1 2 3 


538 Appendix 2 


ie 
16 f= ee Hf = —msinc x 
x 


2.5 2.5 


Hf =— {cos ids [ci (Fit 11) - ci (Fh - 11) 


17 f = cos M(x) : 
2 +sin =([si(Fe@+ 1)) -si(F@- »)]} 


4 —2 2 4 
-l 
1 1 
Hf 2, ic X+ COS 1X 
18 f = cos? 30) x [CiGrle + 1) — CiGelx — 1] 
sinax _. . 
+ [Sida + 1)) — Sia — 1))] 
20 
| 1 
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1 mx [_. (|x| _(a\x-1| 
Af = 
if ~ {eos jci( > ) ci( 5 
. mx). (mx _{(m(x—1) 
+sin™[i(5) si( 5 )]| 


UX 
19 f =cos > H@)Ta@) 


Hf =~! cos mx{[sie(sx, 1)e™ + sie(—sx, 1)e~*] 
20 f =sinax e 7" +a7'sgn x sin rx[cie(z |x|, 1)e7*! 
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‘xe Ei(x) -1], x>0 


— xe Fl = im 
2T face MUG) es ee ee een x<0 


0.5 0.5 


28 f=e* Hf =—ie~ erf(ix) 
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lee) 
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isometric property, 671-2 
Parseval-type identity, 671, 674 
weighted inequalities, 679-80 
DISPA analysis, (2)435—7 
dispersion, (2)182 
anomalous, (2)186—7 
normal, (2)186 
dispersion formula, (2)182, (2)244, (2)248 
Lorentz, (2)239, (2)244 
dispersion relations, 7, (2)102, (2)105 
admittance, (2)439 
asymptotic behavior, (2)219—22 
attenuation coefficient, (2)446 
conductance, (2)268-69 
dielectric constant, (2)189 
dielectric tensor, (2)279-80, (2)287-9 
elastic scattering amplitude, (2)428 
electric susceptibility, (2)189 
electron—H atom scattering, (2)429 
ellipticity function, (2)323, (2)345—6 
energy loss function, (2)283 
forward scattering amplitude, (2)245-6 
harmonic generation susceptibility, (2)377—84 
impedance, (2)441—2 
magnetic optical activity, (2)3 19-23 
magnetic susceptibility, (2)273, (2)433 
magnetoreflection, (2)325—30 
magneto-rotatory, (2)320-1, (2)323 
modulus of elasticity, (2)448 
nonlinear electric susceptibility, (2)377, 
(2)386-7 
cases where they do not apply, (2)388 
experimental verification, (2)384 
n-dimensional form, (2)387 
two-variable form, (2)386 
nonlinear refractive index, (2)400, (2)402 
normal incident reflectance, (2)257—63 
optical activity, (2)330-48 
permeability, (2)271-4 
phase, (2)257—63, (2)385 
potential scattering, (2)425—8 
refractive index, (2)206 
single subtracted, (2)211 
subtracted, (2)211, (2)384 
surface impedance, (2)277—8 
distributions, 63 
analytic representation, 498-502 
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bounded from the left, 495 
bounded from the right, 495 
causal, 480 
convolution operation, 482, 491-5 
5+,5~, 475-6, 486 
inverse Fourier transform, (2)115 
derivative, 478-80, 482, 504-5, 517 
Dirac comb, 512, 682 
Dirac delta, 63-5, 68-9, 474-8, 480-1, 483-6, 
488-93, 502, 507, 512-4 
direct product, 492 
Fourier transform, 482, 487-90 
generalized Cauchy integral representation, 
499 
Heaviside distribution, 485 
Heisenberg delta distributions, 475—6, 486 
Hilbert transform, 490, 495-8, 501 
n-dimensional, (2)5, 
(2)35, (2)37 
periodic distributions, 508-15 
Hilbert transform, 515-6 
p.v. (x), 69, 476-8, 483-6, 488-93, 495-8, 
502-4, 507-8 
Px7!), 475-6 
regular, 69 
Schwartz, 68 
Schwartz’s theorem, (2)111, (2)113 
singular, 69 
singular integral equations involving, 630-1 
slow growth, 481 
Taylor’s theorem, (2)112 
temperate, 481 
tempered, 481 
tensor product, 491-5, (2)32, (2)35 
Titchmarsh’s theorem extension, (2)110—5 
distribution functions, 232-3, 338, 364 
distributive law, 40 
dot product (distributions), 510 
double factorial function, 162, 440 
double Hilbert transform, (2)8—10, (2)21 
double sideband modulation, (2)136 
doubling property, (2)63 
Drude model, (2)223 
duality argument, 209, 334, 368 
duplication formula (gamma function), 283 
dynamic form factor, (2)285 
dynamic stress, (2)447 


eigenfunctions, 42 
of the finite Hilbert transform, 563 
of the Fourier transform, (2)155 
of the Hilbert transform operator, 195—9, 311-2 
of the n-dimensional Hilbert transform, (2)17-8 
of the one-sided Hilbert transform, 612, 615 
eigenvalue problem, 42 
eigenvalues 
of the finite Hilbert transform, 563 


Subject index 


of the Fourier transform, (2)155 
of the Hilbert transform operator, 195—9, 311-2 
of the n-dimensional Hilbert transform, (2)17—8 
of the one-sided Hilbert transform, 612, 617 
Einstein causality, (2)208 
Einstein convention (in tensor analysis), (2)279 
elastic scattering amplitude, (2)425 
dispersion relation, (2)428 
forward, (2)425 
electrical circuit analysis, (2)437 
electric displacement, (2)183, (2)190, (2)192, 
(2)206, (2)278, (2)312 
spatial-dependent, (2)281 
electric field, (2)183 
electric permittivity tensor, (2)279 
electric polarization, (2)182—3, (2)185-6, (2)315, 
(2)352-6, (2)360-1, (2)367, (2)398 
units, (2)183 
electric susceptibility, (2)183, (2)187, 
(2)190, (2)193-5, (2)351—2, (2)354-6, 
(2)360-1, (2)367—99 
analytic behavior, (2)187 
crossing symmetry, (2)187, (2)189, (2)193 
Hilbert transform relations, (2)188 
Kramers—Kronig relations, (2)189 
electron density, (2)417—-8 
electron—atom scattering, (2)422 
dispersion relations, (2)429 
electron-H atom scattering, (2)428-32 
exchange term, (2)429 
analytic structure, (2)429-32 
ellipticity function, (2)320, (2)334 
dispersion relations, (2)321, (2)323, (2)345-6 
per unit length, (2)334 
empirical mode decomposition (EMD), (2)170-8 
algorithm, (2)171—2 
sifting, (2)173 
empty set, 39 
energy, (2)87, (2)103, (2)106, (2)120, (2)125, 
(2)162, (2)423, (2)425-9 
energy loss function, (2)269-71 
asymptotic behavior, (2)270 
sum rules, (2)270-1 
entire function, 34, (2)417 
order, 36 
type, 36 
envelope function, (2)132 
ergodic Hilbert transform, (2)63-6 
ergodic hypothesis, (2)63 
ergodic maximal Hilbert transform, (2)65 
ergodic theory, (2)63 
error estimates (Gaussian quadrature), 706-7 
error function, 257, 719, (2)455 
essential singularity, 25 
essential supremum, 54 
essentially bounded functions, 54 
Euclidean space, 49 
Euler’s constant, 522, (2)457 
Euler’s integral of the first kind, (2)454 
even Hilbert transform operator, 147, 258 
on the disc, 303-4 
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expectation value, (2)363, (2)367 
exponential integral, E) (x), 268 
En(x), 728, (2)455 
exponential integral function, Ei(x), 269, 451, 
(2)455 


f sum tule, (2)225, (2)228, (2)230, (2)246, 
(2)250, (2)268, (2)270, (2)299, 
(2)301 

Faraday effect, (2)306-7, (2)309, (2)319-24 

fast Fourier transform, 711 

Hilbert transform, 712 

Fatou’s theorem, 94, 320, 326 

Fejér kernel, 296, 299 

figure of merit, (2)422 

filter, (2)120 

band-pass, (2)120 
band-stop, (2)120 
high-pass, (2)120 

Hilbert, 650, (2)121-3 
Hilbert transformer, (2)121 
low-pass, (2)120 

90° phase shifter, (2)121 
quadrature, (2)121 

finite Hilbert transform, 443, 452, 521-82, 601-9, 

685, 727-30 
airfoil problem, 577-82 

generalized, 582 
of the Chebyshev polynomials, 567—70 
contour integration approach, 570-7 
cosine form, 523—7 
cotangent form, 527-9 
inversion by Fourier series approach, 541-3 
inversion formula, 529-43, 550-2 
of Legendre polynomials, 563—7 
moment formula, 530-1, 554-5 
numerical evaluation, 685, 727-30 
properties, 552 

convolution, 556—7 

derivative, 555-6 

eigenfunctions, 563 

eigenvalues, 563 

even-—odd character, 552 

Fourier transform, 557-8 

inversion, 552-3 

orthogonality, 562 

Parseval-type identities, 559-61 

of product x”f (x), 554-5 

scale changes, 553-4 

first Born approximation, (2)425 

floor function, 444, (2)172-3, (2)457 

forward scattering amplitude, (2)239, (2)244—7 

crossing symmetry condition, (2)244 
dispersion relations, (2)244—6 

Fourier allied integral, 124, 275, (2)298-9 

Fourier conjugate series, 129, 296 

Fourier cosine integral formula, 23 

Fourier cosine transform, 1, 256, 259 

Fourier integral, 22 

Fourier integral approach to the Hilbert 

transform, 122-8 
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Fourier integral formula, 23 
Fourier series, 14 
Fourier series approach (conjugate functions), 
129-31 
partial sums, 296, 299, 301, 323-5, 327 
period, 15 
periodic property, 14—5 
Fourier sine integral formula, 23 
Fourier sine transform, 1, 256, 259, 276 
Fourier spectroscopy, (2)409 
Fourier spectrum, (2)131, (2)135 
Fourier transform, 1, 19, 252 
alternative definitions, 20 
analytic signal, (2)128 
of Bessel function Jo (ax), 453 
Boas transform, (2)50—6 
of a causal sequence, 656-60 
connection with Hilbert transform, 158, 
252-8 
convolution theorem, 21 
of Dirac delta distribution, 488 
discrete, 637-44 
discrete fractional (DFRFT), (2)163-8 
distributions, 487-90 
eigenvalues, (2)155 
eigenfunctions, (2)155 
fast, 711 
of finite Hilbert transform, 557-8 
fractional, (2)149-59 
properties, (2)158-9 
of Gaussian, 256, (2)26-7 
n-dimensional, (2)27 
of Heaviside distribution, 490 
of Hilbert transform, 252-8 
distributions, 505-8 
inversion of one-sided Hilbert transform, 612—4 
n-dimensional, (2)12-3 
n-dimensional Hilbert transform, (2)12—4 
of p.v.(1/x), 489 
notation, 20 
numerical integration, 709-11 
Parseval formula, 21 
Plancherel formula, 21 
of Riesz transform, (2)28-9 
same symbol convention, (2)190 
of sgn distribution, 489-90 
singular integral equation, 599-601 
tempered distribution, 481 
two-dimensional, 280-1 
of unit distribution, 489 
of the unit step sequence, 657 
Fourier transform spectroscopy, (2)434 
fractional analytical signal, (2)169-—70 
Cusmariu’s definitions, (2)169-70 
Zayed’s definition, (2)169 
fractional Fourier transform (FRFT), (2)149-59 
index additivity property, (2)154 
properties, (2)158—9 
fractional Hilbert filter, (2)148 
fractional Hilbert transform, (2)147, (2)168 
Cusmariu’s definition, (2)160 
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fractional Hilbert transform (cont.) 
Lohmann—Mendlovic—Zalevsky 
definition, (2)147 
Zayed’s definition, (2)159 
Fredholm equation of the first kind, 2, 589-91 


Fredholm equation of the second kind, 589, 592-4 


homogeneous, 592 
Fredholm equation of the third kind, 589, 594-9 
free induction decay, (2)434 
free-electron model, (2)184, (2)186, (2)190 
free-electron-like system behavior, (2)224 
frequency 

carrier, (2)136 

cyclotron, (2)314 

instantaneous, (2)132 

Larmor, (2)273 

negative, (2)128, (2)187 

notation, (2)76, (2)83-4 

plasma, (2)185 
frequency domain, (2)81—3, (2)138 
requency modulation (FM), (2)135 
Fresnel cosine integral, 719, (2)454 
Fresnel sine integral, 719, (2)456 
front velocity, (2)207 
Fubini’s theorem, 55-7 
functional, 68, 70 
functional analysis, 39 
functions, types of, 

Anger, 470 

band-limited, 345 

Bessel, of the first kind, 187, 453-9 

Bessel, of the second kind, 453, 460 

Bessel, of the third kind, 453, 464 

beta, 271 

cas, 262 

causal, 215-6, 265 

characteristic, 42, 51, 379 

complementary error, 276 

conjugate, 115 

cosine integral, 187, 431, 470, 522 

density, 107 

distribution, 232 

entire, 34 

envelope, (2)132 

error, 257, 719 

essentially bounded, 54 

floor, 444, (2)173, (2)457 

gamma, 162, 257, 271, 283, 425, (2)25, 

(2)27-8 

generalized, 63, 65, 68, 475 

generalized step, 52 

generating, 439-40 

Green, (2)424—5 

Hankel, 453, 464-5 


Hardy-Littlewood maximal, 368-73, 379-82, 


389 
Heaviside step, 450, (2)139 
Herglotz, (2)208-16 
Hermite—Gaussian, (2)154 
discrete, (2)163 
hyperbolic sine integral, 728 


hypergeometric 7F', 203 
incomplete gamma, 425 
integral, 34 
Kummer’s confluent hypergeometric, 257 
maximal Hilbert transform, 373-86 
meromorphic, 30 
multiple-valued, 25 
notation, 2 
orthogonal, 18 
orthonormal, 18 
piecewise continuous, 15 
rectangular step, 442-3, (2)143 
Riemann zeta, 662 
S, (2)105-6, (2)108-9 
signum (sgn), 6, (2)142 
simple, 52 
sinc, 185, 719, (2)145, (2)419 
sine integral, 431, 470, 522 
spherical Bessel, 462-4 
Struve’s, 454, 460 
support, 68 
test, 68 

of rapid decay, 480 
triangular, 186, (2)145 
unit impulse, 63 
unitary, 509 
Weber’s, 453, 471 


gamma function, 162, 257, 271, 283, 425, (2)25, 


(2)27-8 
duplication formula, 283 
incomplete, 425 
reflection formula, 469 
gap Hilbert transform, 251 
Gauss’ hypergeometric function, (2)455 
Gauss—Legendre quadrature, 694, 697, 728 
Gaussian, 166, 256, 446 
Fourier transform, (2)26—7 
Gaussian quadrature, 691—4 
log quadrature, 694-701 
application to Hilbert transform, 701-6 
application to Kramers—Kronig relations, 
708-9 
error factors, 706—7, 744 
weights and abscissas, 735—43 
specialized, 684, 695, 701 
Gegenbauer polynomial, 439, 452, 472, 
(2)455 
generalized function, 63, 65, 68, 475 
generalized function P(x”), 475 
generalized Hilbert transform, (2)2 
generalized refractive index, (2)182 
generalized step function, 52 
generating function, 
Legendre polynomials, 439 
good A inequality, 381 
Gram-—Schmidt orthogonalization, 696 
Green function, (2)424—5 
Green’s theorem, 331, 333 
group, 40 
Abelian, 40 
group velocity, (2)228 


half-Hilbert transform, 609 
Hankel functions, 453, 464—5 
Hamiltonian, (2)362 
two-electron, (2)428 
Hardy space, 43, 99, 115 
Hardy’s result (finite Hilbert transform), 527 


Hardy—Poincaré—Bertrand formula, 57-61, 107, 
112, 119, 148, 192, 223-5, 313-5, 529, 533, 
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Hardy-—Littlewood maximal function, 368-73, 


379, 382 
harmonic conjugate, 87 
harmonic correspondence condition, (2)134 
harmonic function, 87 
harmonic generation susceptibility, (2)352, 
(2)357-8 
crossing symmetry, (2)381, (2)383 
dispersion relations, (2)377, (2)385—7 
harmonic oscillator, damped, (2)75-8, (2)87 
Hartley cas function, 262, (2)454 
Hartley transform, 262 
Hartley cas function, 262 
of Hilbert transform, 262-5 
Heaviside step function, 450, (2)139 
Heaviside distribution, 483, 485 
Fourier transform, 490 


Heisenberg delta functions (distributions), 475-6, 


486, (2)431 

inverse Fourier transform, (2)115 
helical Hilbert transform, (2)66—7 
Helmholtz equation, (2)201 
Helmholtz wave equations, (2)276 
Helson—Szeg6 theorem, 386-8 
Herglotz functions, (2)208—16 
Hermite polynomial, 439, (2)455 

Hilbert transform (with Gaussian 

weight), 446-9 

orthogonality condition, 448 

recurrence relation, 447 
Hermite’s differential equation, 446 
Hermite—Gaussian functions, (2)154 

discrete, (2)163—5 
Hermitian operator, 42, (2)340 
high-pass filter, (2)120 
Hilbert amplitude spectrum, (2)178 
Hilbert filter, 650, (2)121 
Hilbert problem, 544 
Hilbert space, 42 
Hilbert spectroscopy, (2)406 
Hilbert spectrum, (2)178 
Hilbert transfer function, (2)121 
Hilbert transform, 1—2, 83—5 

allied Fourier integral evaluation, 712-3 

along curves, (2)62-3 

alternative definition, 3 

analytic signal, 181 

Anger function, 470-1 

atlas, (2)534-46 

Bessel function Jo (ax), 453-4 


of sin ax Jn (bx) and cos ax Jy (bx), 456-9 


for non-integer index, 460 


Subject index 


Bessel functions (modified) 465-9 
Bessel functions (spherical), 462-4 
bilinear, (2)58—9 
bounded operator, 157, 203 
on the circle, 84, 91, 94, 114-8, 288, 292-6, 
303, 311-3 
circular, 292, 295 
cofinite, 582-4 
commutator relations, 156, 160 
complex conjugation property, 145 
conjugate Fourier series evaluation, 713—7 
of a constant, 102 
continuous operator, 204 
convolution property, 167—9, 307-8 
cosine integral function, Ci(x), 470, (2)454 
derivative, 164—7 
distributions, 504—5 
Dirac delta distribution, 490-1 
directional Hilbert transform, (2)60-1 
of the Dirichlet kernel, 296, 298-9 
discrete, 637, 649-52, 660-80 
discrete fractional (DFHT), (2)168—9 
discrete time signal, 649-52 
distribution, 474-8, 490-1, 495-8 
inversion formula, 502—4 
periodic, 515-6 
double, (2)8-10, (2)21 
eigenfunctions of the Hilbert transform 
operator, 195-9, 311-2 
eigenvalues of the Hilbert transform 
operator, 195-9, 311-2 
electric susceptibility, (2)188 
ergodic, (2)63—6 
even functions, 146-7 
even Hilbert transform operator, 147, 258 
on the disc, 303-4 
extensions, (2)44—9, (2)58—68 
fast Fourier transform evaluation, 712 
of the Fejér kernel, 299-301 
finite, 443, 452, 521-82 
cosine form, 523-7 
inversion formula, 529-43, 550-2 
Fourier integral approach, 122-8 
of a Fourier transform, 261 
Fourier transform connection, 252-8 
distributions, 505—7 
fractional, (2)147 
Cusmariu’s definition, (2)160 
Lohmann—Mendlovic—Zalevsky definition, 
(2)147 
Zayed’s definition, (2)159 
functions of the class Li, 2114 
functions of the class L©, 214-5 
gap, 251 
Gaussian, 166, 256-7, 448 
Gaussian quadrature, 701-6 
generalized, (2)2 
half-, 609 
Hankel functions, 464 
Hartley transform of, 262-5 
helical, (2)66—7 
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Hermite polynomials (with Gaussian weight), 
446-9 
history, 3, 6 
Huang transform, (2)170-8 
inverse operator, 149 
inversion property, 148—9, 294, 301-3, 315, 
323, 502-4, (2)10-1, (2)214 
iteration property, 148 
Kober’s extension for the L° case, (2)47-9 
Laguerre polynomials (with weight H(x) e~), 
449-52 
Legendre polynomials, 438-46 
linear scale changes, 150 
linearity, 145-6 
Lipschitz condition, 98, 316 
Lorentzian profile, 704—5 
maximal, 373-4, 381-2 
ergodic, (2)65 
n-dimensional, (2)10 
Mellin transform of, 269-75 
mixed, 661 
moment formula, 160-4, (2)213 
n-dimensional, (2)5—8, (2)10-18 
derivative, (2)11—2 
Fourier transform, (2)12—4 
product of one-dimensional operators, (2)8 
nonlinear scale transformations, 150 
notation, 2-3 
numerical evaluation, 684-8, 701-6 
by eigenfunction expansion, 723—7 
odd functions, 146-7 
odd Hilbert transform operator, 147, 258 
on the disc, 303-4 
one-sided, 420, 422, 609-11 
inversion formula, 611-2 
operator definition, 4 
orthogonality property, 174-5, 310-1 
of oscillatory functions, 717—23 
pair, 5, 83 
parity property, 146 
Parseval-type formulas, 170-1 
periodic function, 91, 114-20, 132-4 
of the Poisson kernel for the disc, 296-8 
of a product, 181-7 
product of analytic signals, 182-3 
product theorem, 184 
of pulse forms, (2)146—7 
p.v.(1/x), 475, 491 
on the real line, 94-9, 120-2 
reciprocal relations, 148 
of the rectangular pulse, (2)146 
Redheffer extension, (2)44—7 
reduced, 609 
refractive index, (2)205 
relationship with the Laplace transform, 267—9 
renormalized, (2)47 
scale changes, 150-5, 304—5 
semi-discrete, 661 
semi-infinite, 609 
series expansion approach, 177-81 
of the sinc pulse, (2)147 


skew-symmetric character, 147-8 
spherical Bessel functions, 462—4 
of a square wave, 289-91 
step functions, (2)146 
in terms of Stieltjes transform, 265-7 
Struve function, 460-2 
subtracted, 685, (2)114 
superhilbert, (2)70 
table, (2)453-533 
tempered distributions, 517 
Titchmarsh (Parseval-type) formulas, 170-1 
truncated, 83, 97, 226, 253, 521, 526 
cotangent form, 527-9 
ultradistributions, 516-18 
of the unit triangular pulse, (2)147 
unitary property, 174 
vectorial Hilbert transform, (2)60 
weak-type (1, 1), 338, 364-8 
Weber’s functions, 471 
weighted norm inequalities, 354-63, 395—408 
Young’s form, 84, 98 
Hilbert transform spectroscopy, (2)406 
absorption enhancement, (2)410-1 
Josephson junction, (2)406—10 
Hilbert transformer, (2)121 
Hilbert’s formula, 305 
Hilbert’s inequality, 661-6 
Hilbert’s integral, 335 
Hilbert’s integral formula, 96, 117 
Hilbert—Huang transform, (2)170-8 
Hilbert—Stieltjes transform, 231-41, 364-5 
hilbertogram, (2)409 
Holder condition, 13, 98 
Holder continuous function, 45, 59-61, 98, 107, 
111 
Holder index, 13 
Holder order, 13 
Hélder result (for product of functions in the 
classes LP and L7), 54 
Hdlder’s inequality, 57, 81-2, 96 
holomorphic, 25, (2)39 
homeomorphic, 44 
homeomorphism, 44, (2)37 
homogeneity condition, (2)134 
homogeneous condition, 355, (2)2 
homogeneous Riemann—Hilbert problem, 544 
index, 545 
homothetic operator, 156 
Hunt—Muckenhoupt—Wheeden theorem, 395-9, 
679-80, 683 
hyperbolic sine integral function, 728, (2)457 
hypergeometric function 7F'}, 203 


idempotent, 199 

identity element, 40, 42 

IDFT, see inverse discrete Fourier 
transform 

image point, 86 

imaginary unit i, 23-4 

immittance, (2)438 

impedance, (2)438, (2)440-3 
dispersion relations, (2)441—3 
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incomplete gamma function, 425, (2)457 
index of a function, 546-50 
index of Hélder condition, 13 
index additivity property (FRFT), (2)154 
inequality, types of 
Alzer, 665 
Bernstein, 343-9 
Bessel, 19 
Calder6n—Zygmund, (2)21—4 
Cauchy—Schwarz—Buniakowski, 58 
Chebyshev, 365 
Cotlar, 374 
good A, 381 
Hilbert, 661-6 
Hélder, 57, 81-2, 96 
Kolmogorov, 335-40, 364, 367, 408 
Minkowski, 205-6 
relative distributional, 381 
reverse Holder, 389-90 
Riesz, 203-11, 318-23, 331-4, (2)21, (2)38, 
(2)62, (2)234, (2)236 
strong-type, 364, 403 
triangle, 41 
weak-type, 338, 364-8 
weighted norm, 354-63, 395-408 
Young, 378, (2)53 
Zygmund, 340-3, 363, (2)21 
infimum, 36 
inhomogeneous Riemann—Hilbert problem, 
544 
inhomogeneous singular integral equation 
for H,, 614-17 
injective, 44 
inner product, 40 
instantaneous amplitude, (2)132, (2)177 
instantaneous energy, (2)178 
instantaneous frequency, (2)132, (2)177 
instantaneous phase, (2)132, (2)177 
integrable function, 19, 51-3 
Lebesgue, 51-5 
locally, 69 
Riemann, 45—8, 50-1 
integral, types of 
Cauchy, 85, 107-14 
Hilbert, 335 
Poisson, for the half plane, 85—9 
Poisson, for the disc, 89-94 
integral equation, 2, 588 
integral function, 34 
integral inequalities, optical constants, 
(2)300-2 
integration 
Lebesgue, 52 
Riemann, 45—6 
intensity reflectivity, (2)253 
interpolation theorem, 365, 372-3, 404 
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closed, 13 
open, 13 
intrinsic mode function (IMF), (2)171 
intrinsic permutation symmetry, (2)356, (2)400-1 


inverse discrete Fourier transform (IDFT), 639-40 
inverse Hilbert transform operator, 149 
inverse Mellin transform, 270 
inverse point, 89 
inversion formula, 148—9, 301-3, 590, (2)10-1, 
(2)17, (2)36, (2)38, (2)41, (2)213-4, 
(2)234 
Boas transform, (2)55—6 
cofinite Hilbert transform, 583 
discrete Fourier transform, 637—44 
discrete Hilbert transform, 672-3 
distributions, 478, 502-4, 515, 518, (2)36-7 
finite Hilbert transform, 529-43, 550-2, 601-9 
one-sided Hilbert transform, 609-11 
n-dimensional Hilbert transform, (2)10-1, 
(2)36, (2)38 
inversion property on the circle, 294, 301-3, 
313-6 
invertible function, 44 
isogonal transformation, 37 
isolated point, 25 
isometric operator, 43, 157, 672 
isomorphic vector space, 40 
isomorphism, 45, (2)38 
iteration property, 148, (2)10-1 


Jacobi function of the second kind, (2)456 
Jacobi polynomial, 439, 452, 472, (2)456 
Jacobian, 37 

Jensen’s formula, (2)97, (2)99-100 
Jordan’s lemma, 30 

Josephson junction, (2)406—10 

jump discontinuity, 15 


kernel function, 2 
Kerr effect, (2)306 
ket, 41 
Kober’s extension for the L™ case, (2)47-9 
Kober’s theorem, 212 
Kolmogorov’s inequality, 335—40, 364, 367, 408 
weak-type, 364 
weighted version, 363 
Kolmogorov’s theorem, 338, 364 
Korteweg-de Vries equation, 624, 627 
Kotel’nikov’s theorem, see 
Whittaker-Shannon-Kotel’nikov theorem 
Kramers—Kronig relations, 6, 708, (2)182, 
(2)184-201 
absorption coefficient, (2)207 
admittance, (2)439—40 
assumptions, (2)190, (2)225, (2)239 
causality, (2)190, (2)192, (2)194, (2)197, 
(2)207-8, (2)250 
conductance, (2)268-9 
conducting materials, (2)218, (2)267 
derivation, direct on the interval [0, 00), 
(2)199-201 
derivation, rigorous, (2)190-7 
derivation, simple, (2)184—90 
dielectric constant, (2)189-90 
dielectric tensor, (2)279-80, (2)282-3 
electric susceptibility, (2)187—90 
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Kramers—Kronig relations (cont.) 
ellipticity function, (2)320-3, (2)345-6 
energy loss function, (2)270 
Fourier transform approach, (2)197 
harmonic generation susceptibility, 

(2)374-84 
history, (2)182, (2)207, (2)239 
magnetic optical activity, (2)319—23 
magnetic susceptibility, (2)273 
magnetoreflection, (2)327—30 
magneto-rotatory dispersion, (2)320-3 
nonlinear electric susceptibility, (2)377—-84 
experimental verification, (2)384—6 
nonlinear refractive index, (2)402 
normal incident reflectance, (2)257—63 
optical activity, (2)345-6 
permeability, (2)273 
phase, (2)257—63, (2)411 
reflectance, (2)257—-63 
refractive index, (2)206—7 
surface impedance, (2)277—-8 

Kronecker delta, 18 

Kummer’s confluent hypergeometric 
function, 257, (2)455 

Kuhn sum rule, (2)340 

Kutta condition, 581 


Lacey-—Thiele theorem, (2)59 
Laguerre polynomial, 439, (2)456 
Hilbert transform (with weight H(x) e~~), 
451-2 
recurrence formula, 450 
Laguerre’s differential equation, 449 
Larmor frequency, (2)273 
Laplace transform, 267 
Laplacian operator A, (2)29 
Laurent expansion, 31-3, 646, (2)291 
Lebesgue density theorem, 229 
Lebesgue dominated convergence theorem, 55, 
126, 353 
Lebesgue integral, 52-3 
Lebesgue integration, 45 
Lebesgue measure, 64 
Lebesgue outer measure, 49 
Legendre function of the second kind, 439, 
563, (2)456 
Legendre polynomial, 438-9, 693-4, 697, (2)456 
finite Hilbert transform, 563-7 
generating function, 439 
Hilbert transform, 441-6 
orthogonality condition, 442 
recurrence formula, 443 
shifted, 700 
Legendre’s differential equation, 438 
lemma, examples of 
covering, 241, 382 
Jordan, 30 
Loomis, 233-4, 236-7, 239, 385 
Riemann—Lebesgue, 61-3 
Lerch function, (2)457 
Levi-Civita pseudotensor, (2)337 


Levin sequence transformations, 74—7 
Levin’s ¢t transformation, 77 
Levin’s u transformation, 77, 718 
light scattering, (2)239 
light-cone, (2)207 
limit point, 39 
linear birefringence, (2)306 
linear electric susceptibility tensor, (2)351 
asymptotic behavior, (2)372—-4 
spatial and relativistic effects, (2)374 
linear operators, 41 
linear system, 638, (2)73-8 
homogeneity property, (2)74 
scaling property, (2)74 
linear transformation, 38 
linear vector space, 40 
linearity, 145 
Liouville-von Neumann equation, (2)364 
Liouville’s theorem, 34, 70 
Lipschitz condition, 12 
for Hf, 98 
for Hf, 316 
locally integrable distribution, 69 
Loomis’s lemma, 234, 236-9, 385 
Loomis’s theorem, 239-41 
Lorentz dispersion formula, (2)239 
Lorentz force, (2)313—14 
Lorentz formula (light scattering), (2)239 
Lorentz local field, (2)338 
Lorentz model, (2)186, (2)223, (2)239, (2)244 
Lorentz—Lorenz equation, (2)339 
Lorentzian profile, 4, 704—5, (2)138, (2)435-6 
Hilbert transform, 705 
Love’s theorem, 192 
low-pass filter, (2)120 
Lusin-Privalov theorem, 326 
Lusin’s conjecture, 325—8 


Maclaurin-type formulas, 688-90 
magnetic circular dichroism, (2)306-—7, (2)310, 
(2)319-23 

magnetic induction, (2)184, (2)313, (2)325 

magnetic optical activity, (2)313, (2)323 
dispersion relations, (2)3 19-23 

magnetic optical rotation, (2)309 

magnetic permeability, (2)184 

magnetic resonance (NMR), (2)433-5 

magnetic rotation spectra, (2)309 

magnetic susceptibility, (2)272—-4, (2)433-4 
asymptotic behavior, (2)274 
Kramers—Kronig relations, (2)273, (2)433 

magnetization, (2)271, (2)335-6, (2)343 

magneto-optical activity, (2)313, (2)319 
sum rules, (2)323—-4 

magneto-optical rotation, (2)309, (2)320-23, 

(2)349 

magnetoreflection, (2)325—30 
dispersion relations, (2)327—30 
sum rules, (2)329 

magneto-rotatory dispersion, (2)320 
dispersion relations, (2)321-3 
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Marcinkiewicz interpolation theorem, 365, Parseval-type formula, (2)16—7 
372-3, 404 periodic function, (2)18—21 
marginal spectrum, (2)178 product of one-dimensional operators, (2)8 
Mathematica, 444, 704, 717, 723, (2)176, translation operators, (2)14 
(2)181 translation-invariant, (2)14 
mask, (2)168 natural optical activity, (2)307, (2)330-48 
maximal function, 368-73 asymptotic behavior, (2)338, (2)340-2 
maximal Hilbert transform function, Neumann’s formula, 563-4 
373-86 Neumann’s function, (2)457 
directional, (2)61 90° phase shift filter, 6, (2)121 
ergodic, (2)65 nonlinear dielectric permittivity, (2)398 
n-dimensional, (2)10 sum rule, (2)402 


maximum modulus, 36 nonlinear electric susceptibility, (2)351 
Maxwell equations, (2)201, (2)216, (2)275, asymptotic behavior, (2)361, (2)374-6 
(2)280, (2)332 crossing symmetry, (2)356, (2)383 

McLean—Elliott theorem, 226-31 dispersion relations (one-variable), 


mean ergodic theorem, (2)64 (2)377-84 
measure, 45, 48, (2)64 n-dimensional dispersion relations, 
Borel, 55 


(2)387-8 
spatial symmetry, (2)356 
sum rules, (2)392-7 
table, (2)396—7 
units, (2)352 
nonlinear refractive index, (2)395—402 
crossing symmetry, (2)401 


Lebesgue, 45, 51 

Lebesgue outer, 49 

space, (2)64 
Mehler—Sonine integrals, 459-60 
Mehler’s formula, (2)156 
Mellin transform, 269 

of the even and odd Hilbert transforms, 


274-5 dispersion relations, (2)402 
of the Hilbert transform, 269-73 meromorphic behavior, (2)398 
meromorphic function, 30, 548 sum rule, (2)402 
method of rotations, (2)22-3 non-tangential limit, 94 u 
Mexican-hat wavelet, 447 non-tangential maximal function, 385 
Miller indices, (2)417 norm, 18, 41, 54 
Minkowski’s inequality, 205-6 weak-type (1,1), 338 
Minkowski’s integral inequality, (2)23 normal dispersion, (2)182 
Mittag—Leffler expansion, 35 normal incident reflectance, 
mixed Hilbert transform, 661 dispersion relations (2)257—63 
modified Bessel function of the first kind, normalization condition for the disc, (2)48 
465-9, (2)455 normalized auto-correlation function, (2)126 
modified Bessel function of the second kind, normed space, 41 
465-9, (2)456 nuclear magnetic resonance (NMR), 1, (2)433-—5 
modified Struve function, (2)456 Fourier transform, (2)435 
modulus, 32, (2)412, (2)418, (2)442-3 causality issues, (2)434 
modulus of elasticity, (2)448 two-dimensional, (2)435 
dispersion relations, (2)448 numerical evaluation of Hilbert transforms, 
moment formula for the Hilbert transform, 160-4, 684-91, 701-6 
594, (2)213 finite Hilbert transform, 685, 727-30 
finite Hilbert transform, 530, 554-5, 603 numerical integration, 684 
Morera’s theorem, 30 numerical quadrature, 684 
multiple-valued function, 25 of Fourier transform, 709-11 
multiplicity of a zero, 546-7 Gauss—Legendre quadrature, 694, 697, 728 
multiplier, 158 Gaussian, 691-701 


n-dimensional Fourier transform, (2)12, specialized, aoe ee 
(2)25-30 Kramers—Kronig relations, 708-9 


n-dimensional Hilbert transforms, (2)5—18 Maclaurin-type formulas, 688-90 


derivative, (2)11-2 Simpson’s rule, 691 


dilation operators, (2)15 trapezoidal rule, 690 


distributions, (2)32—8 


eigenfunctions, (2)17-8 odd Hilbert transform operator, 147, 258, 274 
eigenvalues, (2)17—-8 on the disc, 303-4 
Fourier transform, (2)12—4 one-sided Hilbert transform, 420, 609-11 


orthogonality property, (2)7 asymptotic expansion, 422-34 
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eigenfunctions, 612 
eigenvalues, 612 


Fourier transform approach to inversion, 612—4 


inhomogeneous singular integral equation 
involving, 614 
inversion formula, 609-11, 614 
one-sided Z transform, 644 
one-to-one mapping, 37, 40, 44, 49 
onto, 44 
open cover, 49 
open interval, 13 
open set, 39 
operators, types of 
adjoint, 42 
analytic, (2)127 
bounded, 157-8, 160, 191, 204, 365, 
(2)59, (2)61-3, (2)65—7 
Calderon—Zygmund, (2)2 
truncated, (2)3 
compact, 45 
conjugate Poisson (upper half plane), 375 
conjugation, 130 
continuous, 204 
density, (2)362 
difference, 74 
dilation, 155-6, (2)14—6 
Hermitian, 42, (2)340 
Hilbert transform operator, see also under 
Hilbert transform 
bilinear, (2)58-9 
bounded, 157-8, 160, 191, 204, (2)45—7, 
(2)59, (2)61-3, (2)65-7 
commutator relations, 156, (2)8 
continuous, 204 
eigenfunctions, 195, (2)17—-8 
eigenvalues, 195, (2)17-8 
even, 147, 303-4 
inverse, 149 
iteration property, 148 
linearity, 145 
n-dimensional, (2)5—8 
odd, 147, 303-4 
operator definition, 4 
symbol of, 258 
truncated, 83, 97-8, (2)2, (2)24 
unitary property, 174 
homothetic, 156 
inverse Hilbert transform, 149 
isometric, 43 
linear, 41 
Poisson (upper half plane), 375 
projection, 199, 312-13, (2)127 
reflection, 156, 160 
Riesz transform, (2)25—32 
self-adjoint, 42 
sublinear, 372 
translation, 155—6, 160, (2)14 
translation-invariant, 156, (2)14 
unitary, 43 
optical activity, (2)307, (2)330-48 
dispersion relations (2)345—6 


electrodynamic description, (2)330-4 
sum rules, (2)346—-8 
optical birefringence, (2)306 
optical constants, (2)182 
optical convention, (2)309 
optical rotatory dispersion, (2)306—7, (2)334—S, 
(2)339, (2)341, (2)345 
asymptotic behavior, (2)338, (2)340-1 
optical theorem, (2)238 
optically active medium, (2)307 
order 
of Hélder condition, 13 
of a zero, 546 
order symbols O() and o0(), 11-2 
orthogonal function, 18 
orthogonal polynomials, 438-9, 452 
orthogonality property 
of finite Hilbert transform, 562 
of Hilbert transform, 174-5, 310-1, (2)232 
of n-dimensional Hilbert transform, (2)17 
orthonormal function, 18 
oscillator strength, (2)186 
sum tule, (2)186 


Paley—Wiener log-integral theorem, (2)95—102 
parity property, 146 
Parseval formula, 21 
Parseval-type formula, 
for discrete Fourier transform, 641 
for discrete Hilbert transform, 671, 674 
for finite Hilbert transform, 559-61 
for Hilbert transform, 170, (2)232, (2)348 
for Hilbert transform of distributions, 490-1 
for Hilbert transform on disc, 305—7 
for n-dimensional Hilbert transform, (2)16—7 
passive system, (2)73, (2)87 
Peierls equation, 619-19, 633 
Peierls—Nabarro equation, 619-20 
pentagram symbol, (2)124 
period of periodic function, 15 
periodic distributions, 508-15 
Hilbert transform, 515-6 
periodic function, 14-5, 91, 105 
Hilbert transform, 114—8, 132-4 
n-dimensional Hilbert transform, (2)18—21 
periodicity property for DFT, 640 
permeability, (2)184, (2)202-3, (2)239 
crossing symmetry condition, (2)272 
Kramers—Kronig relations, (2)273 
permittivity, (2)183, (2)185—6, (2)189-201, 
(2)222-7, (2)23 1-6, (2)240-1, (2)267, 
(2)278-9, (2)298 
crossing symmetry, (2)193, (2)279 
relative, (2)183 
tensor, (2)278-9 
permutation symmetry, (2)356, (2)370, (2)400 
phase, (2)252, (2)411-8 
asymptotic behavior, (2)260-1 
dispersion relations, (2)257-—63, (2)380-3 
instantaneous, (2)132, (2)177 
sum rules, (2)263—6 
table, (2)267 
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phase problem, crystallography, (2)418 
phase retrieval problem, (2)411—7 
phase velocity, (2)202, (2)444, (2)446 
Phragmén—Lindel6f theorem, 100, (2)194, 
(2)197, (2)204, (2)244, (2)278 
piecewise continuous function, 15 
planar wing approximation, 579 
Plancherel formula, 21 
plasma dispersion function, 167 
plasma frequency, (2)185 
Plemelj formulas, 111—2, 545, 606 
Plemelj—Sokhotsky relations, 111, (2)41 
Pochhammer symbol, 257, (2)454 
Poincaré—Bertrand formula, 59, see also 
Hardy—Poincaré—Bertrand formula 
pointwise convergence, 54 
Poisson kernel, 88, 142, 375, 379-80 
for the disc, 91-4, 296, 339 
Poisson integral 
for the disc, 89-91 
for the half plane, 85—9 
Poisson integral formula, 87 
Poisson operator, upper half plane, 375 
polarizability, (2)184, (2)202, (2)338-9 
polarization vectors, (2)184, (2)308 
pole of order m, 25 
simple, 25 
polygamma function, (2)457 
polylogarithm function, (2)457 
polynomial, types of 
Chebyshev, of the first kind, 439, 452, 456, 
(2)457 
Chebyshev, of the second kind, 439, 452, (2)457 
Gegenbauer, 439, 452, 472, 570, (2)455 
Hermite, 439, 446-9, (2)155-—7, (2)163, (2)455 
Jacobi, 439, 452, 472, (2)456 
Laguerre, 439, 449-52, (2)456 
Legendre, 438-46, 563-7, 693-4, 697, 700, 
731, (2)456 
positron—atom scattering, (2)429 
potential scattering, (2)425—8 
dispersion relations, (2)426-8 
pre-envelope, (2)126 
principal axis system, (2)279, (2)309 
principal part, 32 
principal value, see Cauchy principal value 
principle of relativistic causality, (2)207 
principle of superposition, (2)74 
principle of the argument, 548 
Privalov, problem of, 544 
Privalov’s theorem, 316-18 
probability current density, (2)106 
probability density, (2)106 
projection operators, 199, 312-3 
proper subset, 39 
pseudofunction, 476 
pseudoscalar, (2)331 
psi (digamma) function, 178, (2)457 
p.v.(1/x), 69, 476, 484 
Fourier transform, 489 
Hilbert transform, 491 


655 


quadrature, 684 

quadrature filter, 6, (2)121 
quadrature function, (2)126 
quantum Liouville equation, (2)364 
quantum scattering, (2)105—10 


radial limit, 92, 94 
radiative reaction force, (2)93, (2)190 
Radon transform, 252, 277-85 
Raman spectroscopy, (2)449 
Rayleigh formulas, 462 
reactance, (2)438, (2)440-2 
reactance integral theorem, (2)442 
reciprocal relations, 148, 303 
rectangular step function, 442-3, (2)143 
Hilbert transform, (2)146 
Redheffer extension, (2)44—7 
reduced Hilbert transform, 609 
reflectance, (2)252 
dispersion relations (2)257—63 
sum rules, (2)263—6 
table, (2)267 
reflection formula (gamma function), 469 
reflection operator, 156, 304—5 
reflectivity, (2)253, (2)257—-67 
amplitude, (2)253 
asymptotic behavior, (2)255, (2)260 
circularly polarized modes, (2)326 
crossing symmetry, (2)327 
complex, (2)252—63 
crossing symmetry relation, (2)255, 
(2)257 
refractive index, (2)183, (2)201-8 
analytic properties, (2)203-4 
asymptotic behavior, (2)204 
N+ and N_, (2)309-19 
complex, (2)202 
crossing symmetry relation, (2)206 
Kramers—Kronig relations, (2)206—7 
single subtracted dispersion relation, (2)211 
sum rules, (2)227—31, (2)236-9, (2)299 
table, (2)242-3 
regular distribution, 69 
regular function, 25 
relative distributional inequality, 381 
relative magnetic permeability, (2)272 
relative multiplier, (2)130 
relative permittivity, (2)183 
removable singularity, 25 
renormalized Hilbert transform, (2)47 
residue, 33 
resistance integral theorem, (2)442 
resistive-shunted junction model, (2)407 
resonance condition, (2)78 
response function, 638, (2)73, (2)80, (2)87, (2)90, 
(2)111, (2)191, (2)194, (2)206, (2)224, 
(2)254, (2)280-1, (2)336, (2)353, (2)355, 
(2)401 
complex, (2)87—9 
reverse Hélder inequality, 389-90 
Richardson extrapolation, 71-4 
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Riemann, problem of, 543 
Riemann integral, 45—6, 50-2 
Riemann integration, 45 
Riemann mapping theorem, 37 
Riemann surface, 26 
Riemann zeta function, 70, 662 
Riemann-Hilbert problem, 544-6 
Riemann—Lebesgue lemma, 61-3 
Riesz transform, (2)25—32 

bounded property, (2)29 

Fourier transform, (2)25 
Riesz’s inequality, 203-11, 331-4, (2)21, (2)38, 

(2)234, (2)236 

for discrete sequence, 661 

on the circle, 318—23 

truncated Hilbert transform, 254 
ring, (2)64 

o-ring, (2)64 
Rodrigues’ formula, 449, (2)156 
Rosenfeld formula, (2)339 

asymptotic behavior, (2)340—2 
rotated ergodic Hilbert transform, (2)23 
rotational strength, (2)339 
rotations, method of, (2)22-3 


Sn symmetry element, (2)330-1 
S-matrix, (2)106 
sampling theorem, see 
Whittaker-Shannon-Kotel’nikov theorem 
saturation, (2)392, (2)433 
scale changes, 150-5, 304-5 
scattering amplitude, light, (2)239, (2)244—7 
scattering factor, (2)417 
scattering theory, (2)102 
Born approximation, (2)424—5 
causality conditions, (2)104 
cross-section, (2)105 
elastic scattering amplitude, (2)425-8 
electron—atom, (2)422, (2)428-32 
potential scattering, (2)425—8 
quantum scattering, (2)105—10 
s-wave scattering, (2)103, (2)105, (2)118 
S-function, (2)103, (2)106, (2)108 
crossing condition, (2)109 
S-matrix, (2)106 
scattered wave, (2)103, (2)106 
spherically symmetric scatterer, (2)102 
Schrédinger equation, (2)363, (2)423 
time-dependent, (2)105, (2)364 
Schiitzer-Tiomno requirement, (2)108 
Schwartz distributions, 68 
Schwartz test functions, 69 
Schwartz’s theorem, (2)111, (2)113 
Schwartz—Sobolev distributions, 70 
Schwarz inequality, see 
Cauchy—Schwarz—Buniakowski inequality 
second-harmonic generation (SHG), (2)357, 
(2)393 
second-order nonlinear electric susceptibilities, 
(2)35 1-2, (2)355, (2)357-8, (2)369, (2)371, 
(2)386 


sectionally analytic function, 110 
sectionally continuous function, 110 
self-adjoint operator, 42 
Sellmeier’s dispersion formula, (2)248 
semi-discrete Hilbert transform, 661 
semi-infinite Hilbert transform, 609 
semicircular contour, 31, 86 
semigroup, 40, (2)60, (2)149, (2)161-2, (2)181 
sequential system, (2)79 
series expansion approach for the Hilbert 
transform, 177 
series summation, 70 
set, types and properties 
accumulation point, 39 
Borel, 55 
bounded, 39 
closed, 39 
compact, 45 
complement, 39 
difference, 39 
empty, 39 
intersection, 39 
limit point, 39 
subset, 39 
open, 39, 44, 49 
proper subset, 39 
union, 39 
Shannon sampling theorem, see 
Whittaker-Shannon-Kotel’nikov theorem 
shift-invariant system, 645, (2)80 
shifted Legendre polynomial, 700 
sifting property, 65 
sign function, see signum function 
signum function (sgn), 6, (2)142, (2)146, 
(2)456 
Fourier transform, 489-90 
signal processing, (2)119 
analog signals, (2)119 
analytic signal, 181, (2)126-35, (2)137-8, 
(2)162, (2)169, (2)176 
discrete signals, 637, 644, 649-52, 656 
60, (2)119 
digital signals, (2)119 
energy, (2)120, (2)125, (2)162 
filter, (2)120 
band-pass, (2)120 
band-stop, (2)120 
high-pass, (2)120 
Hilbert, 650, (2)121 
Hilbert transformer, (2)121 
low-pass, (2)120 
90-degree phase shift, (2)121 
quadrature, (2)121 
Fourier transform, (2)120 
Hilbert transfer function, (2)121 
pre-envelope, (2)126 
simple function, 52 
simple pole, 25 
simply connected region, 28 
Simpson’s rule, 691 
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sine function, 185, 719, (2)145, (2)419, (2)457 
Hilbert transform, (2)147 
sine integral function, si(x), 470, (2)457 
sine integral function, Si(x), 431, 470, 522, (2)457 
sine-exponential integral, (2)457 
sine-Gordon equation, 620 
sine-Hilbert equation, 620-4 
generalized, 624 
singular distribution, 69 
singular integral equation, 2, 59, 588 
Fourier transform approach, 599-601 
involving distributions, 630-1 
singular integro-differential equations, 593 
singular points, 25 
singularity, 
essential, 25 
removable, 25 
skew-symmetric character, 147 
slow growth distribution, 481 
Sobolev space, 482 
Sokhotsky—Plemelj formulas, 111, (2)41, (2)413 
solitary wave, 624-6 
soliton, 623, 625 
space, function or distribution 
Ck 69 
ck, 69 
Cc, 69 
Co, 69 
A(P), 69, 478 
A(P”), 69 
Dyp, 479 
D’, 479 
Dia, 479, (2)33, (2)35-8 
‘, 480 
&, 481 
&', 481 
H , 516-7, (2)36 
H’, 516-7, (2) 36 
Ov, 482 
P’,, 482 
P'., 482 
eS, 480-1, (2)35 
S', 481 
1,518, (2)35 
Z', 481 
Z\, 518, (2)35 
Z}, 518 
Euclidean, 42, 49 
Hardy, 43 
Hilbert, 42 
measure, (2)64 
normed, 41 
periodic distributions, 482, 508 
Sobolev, 482 
test functions of rapid decay, 480 
topological, 44 
ultradistributions, 481, 516 
unitary functions, 508-9 
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spatial dispersion, (2)280—90 
spatial-dependent electric displacement, (2)281 
specialized Gaussian quadrature, 695, 701-6, 
708-9 
application to the Hilbert transform, 701-6 
spectrum, (2)131, (2)135 
spherical Bessel functions, 462, (2)455, (2)457 
differential equation, 462 
Hilbert transform, 462—4 
recurrence formula, 463 
spin-lattice relaxation time, (2)273, (2)434 
spin-spin relaxation time, (2)433 
square wave, 289-91 
stable system, 649, (2)80, (2)117 
stationary system, (2)79-80 
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Zygmund’s inequality, 340, (2)21 
weighted version, 363 
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